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Abstract

Nanochains of atoms, molecules and polymers have gained recent interest in the experimental
sciences. This article contributes to an advanced mathematical modeling of the mechanical
properties of nanochains that allow for heterogenities, which may be impurities or a deliberately
chosen composition of different kind of atoms. We consider one-dimensional systems of particles
which interact through a large class of convex-concave potentials, which includes the classical
Lennard-Jones potentials.

We allow for a stochastic distribution of the material parameters and investigate the effective
behaviour of the system as the distance between the particles tends to zero. The mathematical
methods are based on I'-convergence, which is a suitable notion of convergence for variational
problems, and on ergodic theorems as is usual in the framework of stochastic homogenization.
The allowed singular structure of the interaction potentials causes mathematical difficulties that
we overcome by an approximation. We consider the case of K interacting neighbours with K € N
arbitrary, i.e., interactions of finite range.
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1 Introduction

In this article we extend results on the passage from discrete to continuous systems for particle
chains that show heterogeneities on the microscopic level. For instance, this can be due to fault
atoms, to different bonds between the same kind of elements (e.g. ---C=C=C=C=C=C--- [16])
or to more advanced compositions of the nanochains. One-dimensional chains of atoms find appli-
cations in carbon atom wires [12, 19, 26] or as Au-chains on substrates [25]. Further, they serve as
toy-models for higher dimensional systems. From the mathematical point of view, one-dimensional
systems have the advantage that the particles are monotonically ordered.

In [17], three of the current authors proved a I'-convergence result for the passage from discrete
to continuous systems in the setting of periodic heterogeneities. In the current paper, instead, we
investigate the stochastic setting which provides a more general approach and thus allows for more
applications, as, e.g., in the case of fault atoms or composite materials.

We consider a lattice model for a one-dimensional chain of n + 1 atoms (or other particles) that
interact via random potentials of Lennard-Jones type. The interactions are of finite range in the
sense that the ith atom may interact with the atoms with labels ¢ +1 up to i + K, K € N.
The random interaction potentials are assumed to have a stationary and ergodic distribution. We
describe configurations of the chain with help of a deformation relative to a reference configuration
where the atoms are equidistributed with lattice spacing \,, = %, that is, u : \yZ N[0,1] — R.
To each such deformation we associate an “atomistic” energy given by the sum of all interaction
potentials. In the special case of nearest-neighbour interactions, it may take the form

ui-l-

En(u) = Anjiéji (:;“) (1)

see (7) for the general case. Typically the reference configuration is not an energy minimizing state
(nor an equilibrium state). Moreover, in view of spatial heterogeneity, minimizers of the energy
are typically non-trivial (in the sense that they are given by configurations of the chain with non-
equidistributed atoms).

As a main result we prove I'-convergence of the atomistic energy to a deterministic integral func-
tional with a spatially homogeneous, convex potential as the number of atoms n tends to infinity,
see Theorem 3.1. This limit includes a passage from a discrete to a continuous model as well as a
quenched (almost sure) stochastic homogenization result.
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Figure 1. Lennard-Jones potential Jr 7, with § = 2 and ¢ = 1.

While we prove our mathematical results for K interacting neighbours, K € N, and a large class
of interaction potentials, cf. Remark 2.3, we here give a more detailed description of our result
in the special case of chains with nearest-neighbour interactions whose potentials are given by
independent and identically distributed classical Lennard-Jones interactions. The latter are defined
by the two-parameter family Jp;(z) := A/2'2 — B/2% with A,B > 0. These potentials may

equivalently be represented in the form Jy;(z) = ¢ (2)6 [(g)6 - 2} for suitable parameters (d,¢) €

(0,00)2, see Figure 1 for the meaning of these parameters. We consider the energy functional (1)

6 6
with potentials J;(z) = ¢; (@> [(‘3") — 2} where the parameters (d;,&;) are independent and

z z

identically distributed and bounded from above and away from 0, say (&;,;) € (&,C)? for some
constant C' > 0.

Theorem 3.1 then yields that the energy functional (1) subject to displacement boundary conditions
I’-converges as n — oo to a deterministic continuum limit of the form

1
Ehom(u) :/0 Jhom(u,(l'))d$

with the homogenized energy density

N-1
1 ) . )
Jhom(Z):]\}i_IgoNinf{E Ji(z4+ 0" =) |9 €R, ¢0:¢N:o}, z €R.
=0

It will turn out that
> —Ele] for z < E[d],
oo (2) [€] [6]
= —E[e] for z > E[d],

where E denotes the expectation, see Figure 3, Propositions 3.2 and 3.3. In particular, under
compressive boundary conditions, i.e., u(1) — u(0) < E[d], minimizers are affine (in contrast to the
corresponding minimizer of the associated atomistic energy). The precise form of Jyom for z < E[4]
depends on the underlying distribution of the parameters (d;, ;). For illustration we consider two
examples. In the first example, see Figure 2, we assume that (d;,¢;) is uniformly distributed in
Q4 :=[1,2] x[3,4]; in the second example we suppose that ¢; and ; are independent and two-valued
with P(§; = 1) = 0.9, P(§; = 6) = 0.1, P(g; = 3) = 0.9, and P(¢; = 8) = 0.1. In both cases we
obtain E[6] = 1.5 and E[¢] = 3.5. Therefore, while Jyon coincides for z > E[d] in both examples,
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Figure 2: A prototypical potential Jr;(3,-) in Figu.re 3: Two diﬁ“.eljent fun?tior?s Jhon} re?ated
the setting (1, Fi, P1). to different probability distributions with iden-

tical expectation values E[d] and E[e].

they differ for z < E[d], see Figure 3.

Before we comment on related literature, we outline the strategy of our proof and the structure of
the paper. In Section 2 we introduce the class of all Lennard-Jones type interactions, the random
setting, the energy functional Ef; on a suitable space of piecewise affine functions, and an infinite
cell formula that is needed in the homogenized functional in the continuum limit. In Section 3 we
state the I'-limit result for the functional Ef; with respect to the L'(0,1)-topology and properties
of the homogenized energy density Jhom. In the continuum limit, the system can show cracks, i.e.,
discontinuities of the deformation u. In order to gain further information on the cracks, analysis of
a differently scaled energy functional is needed which takes surface energy contributions due to the
formation of cracks into account. This will be the topic of a forthcoming paper, see also [7, 22, 23]
and the introduction of [11] for further related literature.

The proof of Theorem 3.1, which we provide in Section 5.1, requires various extensions of known
homogenization results since the interaction potentials are allowed to blow up and are not convex.
To this end, we introduce a Lipschitz continuous approximation of the interaction potentials and a
corresponding infinite cell formula J}fom in Section 4. In this approximating setting, we can apply
the subadditive ergodic theorem by Akcoglu and Krengel [1], cf. Theorem A.3, in the proof of
Proposition 4.2. In Proposition 4.4 we then show that Jyopn, is given as the limit of J}fom as L — o0
and hence exists. In Proposition 3.2 we assert various properties of Jpom that are needed in the
proof of the I'-limit. In particular it turns out that Jy.y, is deterministic.

The proof of the liminf-inequality requires the introduction of two artificial coarser scales that help
to deal with the randomness of the system and of the K interacting neighbours, respectively, and
makes the proof challenging from a technical point of view. The limsup-inequality is first shown
for affine deformations, then for piecewise affine and finally for W !-functions. By a relaxation
theorem of Gelli [14], cf. Theorem A.5 in the appendix, the limsup-inequality is then true also for
BV-functions.

Our work embeds into the existing literature as follows. For the related work on one-dimensional
particle systems for convex-concave potentials and fracture mechanics we refer again to the intro-
duction of [11]. While the case of next-to-nearest neighbour interactions is quite standard, the case
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Figure 4: Chain of n + 1 atoms with reference position 2, = i)\,. The potentials .J; describe the
nearest neighbour interaction of atom ¢ and ¢ + 1. The characteristic length scale is A\, = % and
the interval is [0, 1].

of K-interaction neighbours with K > 2 is more involved, see [10, 24].

The periodic case of heterogeneous materials and their homogenization was investigated in [9, 17].
Stochastic homogenization combined with passages from discrete to continuous systems has been
the topic of research for other growth and coercivity conditions also in higher dimensions, see
[2, 20]. In [15], the authors also deal with a stochastic setting in one dimension. However, due to
their growth conditions, Lennard-Jones potentials and other potentials with singular behaviour are
excluded in their work, as are interactions beyond nearest neighbours. Further, in [15] a discrete
probability density is considered, while we allow the set of all interaction potentials to be infinite,
even uncountable, which refers to a continuous probability density and thus a larger applicability
of our results. The drawback is that our proofs are more technical and in particular need the
approximation of the interaction potentials.

2 Discrete model — stochastic Lennard-Jones interactions

We consider a one dimensional lattice given by A\,Z N [0, 1], where \,, = % We regard this as a
chain of n + 1 atoms. The reference position of the i-th atom is referred to as z}, := i\,. The
deformation of the atoms is denoted by u,, : \yZN [0, 1] — R; we write u(xl) = u® for short. In the
passage from discrete systems to their continuous counterparts it turns out to be useful to identify
the discrete functions with their piecewise affine interpolations. We define

Ay :={u e C([0,1]) : w is affine on (7,7 + 1)\, ¢ € {0,1,...,n — 1}}

as the set of all piecewise affine functions which are continuous. The interaction potentials of this
chain are introduced in the following.

2.1 Lennard-Jones type potentials

The interaction potentials we consider belong to a large class J(«, b, d, ¥) of functions that includes
the classical Lennard-Jones potential, which is the reason why we refer to the considered interaction
potentials as being of Lennard-Jones type. It is defined as follows.

Definition 2.1. Fiz o € (0,1], b > 0, d € [1,400) and a convez function ¥ : R — [0, +o0]
satisfying

21_1)%1+ U(z) = +oo. (2)



We denote by J = J(a, b, d, W) the class of functions J : R — RU{+o0} which satisfy the following
properties:

(LJ1) (Regularity and asymptotic decay) The function J is lower semicontinuous, J € Cloo’ca((),oo)
and
lim J(z) =00 aswell as J(z) = o0 for z <0. (3)
z—0+
(LJ2) (Convexr bound, minimum and minimizer) J has a unique minimizer § with § € (4,d) and
J(8) <0, and is strictly convex on (0,8). Moreover, ||J| 1 (s00) < b and it holds

1U(2) —d < J(2) < dmax{¥(2),|z|} for all z € (0,+00). (4)

(LJ3) (Asymptotic behaviour) It holds

zlggo J(z) =0. (5)
Remark 2.1. (i) The choice of the assumptions allows inter alia for the classical Lennard-Jones
potential as well as for a potential with a hard core. The hard core is achieved by a shift of the
domain from (0,+00) to (20, +00), with zg > 0. This can be easily done by shifting the Lennard-
Jones potentials as J(z — z9), which does not affect the I'-convergence result. More general, the
result holds true for any shift of the domain from (0,400) to (29, +00), with 2y € R.
(ii) The assumption of an open domain is not restrictive. Allowing also for domJ = [0,400), the
proofs get much easier, because then we have J € C%%(0,+00), 0 < a < 1, on its domain. This
simplifies the handling of the ergodic theorems and the approximation of the potentials (introduced
below) is not necessary. Therefore, J}%om can be derived directly from the ergodic theorems and the
T'-convergence result is the same.

A combination of the convexity and monotonicity of J in (0,0) with the growth condition (4)
implies that J is (locally) Lipschitz continuous in (0, d). More precisely, we have

Lemma 2.2. Fiz o € (0,1], b >0, d € [1,00) and a convex function ¥ : R — [0, 00] satisfying (2).
There ezists a function Crip : (0,d) — [0,00) depending only on d and V such that the following is
true. Let J € J(a,b,d, V) be given and let & be its unique minimizer. Then it holds

J(y) — J(x)
[T Lip(p0) := sup |——————| < CLip(p) (6)
L) x,ye;ép,ﬁ) y—=x ’
z#y

Remark 2.3. By defining the class of Lennard-Jones type potentials, a wide range of interaction
potentials is covered, e.g., the classical Lennard-Jones. This is of interest, because the special choice
of the potential depends on the field of application, for example atomistic or molecular interactions.
Besides, even the classical Lennard-Jones potential is just an approximation and not an exact
measured or mathematically derived formula, therefore it is useful to have assumptions keeping
the main features of the potential without fizing it in detail. Further, the Gay-Berne potential is
included in this setting. This is a modified 12-6 Lennard-Jones potential where the parameters of
the potential depend on the relative orientation of the interacting, e.g., ellipsoidal particles, see for
example [5, 18, 21]. In the following chapter, we introduce a stochastic setting, which can be use
to model this orientation parameter as a random variable.
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Figure 5: Randomly arranged chain of atoms. The nearest neighbour interaction potential of two
grey atoms is labelled by J,, that of two white atoms by J;, and that between a white and a grey
one by Jp. Since the atoms are randomly distributed, this holds for the potentials as well.

2.2 Random setting

The randomness enters the model through the interaction potentials. On the chain of atoms
described above, we consider random interactions up to order K, with K € N. An illustration
is shown in Figure 5. The random interaction potentials {J;(w,1,")}icz, j=1,..K, Jj(w,%,-) : R —
(—o00,+o0], are of Lennard-Jones type, specified in Section 2.1; they are assumed statistically
homogeneous and ergodic. This is a standard way in the theory of stochastic homogenization, see,
e.g., [2]. This assumptions are phrased as follows: Let (£, F,P) be a probability space. This space
can be discrete or continuous with uncountably many different elements in the set 2. We assume
that the family (7;);ez of measurable mappings 7; : Q — Q is an additive group action, i.e.,

e (group property) Tow = w for all w € Q and 7;, 44, = 7, Ti, for all 1,45 € Z.
Additionally, we assume that we have:

e (stationarity) The group action is measure preserving, that is P(7; B) = P(B) for every B € F,
1 €.

e (ergodicity) For all B € F, it holds (1;(B) =B Vi € Z) = P(B) =0 or P(B) = 1.
For each j = 1,..., K, we define jj Q= J(a,b,d, V), w+— j](w)(z) =: jj(w,z), measurable in w.
This maps the sample space into the set of Lennard-Jones potentials. Then, we define
Jj(w,i,-) = JNj(Tiw, ) forallieZ, weQ, j=1,..,K.

This means that every mapping 7; : 2 — Q of the group action is assigned to an atom of the chain
and is used to relate the different atoms to different elements of the sample space and therefore to
different interaction potentials. In the following, we denote jj simply by J;, for better readability.
It will be clear from the context which function is meant. We also define notation for the minimizers

0j(w) := argmin,cp {jj(w, z)} , 0j(riw) = argmin, ¢ {Jj(w,i,2)}, forallieZ, j=1,.., K.

The potentials have to fulfil one more property, dealing with the Holder estimates, where | f]CO,a( A)
is the Holder coefficient of the function f. This assumption is phrased in the following.

(H1) For every j =1, ..., K it holds true that E [[Jj(w, ’)]Covw(éj(w) < 0.

7+m)
This condition occurs with respect to the infinite set of potentials. When dealing with finitely
many different potentials, this property is fulfilled automatically. Especially, (H1) is fulfilled if the
Holder coefficients on (0, +00) of all functions J € J are uniformly bounded.



Remark 2.4. (LJ2) provide a uniform bound of §;(w) and of J;j(w,d;(w)). Therefore, the random
variables §;(w) and J;(w,d;(w)) are integrable.

By definition of integrability, the expectation value exists for these random wvariables, which we
denote by E[d;] and E[J;(0;)]. Regarding the expectation value as an ensemble mean, we can also
say something about the sample average. This connection is strongly related to ergodicity and is
explained in the next proposition.

Define, for better readability, the random variable C']H(w) = [Jj(w, ')]Cova(dj(w) t+oo)s that is the
Holder coefficient of the function J;(w, ) on (d;(w), c0). We define some functions, which represent
sample averages of the quantities 5], J (0j) and C’H Let N € Nand A C R an interval.

1 1
5 w,A) = 8;(mw o) w,A) = C (riw
’ ( ) |NA0Z| EJ%;OZ < ’ ( ) ‘NAHZ‘ e]%;mz <

i (i
|NAmZ| DL il §i(miw).
1ENANZ

Ji(6;)™) (w, 4) =

Proposition 2.5. Assume that Assumption 2.1 below is satisfied. Then, there exists 1 C 0 with
P(21) =1 such that for allw € Qy, all j = 1,..., K and for all A = [a,b] with a,b € R the limits

El;] = lim 8™ (w,4), E[CH]= lim "M (w,4),

N—oo N—o0

E[J;(6;)] = lim J;(8;)™)(w, A)

N—o0
exist in R and are independent of w and the interval A.

Proof. The proof follows the same argumentation as the proofs in [13, Proposition 1] or [20, Lemma
3.9]. The main difference is the formula for the approximation argument from intervals with edges

in Z to general intervals in R. This formula will be briefly given. For 5§N) (w, A), we get for all

intervals B C A the inequality

[N(A\ B)NZ|
INANZ]

using d;(w) < d due to (LJ2) which can be seen by the calculation

(N) (N)
;' (w,A) <6, (w, B) + C,

(V) 1
o (W A) = \NAHZ\ 2, Syl S INANZ| > O(riw) + yNAmzy 2, ©
iENANZ 1€NBNZ 1ENANZ
1 IN(A\ B)NZ|
\NBHZ| 6%3;025 w) + INANZ| ¢

The formula for J;(6;)™) (w, A) is exactly the same, since it also holds true that J;(d;)(w) are
bounded.

The formula for C’H’(N) (w, A) uses C’JH (w) > 0, as follows:

1 NBUZ
Y o S Ol () = NBUZL o, gy

|NAm Nz |NAmZ| e NBnz INAUZ]

O]



2.3 Energy

The assumptions on the stochastic setting of the chain with Lennard-Jones type interaction poten-
tials are summarized in

Assumption 2.1. The following is satisfied:
o (Q,F,P) is a probability space.

o The family (1;)icz of measurable mappings is an additive group action which is stationary
and ergodic.

o Assumptions (H1) holds true.
e The potentials J; are of Lennard-Jones type, i.e., J; € J(a,b,d, V).

Let u € A, be a given deformation. Then we define the energy of the chain of atoms for K
interacting neighbours by

K n-j it i
E,(w,u) ::ZZ)‘" ; w,z,T . (7)

For a given £ > 0, we take the boundary conditions into account by considering the functional
¢ Qx LY0,1) = (—oc, +0o] defined by

(8)

Ey(w,u ifue A, and u(0) =0, u(l) =4,
Ef (w,u) := {—i—cx(a ) e (0) (1)

Its I'-limit will involve the function Juom : R — (—o00,400], which is defined by Jyom(z) =
limy 0 E {J(N) (, z)] and turns out to be equal to Jyom(2) = A}im J}(livrzl(w, z), with
—00

hom

=

—J

K
T (w, 2) 1nf 3 O ER, ¢* =gV =0

i+j
i (e 2 ¢)
J

I§
o

Jj=11

(9)
for s=0,..,K — 1},
Note that in the stochastic setting this infinite cell formula can not be reduced to a finite cell

formula as is the case in the periodic or convex setting. However, the infinite cell formula can
equivalently be written as:

1 K N—j 1i+j71 A N-1 A
J}(livn)l(w Z) = Ninf Z Jj <w,i,j Z zk> , 2t e R, Zz’ = Nz, 25 :ZN—s—l =z

1=0

for s :0,...,K—2}.



3 Continuum limit — the main result

We provide a I'-convergence result for the sequence (EY) given in (8). To this end, we first recall
suitable function spaces from [8, 22] which capture the Dirichlet boundary conditions in wu,(0) = 0
and u, (1) = £ in the limit. For given £ > 0, we denote by BV*(0, 1) the space of bounded variations
in (0,1) and in order to measure jumps at the boundary, we set u(0—) = 0 and u(1+) = ¢. For
u € BVY0,1), we set S, := {x € [0,1] | [u](x) # 0} with [u](z) := u(z+) — u(z—) where u(z+) for
x € [0,1) and u(x—) for z € (0,1] are the right and left essential limits at . For v € BV(0,1),
we label by D%u the absolutely continuous part and by D®u the singular part of the measure Du
with respect to the Lebesgue measure £!. Further, the density of D% is denoted by v’ € L'(0,1),
i.e. D% = u'L'. For u € BVY(0,1) we extend D*u to [0, 1] by

Diu := Z [u](2)d0; + DCu,
IES’U,

where D¢ denotes the diffusive part of the measure D%u.

Theorem 3.1. Assume that Assumption 2.1 is satisfied. Let £ > 0. Then, there exists a set Q' C
with P(Y) = 1 such that for all w € Q' the T-limit of Ef(w,-) with respect to the L'(0, 1)-topology

18 Eﬁom : LY(0,1) — (—o0, +o0], given by
1
! ) s
Epom (u) = /0 Jhom(u'(x))dz if u € BVY(0,1), Du >0,
+00 else.

with

K N—j . )

. . . ¢l+] _ ¢1 ;
7j=1 =0 (10)

¢s :¢N_s :()fOTS:O,-..,K—l}.

Moreover, the minimum values of E(w,-) and Eﬁom satisfy

ILm inf B (w,u) = min B, (1) = Jnom(£).

(The proof of Theorem 3.1 can be found in Section 5.1)

The possible blow-up of the interaction potentials combined with their non-convexity prevents to use
well-established homogenization methods directly to prove Theorem 3.1. In fact a main preliminary
result for the Theorem 3.1 is to show that the asymptotic cell formula (10) is well-defined. For
given z € R the limit (10) exists by the subadditive ergodic theorem of Akcoglu and Krengel [1].
However, the exceptional set depends on z in general. Assuming polynomial growth from above on
the interaction potentials this problem can be solved by a continuity argument, see e.g. [13, 20]. Due
to the uncontrolled growth of the Lennard-Jones type interaction, we cannot apply this argument
directly and we introduce an additional approximation procedure, see Section 4 below for more
details.

10



Next, we state the result regarding the limit (10) and list some of the main properties of Jy,op. For
given A = [a,b), a,b € R, we set

J(N)( ) ‘ . ¢i+j_¢i 0
hor (W 2, A) 1= \NA Z\mf Z Z Jj W,Z,Z—i-f o€ Ay (A4) o (11)

j=1 1€ZNNA

itj—1eNA
where
0 L . i . N . .
An k(4) = {qﬁ :Z—R, ¢" =0 for jeréljl\}lmz{j} i| < K or jeli}%}rg]z{j} +1—-4| < K} (12)

Proposition 3.2. Assume that Assumption 2.1 is satisfied. There exists Qy C Q with P(Qp) = 1
such that the following is true: For allw € Q, z € R and A := [a,b) with a,b € R it holds

Jhom(2) == lim E [J< (200, 1))] = lim J{) (w2 A). (13)
N—oo
The map z — Jnom(2) is convex, lower semicontinuous, monotonically decreasing and satisfies
lim Jrom() (14)
zo—o0  |z|

Moreover, it holds for every w € Qg and A :=[a,b), a,b € R
I- lim TN (w0, A) = Jhom. (15)

hom

In the case of only nearest neighbour interactions, that is K = 1, we get a finer result, illustrated
in Figure 6.

Proposition 3.3. Assume that Assumption 2.1 is satisfied and set K = 1. There exists o C
with P(Qg) = 1 such that the following is true: For all w € Q,

Jhom(z) = E[J1(0)]  for all z > E[d].

4 Asymptotic cell-formula

As mentioned above, the key ingredient to establish the limit (13) is the subadditive ergodic theo-
rem. The difficulty here is that the Lennard-Jones type interaction potentials might blow up and
in order to prove that (13) is valid for every z € R and every w € €' we need some additional
arguments compared to previous results in stochastic homogenization, see e.g. [13]. We overcome
the problem by a suitable approximation:

Definition 4.1. Consider a Lennard-Jones type potential J;j(w,-). By (LJ1), Jj(w, z) has a blow up
at z — 0%. For having a linear growth at z — 07, we define a approximation as follows: Consider
0 <2z*< é, see (LJ2). Then, we denote the z*-approximation of Jj(w,-) by Jf* (w,-), which is
defined as

*

Jf*(w, 2) = m; (w)(z — %) + Jj(w, 2%) for z < z*,
Jj(w, 2) for z > z*,
with mj*(w) € 0Jj(w, z*), where 0Jj(w, z*) is the subdifferential of J;(w,-) at z*. For uniqueness,

we choose the smallest element of the subdifferential.

11
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E[d]
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Figure 6: The function Jyom in the case K =1 Figure 7: The function J is a typical representa-
and with two different potentials J; and Jz, tive of a Lennard-Jones type potential and J*"
which are equidistributed. Therefore the expec- its z*-approximation function.

tation values are equal to the arithmetic mean.

Since Jj(w, -) is convex in (0, d;(w)), this subdifferential is nonempty and if J;(w, -) is differentiable
in z*, the derivative coincides with the subdifferential. By definition, the approximating function is
continuous on its domain, Hélder-continuous on (2*, +00) and Lipschitz-continuous on (—oo, 2*). A

Lennard-Jones type potential, together with one of its approximating functions is shown in Figure
7.

For notational convenience, we set, for all L € N,
J]L(w,z) = J"(w,z), forall z€R,
where (21)reny C R is a monotonously decreasing sequence with z7, < é and z;, — 0 for L — oo.

Remark 4.1. (i) It holds true that JJ-L(w,z) < Jj(w, 2) for every z € R and every L € N. This
follows directly from the definition of the subdifferential of a convex function.

(ii) For the approzimation J]-L, the estimates in (4) in (LJ2) do not hold true any more. But, we
have

L .
—d < Ji(w,2) < dmax{¥(z),|z]} forallz€eR, j=1,. K, we (16)
by construction.

In contrast to J; the interaction potentials J jL are uniformly continuous for every L € N. Thus, we
can combine the subadditiv ergodic theorem with standard techniques in stochastic homogenization
(in particular) to obtain

Proposition 4.2. Assume that Assumption 2.1 is satisfied. There exists Qg C Q with P(Qp) = 1
such that the following is true: For all w € Qp, z € R and A := [a,b) with a,b € R it holds

JE (2):= lim E [JL’(N)(-,z, [0,1))] = lim JEWM(w, 2, A), (17)

N—oc0 hom N—o0

where

K i+j i

L,(N) L S (w P ¢ 0

R PTPI Cl R I
Tl eNa

and A?V’K(A) is defined in (12).

12



Further, some usefull properties of J}’fom are established in

Proposition 4.3. Assume that Assumption 2.1 is satisfied. The map z — J}fom(z) 18 continuous
and convex. Moreover, there exists Qo C Q with P(Qo) = 1 such that the following is true: For all
w € Qo, and every A = [a,b), a,b € R it holds

(N)

m

. L
I'- lim J»
N—oo ho

L
(wu Yy A) = Jhom‘
Finally, the following proposition justifies the approximation of the potentials and is the key to the

proof of Proposition 3.2.

Proposition 4.4. Assume that Assumption 2.1 is satisfied. There exists Qo C Q with P(p) = 1
such that the following is true: For all w € Qy, z € R and A := [a,b) with a,b € R the limit

A}im Jlgf)vn)l(w, 2, A) erists in R and is independent of w and A. Moreover,
— 00
: (N) _ L
]\}gréo Jpom(w, 2, A) = Lh—{go Jhom(%)-

5 Proofs

5.1 Proof of Theorem 3.1

We are now in a position to prove our main result, the I'-convergence result in Theorem 3.1. We
first show the compactness result, secondly the liminf-inequality and thirdly the limsup-inequality.
While the compactness proof is straight forward, the liminf-inequality is rather technical due to the
introduction of two coarser additional scales that allow to deal with the randomness of the system.
The limsup-inequality is first shown for affine deformations, then for piecewise affine and finally for
Wh1functions.

Proof of Theorem 3.1. The existence of Jyom and some properties of this function is shown in
Proposition 3.2.

Step 1. ’Compactness’.

Let (un,) C L1 be a sequence with sup,, B (w,u,) < co. By the superlinear growth at —oo, the
common lower bound from (LJ2) and the boundary conditions u,(0) = 0, u,(1) = ¢ for every
n € N, we obtain sup,,||un|lyw1.1(0,1) < C < co. Since [[un|w1.1(0,1) is equibounded, we can extract
a subsequence (not relabelled) (u,) which weakly* converges in BV (0,1) to u € BV(0,1) [3,
Thm. 3.23]. By definition, we also have u € BV*(0,1).

Because we need it in the following as a technical result, we also consider a given partition I}, = [c, d],
k=0,1,..m and ¢,d € [0, 1], assuming (ZNnl;)N(ZNnl;) =0 for j # k and for all n € N. With
the same argumentation as above, we get

Wil 1y < 201T4] + un(b) — un(a), (19)

with @ := min{z : 2 € I, N 1Z} and b := max{z : © € I; N 2Z} and I;; := A\,[min{i : i €
nly NZ}, max{i: i € nly NZ}).

Step 2. ’Liminf inequality’.

13
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Figure 8: Illustration of the definitions ¢/ ;. and i 0w for N = 4.

Let (un) C L'(0,1) be a sequence with u, — « in L'(0,1) and with sup,, B (w, u,) < co. From
the compactness result, we know that w, —* u in BV (0, 1) and w fulfils the boundary conditions.
We regard u as a good representative (cf. [3, Thm. 3.28]). The aim is to show

n—0o0

1
liminfEfL(w,un)Z/ Jnom (v (2)) dz.
0

We pass to i, instead of wu,, which is the sequence (1, ) of piecewise constant functions defined by
Un(i/n) = un(i/n). By Theorem A.2, 4, also weakly™ converges to u in BV (0,1). Further, it has the
same discrete difference quotients as u,. Now, we pass to a subsequence 4, (not relabelled) with
hnrr_1> ioréf El(w,ty,) = nh_}n(a)o E’(w,,) and then to a further subsequence (i) (not relabelled) such

that 4, — u pointwise almost everywhere, which is possible because of the convergence 4, — u in
LY(0,1).

Introduction of the first artificial scale.

While in the periodic problem the periodicity length functions as a coarser scale, we here have
to introduce an artificial coarser scale. We define the coarser grid as follows: For a fixed § > 0,
small enough, there always exists M € N and tg,...,tps € [0,1] such that tg = 0, tapy = 1, § <
timt1 — tm < 20, tp, is not in the jump set of u and y,(t,,) — 4(t,,) pointwise for n — oo and for
every m = 0, ..., M. With the definition (illustrated in Figure 8)

i i =min{i 17 € Ny, tng1)}y  Govge = max{i i € nftm, tmt1)},

and the lower bound Jj(w, ) > —d for every j € {1,..., K}, see (L2), we estimate

K M-1 i%am"'l_j ~1+] o ,az (20)
>N > (w,z, n ”) — M\dK2M.
j=1 m=0 =i, "

Introduction of the second artificial scale.

We want to continue with the first term of the right hand side of (20). The two remainders, which
will show up in (22) are the reason for introducing the second artificial scale e. In the case of
next-to-nearest neighbours, these remainders do not appear at all. Therefore, the second scale is
not necessary in this case. It is just useful in the case K > 2.

For this, we introduce an additional length scale € > 0 that is much smaller than §. Because of the

14
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Figure 9: Hlustration of the definition of .

pointwise convergence almost everywhere of u,, we can find for every m =0, ..., M values a,, € R
and b, € R (explicitly, a,, and b,, depend also on M, n and €, but we do not denote this for better
readability) which are not in the jump set of u, with t,, < am < by < timt1, € < am — tm < 2€,
€ < tmy1 — by < 2€ and Up(am) = u(ay) and Uy (by,) = u(by,) pointwise for n — co. With that,
we define h%m € N and k™ € N, with 0 < k% < hm < n such that a,, € A\,[h%™, h%™ + 1) and
bm € Ap[h2m hUm + 1). Note that for n large enough it always holds true that i™, + K << ham
and hbm << i — K.

We further need a modified version u,, of the function 4, because u, does not fulfil the boundary
constraint of the infimum problem of J ,f (;5:;). Therefore we change it a little bit, such that @, becomes
a competitor for the infimum problem. Remind, that it holds true that the discrete difference
quotients of u,, and 4, are the same, by construction, and can therefore be used equivalently. Now,
define as an abbreviation

ufﬁm — uzzm + 2e
(b — b +2)]

€ .
Zpm

which will be the average slope of 4, on the interval A, [, i7", +1]. Since u is piecewise constant
and by the definition of a,, and b,,, we get for n — oo

bm am N ~
e _ upn” — ™ 4 2e (b)) — Un(am) + 2¢€ . w(bm) — u(am) + 2€

z 21
T A (Wb — g 4 2) An (RS — ham 4 2) bin — am (21)

With this, we define ,, as the continuous and piecewise affine function with @ = 0 and

ai—&—l o az b
n n __ € =M 3 am m . ‘m
3 = Zn.m for iy, <i<hy™—2and hy"+1<¢<i ..,
n
~i __ ~i—1 c__pa - __1b
U, = U, +e€ for ¢ = hyy™ and ¢ = h," + 1,

it g Wit i '
n n_n n for hom < i < hbm — 1.
An An

A sketch of this construction can be found in Figure 9. Note that the boundary constraints of the
infimum problem of Jff 07(7? ) are fulfilled, by definition. Further note that the slopes of u,, and u,, are
the same on the interval A%m™ < ¢ < h?{” — 1. The two jumps which we included in the definition of

Uy are of technical reasons. They are designed in such a way that the remainders, which show up
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in the following, can easily be estimated. This can be seen in (24), where the presence of the jump
ensures that the discrete gradients can be bounded from below by a positive value converging to
+00.

With all these definitions, and by definition of J}(lor)n, we can estimate the first term of the right
hand side of (20):

K -1 Imaet1—J Ai—&-j ’lAj,i
Z An Z J; (w,z, ”)
i1 m=0 JAn
M—1

A

= 7"rnz’n

n |imax - lmzn + 1| J}(lzr)n (w7 ny,,ma [tma thrl))
m=0

M—-1 K hym—1 N ~3 ~3+7 ~
Ay — iy —

E E )\n ] W,Z,f _J] W,Z,f

m=0 j=1 =", JAn JAn

min

M-1 K lmar+1 ] A”L-‘r‘] ~ 7 ~l+j ~7
+ E E M | i | wyt, ————2 | — J; w,z,,i" .

m=0 j=1 i= hbn —j+1

+

Vanishing remainders.

Later on, we continue with the first term of (22) in (25). Before, we do so, we first consider the

second and third term of (22) and show that they vanish in the limit (liminf. .o li_)m ). Because
n—oo

the calculation and the arguments are the same, we just show them for the term
M-1 K hy" -1 Siti i i) i
S35 a0 (s ) o (B ) 2
m=0 j=1i=i", JAn JAn
and not for the other one. The first part of (23) can be estimated by (16) as
M-1 K h&m—1 i M-1 K him—1
253 (v .) 3P SRS
m=0 j=1¢=i"" m=0 j=1i=i"

>— MK (h%m —i™ Y Ad =5 —MKd(am — tm) > —2eMKd,

mzn)

which converges to 0 for ¢ — 0. The second part of (23) is

M-1 K him—1 +j
U U
03 o B
m=0 j=14i=i". "
By construction of @, and since we consider ", <7 < h%™ — 1, it holds true that

ai‘H iy ,ai‘f‘j _ ai‘i‘J—l it _ i q k+1
o e (I T 4T T :,' nerZ +y 7
JAn JA JAn An

n

where x € {0,....j}, p > hg™, ¢ < hgm —1+4+j,¢—p+1 < j, y € {0,1} and from y = 0 follows
q < p. Further, we know from (21) that z;, ,, converges and is therefore bounded by a constant C'.
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k1 _ gk

Due to sup,, B (w, u,) < oo, we have % > 0 for every k = 0,..., N — 1. Putting all these

information together yields that it holds one of the following two cases, namely either Case 1

or Case 2
(24)

for n large enough. In Case 1, we get

M-1 K hym™—1 ﬁ;‘;}—j i M-1 K hym™-1
ZZZ —AnJj <w,i,j/\n"> > Z —)\ndmax{\ll( nm),‘ nm!}

M-1 K hym—1
> Z Z Z —Apdmax { max VU (z), max |z
m=0 j=1i=i™ l2|<C |z]<C

mzn

K
=Y ) > MO = —MKCA, (him — i) "= =MKC(am — tm) > —2eMKC,

with 0 < C < oo. In the limit ¢ — 0, this converges to zero, as desired. In this calculation, we
assumed that z;, ,, lies within the domain of ¥. This is indeed true because zr, ,, is a linear combi-

nation of the dlscrete gradients of u,,, which lie in the domain of J; because of supn Ef (w,uy) < 0.
~i+j ~q
In Case 2, we have M > d for n large enough, with d from (LJ2). This yields for n large

JAn
enough with (LJ2)

-1 K hpym—1 ~itj M-1 K him-1
ZZZ 4<W,z,“ , )> 3 Z b
m=0 j=1 i=i"
t

0
m) > —2M Kbe.

> — MKbAn(hgm —im )" —MKb(ay, —

mwn

In the limit € — 0, this also converges to zero, as desired.

Conclusion and removal of the two artificial scales.
By passing to the limit lim inf,,_,~ in (20) and with Proposition 3.2, as well as estimates (21), (22)
and (23), we obtain

M-—1
lim inf Ef (w0, un) > Hminf >~ A [inaq = imin + 1 Ty (95 250 [bms bt 1))
m=0 (25)

Z Z ’thrl _tm|<]hom b a
m — Um

m=0

= <u(bm) —u(am) + 2e> |
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For lim inf. ., we then get
i inf (b)) — u(am) + 2¢ _ u(tmt1) — u(tm),
e—0 b, — am tim+1 — tm

because there is no jump in a,,, b,, and t,, and therefore u is absolutely continuous. Therefore we
can continue with (25) by

M-1
bm - m 2
lim inf EY (w, u,) > lim inf Z st — ]| Jhom <u( ) — u(am) + €>
m=0

n—00 e—0 bm — Qm

(26)

M-1
U (tm, — U (tym,
> E |tm+1 - tm’ Jhom ( ( +1) ( )> )
m=0

thrl - tm

because Jyom is lower semicontinuous due to Proposition 3.2. We now want to define (wy) as
the piecewise affine interpolation of v with grid points t,, as in Theorem A.1. We continue with
estimating (26) as follows:

M t t 1
lim inf EY (w, u,) > Z ltm+1 — tm| Jhom (wM( mt1) = W ( m)) = / Jhom (wiy(2)) dz. (27)
n—o0 0 tm+1 - tm 0

Note that Jyom fulfils all assumptions of Theorem A.5 (see Propositions 3.2) and wy; —* w in
BV (0,1), according to Theorem A.l. Therefore, we finally get by taking the limit liminfp; oo
(which corresponds to 6 — 0) on both sides in (27)

n— 00 M— o0

1 1
lim inf B (w, u,) > lim inf / Thom (wWhy(2)) da > / Tnom (1 (2)) dz. (28)
0 0

Recalling co > liminf, . EY(w,uy,), Theorem A.5 we obtain D*u > 0 on (0,1). An extension to
[0,1] can be done in the same way as in [8, Thm. 4.2].

Step 3. ’Limsup inequality’.
We need to show that for every u € BV*(0,1) with Du > 0 there exists a sequence (u,) such that

lim sup B (w, up) < Bf o (1), (29)
n—oo
with Ef__(u). By Theorem A.5, it is sufficient to show (29) for u € W11(0,1), instead of u €

BV (0,1). This can be seen as follows: We know from Theorem A.5 that the lower semicontinuous
envelope of

cy e { B oo toru w01
+00 else.

is Ef_ (u), that is sc€ = Ef__ with respect to the weak* convergence in BV (0,1). Further, we

know that the lower semicontinuous envelope with respect to the strong convergence in L1(0,1)

18
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Figure 10: The two length scales A\, and 7 involved in the proof of the limsup-inequality.

can be even smaller, i.e. scr1(g1)€ < scpy(o,)& = E¢ That means that if we have shown (29)

for £, which means that we have

hom*

I-lim sup EY (w, u) < E(u),

n—oo

then, with the definition of the lower semicontinuous envelope as sc f(z) := sup{ g(z) : g Ls.c, g <
[}, we get

T-limsup Ej (w, u) < scpio,)€(w) < scpy(0,1)€ (1) = Efop (w),
n—oo
because I'-limsup is always lower semicontinuous. Therefore, we need to show (29) only for
u € WH(0,1). We prove this without taking into account the boundary values. For indicat-
ing this, we leave out the superscript £. The Dirichlet boundary conditions can then be added in
the same way as in [8, Thm. 4.2].

1) Affine functions.

We start with constructing a recovery sequence for affine functions with v/(z) = z, z € (0, +00).
For z ¢ (0,4+00), the limsup-inequality is trivial because then we have Fyom(u) = 0o, for u(x) = zx.
With proposition 4.4, we get the existence of Qy C Q with P(Q') = 1 such that for all z € R and
all A=a,b), a,b € R it holds true that

] ¢z+] d)z B
inf Z Z J; <w,z,z+ 7 ) ;¢ € An g(A4) 2 = Jnom(2)- (30)

7j=1 4€ZMA
i+j—1enA

lim
n—o0 \nA NZ|

In the following, we will use the definitions

i =min{i,i e nANZ} and i4,, :=max{i,i € nANZ}. (31)

mwn max

Let us now consider an affine function u(x) := zz for z € R. Let n > 0 be a coarser scale. For
simplicity, we assume 1/n € N, such that the interval [0, 1] can be split equidistantly. The partition
of the interval is labelled by I}! := [kn, (k + 1)n) with k = 0,..., + — 1. An illustration of the two
length scales A,, and 7 is shown in Figure 10.

Now, let 7 be fixed. Then, for every n € N there exists a minimizer ¢, r» : {z cieZnnll} —

(—00,400] of the minimum problem in (30) with A = I} for every k = 0, .. ,% — 1, which is
interpolated to a piecewise affine function. Further, we define ¢,, I;}( = Ay, I <ﬁ> and
Unp(2) =22 + Z P2 (2)x 17 (), (32)
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where x7 is the characteristic function of the interval I. This is not yet the recovery sequence, but
close by. By definition, it holds u,, ,(0) = 0 and w, (1) = 2z := £ for every n € N. First, we show

limsup Ey,(w, Un,y) < Jhom(2)- (33)

n—oo

With the definition E,(w,u,I) == Yo lzmaz“ T AT (w, i, 5T and ¢ = ¢, (i) for
n n, I ,
shorthand and by (30), it holds true that

I .
K imact1—j i
J Spn I’I Spn I’fl
En(w, tn g, I}) = Ay E g Jj | w2 + ————— B

= Z

I ) L .
K Zn’faz'i‘l_.j (ax — ;‘LIW

I ,
:)\nz Z J; w,i,z—i—% —>|I,Z|Jhom(z) for n — oo.

I
Ymin
Since by construction
1 1 1’7 n
w1 22 K j-2 ikaa—5H] _  irFan—s
n I} Un,n — Uniy
En(w,uny) = Z Ey(w, g, 1)) + Z Andj | W, ez — S, > ,
k=0 k=0 j=2 5=0 JAn
we have for the first part
1—1 l—1 7—1
lim Ep(w,tny, I]') = Z || Thom (%) Z NJhom(2) = Jhom(2)-

The second part yields, noting that it holds true that —s+j < K and s < K — 1,

1
E72 K j—2 imax—St] Imax —S
Un,n un,n
g Andj | w, Zmax S, =
k=0 j=2 s=0 JAn
1_ . 1_ .
n 2 K j—2 m (LJ2) n 2 K j—2
= g And; (w,i,ﬁax — s, z) < g Andmax{¥(z), |z|}
k=0 j=2 s=0 k=0 j=2 s=0

Together, this shows (33). For later references, observe that this result is independent of 7. Next,

we show

Jiny 1 [fun, = wl| 210,1)= 0- (34)

Since we know, that the energy of the recovery sequence has to be equi-bounded, we get from the
compactness result (19) for all k£ € {0, ,% -1}

[t gl (my < (C+ DI, (35)
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because we have w, (b) —unn(a) = z|I}/[+ ¢y, (b)) =@y, n(a) = z[[}]|+0, where a := inf{z : 2 € [}]}
and b :=sup{z : x € I}'}. Tt follows |[¢/, pllamy < Cn, as
g

/ /
/[" ‘SOnJg(xﬂdx = /[" |gpn’l;c7(.’ll‘) +z—z|dz
k k

< [ Wh@ldo+ [ Jslde < Clf|+ 2021 = Clr| = O,
I I

Recall that it holds true |I'| = n by definition. With this result, we get

x
/ | oy (x)| dz = @ n(s)ds dmg/ / (p;”n(s)‘ dsdz
ot g g
§/ / gpgﬂn(s)‘ dsdz = |I}/ 90;1"(5)‘ ds < Cn?.
nJn TR "k
This leads us to
i = ll 101 / Z%m (o) de
11
n ~ 1 - ~
win (1) do < )y O = ~Ci = O,
k=0 "

which proves (34) to be true. Since our aim is to construct a recovery sequence, which is only
dependent on n, we have to pass to an appropriate subsequence. This is done with the help of the
Attouch Lemma. Combined, (33) and (34) yield that

lim sup lim sup (]En(w,unm) — Jhom (2)| + [|tnn — uHL1(071)) =0.

n—0 n—00

Using this result with the Attouch Lemma (Theorem A.4), we therefore get the existence of a
subsequence 7, with 1, — 0 for n — oo and

0 < limsup (|En(waun,77n) — Jhom (2)| + [[un,np, — U”Ll(o,l))
n—oo
< limsup lim sup (| Ep (W, tny) — Jhom (2)] + [[uny — UHL1(071)) =0
n—0 n—00

Finally, this shows that for w,,, it holds true that E,(w,unn,) = Jhom(2) and u,,, — u in
LY(0,1) for n — oo. Therefore (un,y,) is the recovery sequence for the affine function u(z) = zx
with z € R. Moreover, we also have uy,, — u weakly* in BV(0,1), since from (35) we have

lim SUPp— 00 ”u;L,nn HLl(O,l) < 00.

Note that the same construction can be applied on any interval (a,b) instead of [0, 1].

2) Piecewise affine functions.
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With this construction of a recovery sequence for affine functions, we can construct a recovery
sequence for piecewise affine functions by dividing the interval [0, 1] into parts where the function
is affine and repeating the above construction. The only difficulty lies in gluing the different parts
together. We show this by considering a function u with

() = {zlx for x € [0, a),

z1a + z9(x — a) for x € [a, 1],

for 0 < a < 1. This function is piecewise affine with u'(z) = z; on (0,a) and u/(z) = 22 on
(a,1). Let (u)) be the recovery sequence for u(x) = z1x on (0,a) and (u2) the recovery sequence

for u(x) = 292 on (a, 1) constructed in Step 1. Without relabelling it, we extend u) continuously

with constant slope z; on (ZR(Q«, a), because it is not defined there yet. The same we do for u?\, on

(a, zgzal%) with slope z9. Then, we claim that

Un (%) 1= Uy (€)X [0,0) + (210 +ujt (@ = @) Xpa,1) (36)

is a recovery sequence for u. Indeed, it holds true that

’LLn(IE) = u'}z(x)X[O,a) + (Zla + U%(l’ - CL)) X[a,l]
= 21TX[0,0) T (210 + 22(T — @)) X([o1] = u(T)

in L1(0,1) for n — oo, since both sequences are recovery sequences. Further, it is

E,(w,up) =FEn(w, u}@, [0,a)) + Ep(w, ui, [a,1))

K j=2 yimad—s+i _ il%e) s
-[0,a n — Yn
+ E E Andj w, %) _ g 5
j=2 s=0 JAn

By construction, we have that

a 1
lim (En(w, 1k, [0,a)) + En(w, w2, [a,1))) :/0 Jhom(zl)dx—l—/ Tnom(22) dz

n—oo
1
— / Tnom (e (2)) da.
0
For the given values of s and j, we get

.[0,a) . 10.a .10,a . .10,a
uén;x_s‘i‘ﬂ . u;ﬁggz—s z1a + 29 ((zlmw) — s+ ]) A — a) -2 (zlmw); - s)) An

JAn JAn
a— A, (zﬁ%ﬁ} — s)

JAn

= (21 — 22) + 29 =: 2,

a— A (ZL%zgg — 3) S
— — <1 for n — oo, it holds true that z, is a convex combination of

and since .
J An J
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z1 and z9, and therefore

K j—2 ;0,0) —stj 00 o K j—2
umaI umal‘
3 S ) M S B
j=2 s=0 JAn j=2 s=0
(Lr2) E 2 1
< Z Andmax{¥ (z,),|zn|} < )\ndci(K + 1)K -0 forn — oc.
7=2 s=0

Altogether, this shows the limsup inequality

1
lim sup By, (w, uy) §/ Jhom (¢ (x)) dz.
n—00 0

3) Wi functions.

Now, we provide arguments to pass to functions u € ‘W171: For v € W%1(0,1), consider the
piecewise affine interpolation uy of v with grid points #%;, which means uy € C(0,1) is affine on
[t%l,t%) an it holds uN(té-V) = u(tév) for all j = 0,..., N. This is well defined because we can
consider u as its absolute continuous representative. Then, it holds

1 N ) 1 tg\f
Ehom(u) = /0 Jhom Zl tl - tz m /tj_l Jhom(u/(x)) dz
1= N
N t]
Jensen . . 1
> (" = th) Jhom (u Z. / (@) dx)
i=1 tny =ty Ji!
N (37)
11— ) 1 i i—1
:Z (tNl _ tN) Jhom <Z_11 (u(tN) —u(ty )))
=1 t - tN
N 1
= o — 0 J _— ) —un(S)) | = [ T ) =E
Z ( N N) hom -1 _yi (UN( N) UN( N )) . hom(uN> hom(UN)-
=1 N N

We know that the I'-lim sup is lower semicontinuous and Theorem A.1 tells us that uy —* w in
BV (0,1). Since we know the I'-limsup of piecewise affine functions from the previous steps, we
have

Ls.
I-limsup E,,(w, u) %C lim inf {F— limsup E, (w, uN)}

n—00 N—oo n—00
1 (37) 1
< lim sup/ Jhom (W (z))dr < lim sup/ Jhom (v (2)) dz = Epom(u),
N—oo JO N—oo JO

which gives us the limsup-inequality for W11(0,1). As argued in the beginning of the proof, this
shows the limsup-inequality for the functional without boundary constraints.

Step 4. Convergence of minimum problems.
The convergence of minimum problems follows directly from the coercivity of Ef(w,-) and the
fundamental Theorem of I'-convergence (see e.g. [6, Thm.1.21]). Since Jyom is decreasing, we get
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from the Jensen inequality and from D®*u > 0

1
it By (0) > Jhom ( | @) dx) > Jnomn (D0, 1)) = Jromn ().

And the reverse inequality, we get from testing with u(z) = fx.

5.2 Properties of J& . proofs of Proposition 4.2 and 4.3
For later reference, we point out two further special properties of the approximating functions.

Proposition 5.1. Let the approzimation be defined as above. Let A = [a,b), a,b € R, be an
interval, and Ay := NANZ.

(i) There exists L* such that for all L > L* it holds true that
m(w) < —M, (38)
with a constant My, > 0 independent of j and w. Further, we have that

My — oo for L — . (39)

(i) It exists Q1 C Q with P(21) = 1 such that for allw € Oy, all j =1,..., K, it holds true that
T
m Z Z }J]L (W,’L',l') - ‘]]L (wvivy)‘ < CL’H’(N)((")) max{|x - y|a7 ‘33 - y‘}? (40)
j=licAn

for every x,y € R and independent of the choice of A, with 0 < C’L’H’(N)(w) — CLH for
N — o0.

Proof. (i) By definition of the subdifferential, it holds true that
Tj(w,y) = Jj(w, ) +m}(w)(y — ),
for every x,y € (0, é] Setting y = é and y = 27, we get

Jj(w,

Ul
QIR —r

mh(w) < Jj(w,z1) < dmax {¥(%), |1$]} — (3 (zp) - d).

—ZL d AL

The denominator is always positive and ¥(zy) — oo for L — co. Note, that mJL is always negative,
by definition. The right hand side gets smaller and negative with L — oo. Therefore, there exists
L* such that for all L > L* it holds true that

mf(w) < —Mjy,
with a constant My, > 0 independent of j and w. Further, by (2), we have that

My — oo for L — oo,
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which proves (i).

(ii) It holds true for every x,y € R that

\AN’ Z Z ’JL (w,i, ) J]L(w,z’,y)|

j=1i€An

K
<2max ¢ KChip(2r) Z Z CH (riw) p max{|z — y|* |z — y|}.
7=1 lGAN

This estimate can be derived as follows: recall that for a fixed L, the Lipschitz constant of J ]L (w,,-)
on (zr,9) is bounded by Cr;ip(21,) due to Lemma 2.2. By monotonicity and convexity of J;(w, 1, ),
the Lipschitz constant of J]L (w,1,-) on (—o0, z1,) is also bounded by Crip(2r,), by construction of the
approximating function. Further, CJH(TZ'CU) is the Holder constant of JjL(w,i, -) on [§;(Tiw), +00),
by definition (see Proposition 2.5 and the related definitions). Now, we have to distinguish between
three cases: (i) « and y are both greater than ¢;(m;w), (ii) both are less than 0;(7;w) and (iii) one
is less and one is greater than J;(7;w). In the first case (i) the Holder estimate holds, in the second
one (ii) we can use the Lipschitz estimate and in the third one (iii) we can insert +.J JL (w, i, 65(T3w))
and use the triangle inequality, which results in the factor 2. Since the constants Crp(21) and CJH
are all positive, we still increase the estimate, if we replace the sums over B; by sums over Ay.
Due to (H1) and Proposition 2.5, it exists €; C  with P(£21) = 1 such that for all w € 4, all
j=1,..., K, the sum on the right hand side is convergent. Therefore, we finally get

rAN|Z D I (win@) = Jf (wsisy)| < OB (@) max{le - I, 2 =y},
j=licAn

for every x,y € R and independent of the choice of A, with CLH:(N) (w) = C*H almost everywhere
for N — oo. This proves (ii). O

Proof of Proposition 4.2. We will prove in the following the pointwise convergence of Jlf (;r(nN) (-,2z,A)
almost everywhere on €2 to a function Jpom(2) independent of w and A. The upper bound from
(LJ2) together with the dominated convergence theorem then yields (17).

Step 1. Fixed z € R and intervals A = [a,b) with a,b € Z.

First, we prove the assumption for a fixed z € R. As JhLOI(nN)(
N)

boundary constraint and JhLm(n is stationary and ergodic, the Ergodic Theorem A.3 due to Akcoglu
and Krengel can be applied. Therefore, there exists Q, C Q with P(Q2,) = 1 such that for every
w € Q, and for every A = [a,b) with a,b € Z, the limit

w, z,) is subadditive due to the zero

lim Jho( )(w, z, A)

N—oo oM
exists and is independent of w and A. Note, that this holds true because of the countability of the
intervals, since we only demand for a,b € Z. Otherwise, the property P({2,) = 1 cannot be ensured.
More precisely, it holds true that Q, =, bez 24, with @4 C 2 being the set on which the ergodic
theorem holds true for a fixed A. Con51der1ng A=1[0,N), we get
L _ L,(N)
Jhom(z) - J\;gnoo Jho (w’ 2 A)

m
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Step 2. Fixed z € R and intervals A = [a,b) with a,b € R.

In order to pass to general intervals with a,b € R, we argue as in [13, Proposition 1]. For every
d > 0, there exists T big enough and intervals Ay, A; with ag , by, a;, b; € Z such that it holds
true

Ay TA
Ay CTAC Af, ||Tf4||z1—5, T s (41)

From (LJ2), we get, for all intervals B C A and N big enough, the inequality

[N(A\ B)NZ|

|IN(A) NZ| Cs, (42)

JEWN Gy 2 A) < JEN (2 B) +

m m

with a constant C, depending on z, which can be seen as follows. Taking a minimizer ¢ of the
minimum problem related to B, with notation from 31, one has

L) K e 6 — ¢
Jon (w, 2, A) < ]NBDZ\Z Z JL<w,Z,z—|— 7 >

A\B

L L,
|NAﬂZ|Z Z Jj(w.i,2) + |NAﬂZ|Z Z Jj(w,i,2)
—iA\B §=2i=iB 2]
iEN(ANB)NZ
ANE 1 iB
(LJ2) L(N) 1 imaz+1—7 max
< Jpon H(w,z,B) + |NAmZ|dmax{\I/ Z|}Z Z 1+ Z 1
1= ’L::L\Zf i:ir‘élax""Q_j
1€N(A\B)NZ

< TN, 2, B) + dmax{¥(z), |z|} (K|N(A\ B)NZ| + K?),

m

1
INANZ|
where (42) then holds true for N big enough. Now, we get from Step 1

Jb (2) = hm Jhor(nN)(w z, AY)
42)

( N(AF\TA)NZ
< liminf J;’(N)(w’ijA) —|—hm1nf| ( ) \+ ) |
N—oo om N—oo |N(A )ﬂZ|

AT\ TA)| . @)
(A \TAI L limsup J2 Y (w, 2, TA) + 5C.,

z

=lim inf JhLO’(N) (w,2,TA) +

N—oo m ‘(A;’_)| N—o0o
(42) 3 [(TA\ A)] (41)
L,(N) )
< _ = .
< lim Jhom (w,2,A5) + (5 + A > C, = JE . (2) +2C.0
This shows

for A = [a,b) with a,b € R, since § can be chosen arbitrarily small. Note that for fixed T' > 0,
hm Jh W )(w z,TA) and hm Jh W )(w,z,A) are the same.

hom hom
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Step 3. z € R and intervals A = [a,b) with a,b € R.
With the definition of 2, from the previous steps, we define €y := ﬂZeQ Q.. It holds true that
P(Q) = 1 and that we have for every w €

JEw(z) = lim JEW (2 A), (43)

for arbitrary A and all z € Q. This was shown in the steps before.

Now, we derive the existence of the limit of JhLC;I(nN) (w,z,A) also for z € R\ Q and w € Q. Note,
that the ergodic theorem provides existence of that limit only for w € 2, and not for w € Qy. For
this, let z € R\ Q and (zx)reny € Q be a sequence with zp — z. Strictly speaking, we also can
assume z € R, but it is not necessary, because we already dealt with the case z € Q. By contrast,
the assumption (z;)reny C Q is essential, because with this we can use (43) for z, in the following.

With notation from 31, we denote the minimizer related to the minimum problem of JhL (;](mN) (w,z,A)

by ¢y (NANZ)U {id,. + 1} — R with d) pin = ) = (;5 st ' (we give up the index A for the
minimizer for better readability), which means that it holds true that

1 K Zm,aa:%>1 ] Z+] 7}\7

N N,

TEN) (2, A) = |NAQZ|§j > Jf <w,z,z+2jz>, (44)
J= 1= zfun

Therefore, we have

) K A .+1—j i+i
L,(N I . N,z N,z
JE (@, 2, 4) = \NAOZ\Z Y <w,z,z+j)
J= 1 /L:l';?nn
K Zmaz+1_.7 7‘+] ’L
JElw, i,z + —2 02 NZ
yNAmzy Z ZA: d g j

K iﬁaw 1—j i+j 3\[ +j 3\[
JE w,t, 2 TNz TNz JE w,1, 2 Nz TNz
|NAmZ|]Zl J ( A 7 b

i+ g i+ g
. N, N, . N, N,
JjL W, i,z 4 —2 % —JjL w, i,z + —2— 2
J J

1=1
Since |z — zx| < |z — 2zx|® for k large enough, we continue with this estimate by using (40) and get

min

K ifhaetl—3

|NAmZ|Z Z

;A
Jj=1 = =irin

TEMN (2, A) > TEN () 2, A) — CEEMN ()2 — 2] (45)

hom hom

We now calculate first the limit lim inf y_, o0, with CLHN) () — CLH from (40), and subsequently
limsupy,_,, of (45). Since we assumed (z)reny C Q, we get

1}\1;11 inf J}i;r(nN) (w, 2z, A) > limsup J& _(z,).
—00

k—o0
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Now, we can restart the whole calculation, from (44) onwards, by changing the roles of z and z.
Hence, we first have to take the limit lim sup_,., and subsequently lim inf_, ., and get analogously

lim 1nf JE (z,) > limsup o LN )(w, z, A).
k— N—oo

Together, the two estimates yield

hom

JE (2)= lim J L/(N )(w, z,A) = klim JE (z), forall z€ R\ Q and all (z)r C Q. (46)
—00

This shows that for w € Q' the limit of J}i;r(nN) (w, z, A) exists and is independent of w and A for

all z € R\ Q. Altogether, we have that the limit of JhLC;I(nN) (w, 2z, A) exists for every z € R, is
independent of w and A, and equals JhLom(z). This finally proves the assumption. ]

Proof of Proposition 4.3. We prove the different properties separately in the next steps.

Step 1. Continuity.
Let (z;)ken C R be a sequence converging to z € R. Let ¢ . be a minimizing sequence such that
it holds gf)%z = (;S?VZ =0 and

| K N H—] — &y
: L , =\ _ 4L
lim N g ' J; (w,z,z—l— 7 > = Jpim(2) (47)

K N—j Z+J K N—j 2+J i
1 Ony— @ ZZ Ony— @
J]I/ <w7l7z+ NZ) - JL (W,i, Zk+ J N7z

j:1 =0 ] 1 ¢=0
1 L& AL/ o itj i\
Ty (Jf (w}wm : ) —Jk (w,i,szrN’Z . ))
— £ J J
j=1 =0
L(N
> Jpoa (w0, 20) = CEE M (w)[ 2 — 2

where the last step is due to (40) and since |z — zg| < |z — 2| for k large enough. Recalling that
sup(f — g) > sup f — supg, we continue by taking the limit N — oo, with CLH.(N) (w) — ocbH
from (40), and subsequently limsup k — co. Proposition 2.5 provides boundedness of the sums and
therefore we get

JE (2) > limsup JE (z).

k—o0

with the result of Proposition 4.2. Restarting the whole calculation, from (47) onwards, with
changing roles of z and z,, we get analogously by by taking the limit N — oo and subsequently
lim infy_, o

JE (2) <liminf JE  (21).
k—o0

Together, this shows JL (z) = klirgo JL (z1) and therefore JL s continuous.
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Step 2. Convexity.
We need to show

JhLom (tzl + (1 - t)ZQ) < tJl%om(’Zl) + (1 - t)']l%om(za)
for every t € [0, 1] and every z1, 29 € (0,+00). Otherwise, the inequality is trivial. Fix ¢t € [0,1]. We
use in the following the notation from 31. Let ¢n ., : N[0, + ) NZ — R be a minimizer related

to the minimum problem of Jlf(;r(nN) (w, 21,[0,1)), that is ¢3, = 0= (ﬁ?{,"gfﬂ Sfors=0,..,.K —1
and

[0,2)

( ) K 74maz+1 ] 7/+.7 _ 7}\[
L N,z z
Jos (w21, [0,1)) = N7 ﬁZ’Z Z J] (w,z,z1—|- 13- )
Further, let ¢ 2, : N[t N]NZ — R be a minimizer of the minimum problem of Jho( )(w, 2o, [t, 1)),
[¢,1)
that is ¢ W"H = gb% L fors=0,.., K —1and

K N-—j i+J

PN —¢ B
Tt (@, 20, [t 1)) = N[t 1 ﬂZIZ > I (w’z,zer T 2).

—;tD

This given, we define

(¢, =0 for 0<i< K —1,

Sy +(—K)(1—t)(z1 —2)  for K <i<ihup+1-K,
Oy = imar(1 = £)(21 — 22) for il +2 - K <i<ihl) + K,
¢N22+(N—i)(21—22)75 for il 4 K <i<N-K,

(O 2y = for N— K+1<i<N.

Then, ¢ fulfils the constraints of the infimum problem of J}fo’r(nN) and therefore it holds true that

L,(N) 1 ¢Z+] ¢l
Jo0 (wotzg + (1 —t)29) SNZ J]L w, itz + (1 —t)zg + H—— 7

hom
7j=1 =0
[0,t)

K imaz+l—j Z+] ¢
ffz Z JL (w,z,tzl—i—(l—t) + N)
J

1 K N-—j I Ti+3 _ QSZ (48)
+NZ J; w,i,t21+(1—t)z2+NfN
=l
1 K j—=2 ¢7»maa: 5+] 1[791’52: —$
+NZ JjL w, il%) stz 4+ (1 —t)zo N
j=2 s=0 J

We consider all three terms of (48) individually and bring it together afterwards. For abbreviation,
we use in the following Z := tz; + (1 — t)z2. We start with the first term of (48) and therefore
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estimate

1 E iiant1-7 ~i+j_¢*)i 2]‘\4;3' _ 3\/
DD I B e e R A
J J

j=1 =0
K-1 Ti+j Ti ¢z‘+j i
- - . N, N,
Z JjL w,i, 74+ NN o) JJL Wi,z 4 A
j=1 i=0 J J

[0 t) j . . .
< fmazt 1= i+ i ity
1 5 5
+NZ 2. (JJL (waiaz+¢>—Jf (w,i,21+w>>.
7=l =0 oK —j J j
By definition of ¢y, we get boundedness of the differences
L " ,
3\-}_] — ¢§V — 3Vvil B §V,Z1
J J

<C

in both cases 0 < ¢ < K — 1andz£gé)m—|—2—K ]<z<z£,olé)m—|—1—j. For € > 0 and I (x) :=

[ —€,x+€)N[0,1] for N big enough, we then get by (40)
[0,8)

1 K ’Lmaz+1* L ’L+_] ¢Z
N g Z J] W,Z,Z f

2\ LN [NI(0) N Z] - [NI(t) N Z] -
< <t - N) Tho (@21, 10,0) + =S 2T O (@) Cw),

The second term of (48) can be discussed analogously to the first one, with the analogue result
1 K Nﬁj L Z+] ¢z
L5 9D D] ORERL

< <1 —t+ 2) T w2, 1)) + MO0y WD N

hom

The third term of (48) is

2 Jimar—s+i _ Gimar—s
N

JjL w,z[rgégc—s 7+

J

M=

1
N J

I
2o
Il
=)

] S

For the given values of s and 7, it holds true that qblﬂ Z = 0 because it is zigaf)p +2-K<i<

ZL%L + K. Therefore, we can estimate

| K2 Jimar—s+i _ Jimar—s
NZZJJL w,zﬁj&—s,f%— A —
7j=2 s=0 J
13 11
SNZ dmax {V¥ (z), ]z|}<N7(K—|—1)KC—>O for N — oc.

s=0

<.
||
N

30



Putting together all previous estimates, we can calculate the limit N — oo in (48) and get with
the convergence of the constant C'(w) — C from (40)

JE (tz1 + (1= t)22) < tJE (21) +€C +2¢C + (1 — t)JE  (22) + 2eC + €C + 0,

where Proposition 4.2 yields the existence of Q¢ C © with P(£29) = 1 such that the above calculated
limit exists for all w € Qg and all 21, zo € R. Finally, we can perform the limit ¢ — 0 and get

Jlforn (tzl + (1 - t)ZQ) < tJhLom(Zl) + (1 - t)J}%om<22)7

which shows convexity.

Step 3. [I'-limit.
We first show the liminf-inequality. Let (zx)nyen be a sequence converging to z. Then, for every

N € N we denote a minimizer related to the minimum problem of JfO’I(HN) (w,zn,A) by On 2y -

(ZN NA) — R, that is

Oy — )

I . N,z N,z _ L,(N)

|NAOZ|Z Z Jj (w,z,zN—}—NjN = Jom (W, 2N, A).
HSEER A

Now, we have

itj i
L,(N) . Nzy — PNpan
J w,zy, A) = J W, AN + ———————
hom (42 |NAmZ|Z 2 ( ¥ j )

j=1 4€ZNNA
i+j—1eNA
i+ §v

_ L . N,zn VEN

g X o (e B )

j=1 4€ZNNA
H—] 1eNA

Niy — O Only — Oy
JL . JZN »ZN —JL )N ' ZN
|NAOZ|§ E <] <w,z,zN—|—j j wzz—i——j
j=1 JZrEZTN]éA
1+y—1€

>Jh01(n )(w7 Z, A) - CL’H7(N) (W)’Z - ZN’av
where the last step is due to (40) and since |z —zi| < |z — zx|“ for k large enough. With Proposition
4.2 and (40), we get for w € g, by taking the limit lim infy_, o,

lim inf J}, I(n )(w ZN, A) > 1}\1lninf J}fo’r(nN)(w,z,A) =JE (),
—00

N—oo

which shows the liminf-inequality.

The limsup-inequality is trivial, since we can take for every z € R the constant recovery sequence
zn = z and get

lim sup JhLO’I(nN) (w, zn, A) = limsup J}f’(N) (w,z,A) = J}fom(z),

om
N—oo N—oo

due to Proposition 4.2. This shows the limsup-inequality and completes the proof of the I'-limit. [
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5.3 Properties of J,om, proofs of Proposition 3.2 and Proposition 4.4
Proof of Proposition 3.2. We prove the different assumptions separately in the following steps.

Step 1. Equation (13)

In Proposition 4.4 we have shown the pointwise convergence of J}(livn)l(, z, A) almost everywhere on
2 to a function Jyom(z) independent of w and A. The upper bound from (LJ2) together with the
dominated convergence theorem then yields (17).

Step 2. Convexity.
The pointwise limit of convex functions is convex. Hence, convexity of Jyom follows from Proposi-
tion 4.3 and Proposition 4.4.

Step 3. Superlinear growth at —oo, proof of (14).
From the condition (LJ2) we have

K N—j
) 1 ) (;51-1—3 d)z

J(N) w,z,10,1)) = inf — J; <w,z,z+ )

hOm( [ )) (156“49\],]{([071)) N ]2 par J j

K —J K
1 1 qb’ﬂ gbZ) 1 ] + 1
>— - — Kd,

d pe A9, K( [0,1)) Z ( J d z:: L)

]:1 1=0

where we used in the last estimate Jensen’s inequality and ¢ € A(J)V, x([0,1)). Taking the limit
N — 00, we obtain by Proposition 4.4

Jnom(2) = lim J™N (w, )2$K\I/(z)—Kd. (49)

N—o00 hom
Clearly, (2) and (49) imply (14).

Step 4. Lower semicontinuity.
Due to convexity, Jhom(2) is continuous in its inner points, i.e. on (0,+00). Further, we get from

(2)

(49) 1
lim Jhom(z) > lim (dmf( ) — Kd) ? o (50)

z—0t z—0t

This shows lower semicontinuity.

Step 5. Monotonicity.

First of all, Jyom is bounded from below, which can be seen by (49) and from the fact that ¥(z) > 0
for all z € R by definition.

From (50) and together with convexity, (i) Jhom is either decreasing with i Erfoo Jhom(2) = C with

C € R, or (ii) Jhom has a unique minimum. In the first case (i), it directly follows that Jyom is
monotonically decreasing. The second case (ii) has to be considered separately.

Consider the case that J,on has a unique minimum, which we call Jypom (), at the minimizer z = ~.
To show the assertion that Jyom is monotonically decreasing, we need to show Jhom(2) = Jhom(7)
for every z > 7. In fact, it is sufficient to show Juom(2) < Jhom(7), because the reverse inequality
is clear since Jyom(7) is the unique minimizer.
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For this, consider z > v. Let zy : {0, .. — 1} — R be a minimizer related to the minimum
M) NSl = for s =0,.. 22 OZN—Nvand

om

problem of J}(l (w,7), that is 25 = 2y

N 1 K N—j 1i+j71
J}(lorr)l( ,’7) = NZ Jj ((U,Z.,, Z Zk> .

j=1 i=0 k=i
We set
2 fori=0,... K —2andi=N-K+1,....N — 1,
i (z—’y)(N/2—K—|—1)—|—zf\§_1 fori=K -1,
z _=
YT e-)(N2-K+1) 4250 fori=N-K,
z}'\, otherwise.

which fulfils the constraint Zfigl Z4 = Nz and 23 = zjj\\,f 7l — 2 for s = 0,..., K — 2. Then, it
holds true that

. | K L it it (51)
L CRES DYDY ( ( > ) ( > ))
j=1 ie{0,...,.K—-1}U J k=i J k=i
(N—K+1,....N—1}

We now argue that the remalnder converges to 0 for N — oo. The second part of the sum can be

easily estimated by —.J; (w, i3 7 Zﬂl '2k) < d, due to (LJ2). Since each sum contains at most K

elements, the prefactor + shows the convergence to zero.

The first part of the sum needs a finer argument. Due to supy, J}(livn)l(w,’y) < 00, we have zN >0
for every i = 0,..., N — 1. With this, we consider the first part of the sum J;(w, 2' = Zﬂl k).
Now it holds true that ZN—zfori<K—2andi>N K +1,and 2% > (2 — )(N/2—K+1)
fori =K —1andi= N — K, and zN > 0 otherwise. Therefore, we get Zzﬂ 2 z for N
large enough. Therefore, J;(w, i, : 3 ;:Tz ! zfv) is bounded, due to (4) from (LJ2). Since both sums
contain at most K elements, the prefactor + ~ vields the convergence to 0.

Since the remainders in (51) vanish for N — oo, we get, with Proposition 4.4,
Jhom(2) = lim ST (w,2) < lim 00 (@,7) = Jhom(7);

which is the desired result and finally shows that Juom(2) = Jhom(7y) for all z > ~. Together with
(50), this shows that Jyon is monotonically decreasing.

Step 6. I'-limit, proof of (15).
For z € R, let (zy) be a sequence with zy — z. Then, the definition of the approximation and
Proposition 4.3 yield

hmmf J( )(w ZN, A) > 1}\1[ninf JfO’I(nN)(w,zN,A) > JE (2).
—00
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Further, taking the limit L — oo we get with Proposition 4.4 lim inf y_ J}Eivri(w, 2N, A) > Jhom(2),
which proves the liminf-inequality.
For z € Z, take the constant recovery sequence (zy) with zy := z. Then it holds true that

lim sup J}(livrzl(w, zn, A) = lim sup ‘]1(15)\[131(“7 2, A) = Jhom(2),
N—oo N—oo
which proves the limsup-inequality and completes the proof of the I'-limit. O

Proof of Proposition /.4. For z ¢ (0,+00), we have A}im JN)
—00

_ : L _
hor (W, 2, A) = oo and Lh—I)lgo Jim(2) =

00, because of (LJ1) and the definition of the approximation. Hence, the assertion is proven in this
case.
Fix w € Qq, z € (0,400) and A = [a,b), a,b € R. The definition of the approximation JJ-L yields

JEW) (w,z,A) < JIEN) (w, z, A) and thus by Proposition 4.2

hom om

JE L (2) < liminf JNY) (0, 2, A). (52)
N—oo

om

In Lemma 5.2 below, we show for every z € R

lim inf J&  (2) > limsup J}(IN) (w, z, A). (53)

L—o0 N—oo om

The inequalities (52) and (53) yield

J(N) (w,z,A),

: L
Lh_l;I;o JhOm(Z) = hom

lim
N—o0
which proves the proposition. O

The following lemma contains the still remaining proof of the limit (53).

Lemma 5.2. Assume that Assumption 2.1 is satisfied. For every z € (0,+00) and w € Qq it holds

lij_fn inf JL _(2) > limsup J}(lN) (w,z,A). (54)
—o0

om
N—oo

Proof. For simplicity, we consider A = [0, 1), the proof for a general interval is essentially the same.

First, note that the assumption z € (0,+o00) implies finite values of the energy. To show (54), we
L,(N)
J,

start for a given z with a minimizer related to the minimum problem of J,_

(w, z), which we call
ZLn = (2] s 2L 5), that is

L(N 1 K Ny | FH
= A (i T4,
For L, N € N, we define

Iy ={i|Z n <2z},

which is the set of all indices i with 22, n in the region where J; and J]L differ.
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Step 1. We assert that
. . 1 i
fon iy 2 (o= da) =0 ()
ZGIL,N
By definition of Iy, x every term in the sum in (55) is non-negative. Suppose that for some € > 0
it holds

1 _
lim sup lim sup — Z (21 — Zpn) > € (56)
L—oo N—oo NZEILN ’

Using Proposition 4.2 and (LJ2), we obtain
1 K N—j H—] 1 '
Jhom(2) = z\}i—r)nooﬁz ' Jj ( Z ZL,N)
1
N

1 si
Z ml (7 )(zLN—zL)> ~Kd+ M hmsupﬁ Z (20 — ZL N)

N—oo N—oo i€l N

where the last inequality is due to Proposition 5.1 (i). Hence, a combination of (39) and the
assumption in (56) yields

lim sup J& () = oco.
L—o0

This is absurd in view of the estimate
Fom(2) < Kdmax{W(2), 2]} < o0

being valid for every L € N, and thus the claim is proven.

Step 2. Conclusion
Lv(N)(

We provide a new sequence of competitors (27, n) for the minimization problem in Jy7 -
satisfying 2¢ >z, for alli € {0,..., N — 1} and

K N—j L Tt i
. L sk L sk
Lh_r}réoj\}gnoo—z Z <Jj <7’iw,j Z Zr N) —J; <7’iw,j Z Zr N)) > 0. (57)

7j=1 =0 k=i k=i

w, z)

Obviously (57) and 2271\, > zp, for all i € {0,..., N — 1} imply the claim (54). Since z;, — 0 for
L — o0, it holds true that zy, < z for L big enough.
In what follows we suppose that there exists i € {0,..., N — 1} such that élL ~ < 2z (the other case

is trivial). The constraint Zij\igl(éjv —2) =0, implies I}, y, :={i]| 2z < ZE,N} # () and we obtain

N-1
Z (Zon —2) Z (Gon—2)+ Z (Zn — 2)- (58)
=0

lGIL’Nyz iGIL’N

Combining (58) and the assumption z;, < z, we find v¥, for i = 0,.., N — 1 with 0 < v}, <
max{z} — z,0} and

> (eL—Zin) = ' vy (59)
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Notice that by construction vf\, = 0 whenever i ¢ Iy, .. Next, we define 21, x by
QEN: 21, fOl"Z'GILN,
LN~ VN for i ¢ I n.

By definition it holds élL N = 2, for every i and 27, v is a competitor for the minimization problem in

the definition of JhLO’r(nN). Indeed, 227]\, = EE’N =zforallie{0,..., K—1}U{N-K+1,...,N—1}
and

N-1 N-1 N-1 N-1
L » . > » - (59) »
DGin=D ) Gin-vi) =) Fint Y (r—ZN) - ) vv = ) Fne
i=0 = il i=0 iel;, i=0 i=0
Fix p = p(b,d, ¥) € (0, 3] such that
1
g\IJ(z) —d>b forall z <p, (60)

where b, d and ¥ are the constants and the convex function from the definition of J. Further, we
define p, := min{Z, %, p}. We consider for all L sufficiently large such that z;, < p, the expression

i i
4 L7N Pp—
Dlﬁi,j : ( Z ZLN) - (Tiwaj Z ZEN)

k=i
To show (57), we distinguish three cases:

o Case (i): % ik N < A 2}y < 6j(7iw). Since J[ (7w, -) is monotone decreasing

n (0,3;(mw)] (see (LJ2)) 1t follows Dlﬁ‘ij > 0.

g i+j—1 4 - el N i+j—1 5
o Case (ii): % ij ZEN > 6j(riw). It is Diff;5" > 1w ( Z]Z Zh N) —d —b. By the
definition of p (see (60)), we have either DiffiLj’N >0or % ZHJ 1z N> P> 2L
o Case (iii): % Zﬂl ! ifN < §j(rw) and = ZHJ ! AEN <1 3 Zﬂl ! ZEN By the definition

of 2 there exists k € {i,...,i+j—1} such that Z} y = z and thus ZH] ! 2 N = 77, since
2k ~ = 0 due to the finite value of the energy.

Those indices ¢ where Difffj’N > 0 holds true, do not pose a problem regarding the proof of (57).
In order to conclude the proof of (57), we have to further consider Case (%ii) and the part of Case

(i1) Where Zﬂz Lk N = p. For short, we name the set of those remaining indices Irem. For this,
we need a ﬁner estimation and define sets of small and big shifts. Let p > 0, then it is

Inng =i €{0,.. N —j} : {i,i+j—1}0IL # 0},

I} N =i €10, .., —.]}\ILJV;]‘ | vk, < pforall k=i, ....i+j—1},

IZN;]’ = {0’ ey N = ]} \ (IL,NU' U IZ,N;j) ) (61)

I vy =f{i €I | 12K — 2| <pforall k=i, i+j—1},

Tb o . Ts
IL,N;j = IL,N;J \IL,N;J"
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We claim that for every p > 0 and for every j = 1, ..., K it holds true that
lim  lim \ILNJ\/N =0 and lim lim |I} y,|/N =0. (62)
L—o00 N—o0 Y

L—oo N
Indeed, by definition, we have
. 1 - 1 1 i
155 X ohmy T oktg X DL T s

7’EIL,N;1 i€ln N

and limy,_ o0 Impy oo % ZiEIL v (ZL — 22 N) = 0 from (55). Thus, limz_,o limy 00 % Y ien va =
0 as well as limy,_, oo impy_yo0 % Ziélz . v}v = 0 directly follow, because of v; > 0. In particular,

since we have

<‘Il[)/,N;1’ <l Z ’Ui
>~ N B~ N N>

o 7b
zEIL’N;l

0

it follows that for every p > 0 it holds true that limy_, o limy_ o |IZ,N;1|/N = 0. Since ‘Ig,N;j‘ <
K|I2’N;1], we also get limy,_, oo limy 00 ’Ill'i,N;j’/N =0 for every j = 1, ..., K. In an analogous way,
we have

oSy Y -ty X - =y X (i),

i€ly ya IS €lp,Nn
and limy_, .o limy_seo % dicl; n (zL - 227]\,) = 0 from (55). Therefore, we can directly deduce

limy, oo My 0 % Zz‘efg o (zL — Z’LN> = 0. Together with

|—f1l3 Nl 1 i
0< j\[’ 'UJSN Z (ZL_ZE,N)v
iefZ,N;l
this yields limz_,oc limy_s00 |fjl—i’N;1\/N = 0. Since ]fZN;j] < K|fjl—i’N;1\ + K\I}i’N;ﬂ we also get
limy oo IMmpy oo ]1:27N;j]/N =0, for every j =1, ..., K. This concludes the proof of claim (62).

Now, we consider (57) for the remaining indices I em, separately for the previously defined small
and big shift sets. We start with the big ones. By definition of Case(i) and (iii), it is 2% > p, for
all i € Lier, and using (LJ2), we get

i+j—1 i+j—1
1 1

k=i k=i
and therefore for (57)

| K 1 itji—1 1 itji—1
o > (Jf (w,j > 2§>—JJL (w,j > z]@))

i=1 (70 7b =i =
J ZG(IL,N;jUIL,N;j)mIrem k=t k=i

K b b
1 7 Nl + 17
> ~ E E -C, > — J ~ LK (-C,).
I=Vie(1} y.;UI% y.;)NTrem
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Together with (62) this shows (57) for the big shift sets. The small shift sets yield by definition
24 > p, and Z4 > p, and allow for the following calculation: with (40) and for u < 1 we get

1 K 1 i4j—1 1 i+j—1
NZ > (J]-L (w,i,j > 25@)—%@ (w,z',j > zj’@))
)N lrem

=1 . = —i —
I=Vie(13 n, VI Ny h=i k=

1 K 1 i+j—1 1 itj—1
L . L . ~k
S S A A s o |
I=lie(I5 N ;UIE Ny ) Nrem k=i k=i
1 E | KNl
> -5 2 > 5T o0 0 17 Z =55 D2 D i (759 cosa ) 1
I=Vie(I3 n.;UT5 n. )N Trem j=1 i=0

because |25, — 25| = vk < por |2X, — 2% | = |25 — 21| < i, by the definition of the small shift set.
Here, [-]Co,a( p..o0) 18 the Holder coefficient. Now, (H1), Proposition 2.5 and Lemma 2.2 yield for
fixed 4 >0

K N-1
lim lim 72 C’Oapz,oo)ru’ = lim p*C(p,) = n*C(p.),

L—s0o N—oo N 4 L—oo
j=1 =0

with a constant C'(p,) independent of L. As this holds for every p > 0, we can afterwards take the
limit g — 0, which shows (57) for the small shift sets and concludes the proof. O

5.4 The case of nearest neighbor interactions, proof of Proposition 3.3

Proof of Proposition 3.3. For easier notation, we set E[J(d)] := E[J1(9)], E[d] := E[d1], d(w) :=
01(w) and J(w, 1, 2) := Ji(w, 1, z). Further, we consider A = [0, N), which is no restriction since we
have shown in Proposition 4.4 that the limit Jyopn, as well as Jfom are independent of A. The proof
is divided into three steps.

Step 1: First, we determine the absolute minimum of .J, (V) (w,-) for every N € N. Recalling

hom
the definition of Iy (N) as the infimum of the sum over individual functions J(w,i,z%;) under the

constraint Z -0 zN = Nz, the absolute minimum is achieved when every single function J(w,1,-)
takes on its own minimum. Therefore, the absolute minimum is achieved at the minimum point

Zmin = ZN ! (5( ) This reads

N-1 N-1
f (V) (V) Y () 1 oyt s
Iznelﬂlg {Jhom(w? Z)} Jhom (UJ, me) - Jhom (w> N : 5(le)> - N Z J(wa t, 5(le))'

As this is the absolute minimum, we can conclude

hom

J ) (w, z) ZJw,z,& (Tiw for every z € R.

Taking the limit liminfy_ o, we then get with ergodicity and Proposition 2.5

lim inf TN (w5, 2) > B[I(5)] for every 2z € R. (63)
—00
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Step 2: We need to prove Jyom (E[6]) = E[J(§)]. By (63), it is only left to show

lim sup J}(IN) (w, E[0]) < E[J(9)], (64)

om
N—o0

to conclude the assertion. We start with

| Nl | Nl
Thom (@, EI0]) = G0 @, EI5]) = 5 3 J(w,d,8(rw) + 5 Y J(w,6,3(rw))
=0 =0
| N (65)
= fw,N) + ; J(w,i,8(rw)),
where f(w,N) := J}(IOH)I( E[]) — + Zij\:ol J(w,i,d(mw)). Then, we get
v | Nl
[F@ N = | T (@, EB]) = 5 D7 T(w,,8(rie))
=0
) = | N1 | N N—
= Jhom w, 1520]{]25(7 _N;(S(T Ngo ; CU'L(STz )

/

=:6(w,N)

with 8(w, N) — 0 for N — oo, because of E[§] = hm N EN ' §(riw). By setting
24 := 6(rw) + B(w, N)

which fulfils the constraint YN 124 = N <ﬁ(w N)+ — ZN Lo(m )) of the infimum problem,

we can further estimate

(N) 1 N-1 1 N-1
‘f(w N)| = hom (waﬁ(waN) + N — 5(7_1W)> - N ;0 J(wazaé(nw))‘
1 N—-1 1 N—-1
J(w,1,0(riw) + B(w, N)) — N J(w,1,0(Tiw))
1 szO =0
<< ]J(w,z,a(r, )+ B(w, N)) — J(w,4, (7 )))
=0

Due to the special choice of z;, we have §(r;w) + B(w, N) € (0,+00) for every i € 0,...,N — 1
for N large enough, because of two reasons. First, it is domJ(w,i,:) = (0,4o00) for all J(w,3,-)
and §(rw) € (3,d) C (0,+00) for all 4, due to (LJ2). The second reason is that B(w,N) — 0
for N — oo. Therefore, it exists 0 < & < é such that for N big enough it holds true that

§(riw) 4+ B(w,N) € (5 — & +00) C (0,+00). Due to (LJ1), J € C¥* on (4 — £,00) and we can
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Figure 11: The new candidate Z for the minimizer.

continue our estimate as follows:

|f(w N)| < |B w, N Z zw COa( —£,400)

=0
1= 1
< |B8(w, N)| {N D 50, Vo o) 400y - Cliv (d - g)} — 0 for N — oo,
1=0

because of (H1), Proposition 2.5, Lemma 2.2 and f(w, N) — 0 for N — oc.

By the result f(w,N) — 0 and by + ZN Y J(w,i,6(riw)) — E[J(6)] due to Proposition 2.5, we
can calculate lim supy_, . in (65) and get
) | Nl
. < I _— . .
limsup Jp - (w, E[d]) < A}gnoo flw,N)+ A}gnoo N Z J(w,i,6(rw)) = 0+ E[J(0)]

N—o0 i—0

This shows (64) and, as said before, together with (63) this yields that
Jnom (E[6]) = E[J(0)].

Step 3:
We need to show Jyom(z) = E[J(9)] for every z > E[0]. For this, consider z > E[0]. We set

Nz—E?;lé(nw) for i =0,
0(Tiw) fori=1,..N —1,

~i

ZN =

which fulfils the constraint EZ 0 zN = Nz, and is shown in Figure 11. Then, it holds true that

N
J}EOH)I (w 1 » Y N

N—1 ' L Nl 1 N-1
. ) _ ; J(w,1,0(Tiw)) + NJ (w,O,Nz — ; 5(7’iw)>

2

=0

1 '« 1 1 =
=N Z w,i,0(Tiw)) — NJ(UJ,O,(S(TOW)) + NJ (w,O,Nz — E 5(7‘@0‘))) )
—o i=1



With + SN o(riw) — E[8], it holds true that Nz — SN 1 §(riw) = N (z -+ S 5(Tiw)> +
d(row) > NC — oo for N — oo and therefore J (w,O,Nz i 5(Tiw)> — 0, due to (LJ1).
With this, we get by taking lim supy_,

N)

lim sup J}(lom(u), z) < E[J(4)],

N—o0

which shows (64). Together with (63) and Proposition 4.4, we get

Jhom(2) = lim JN) (w,2) = E[J(6)], for all z > E[5).

N—oo hom

The proof for JE (2) is exactly the same. O

A Appendix

Theorem A.1 (Interpolation I). Letw € BV (0,1). For§d >0 let N € N and (t;)j—o,....n C [0,1] be
such that tg =0, ty =1, 0 < tjy1 —t; < 20, t; is not in the jump set of u. Let vy be the piecewise
affine interpolation of w with grid points tj, which means vy € C(0,1) is affine on [tj—1,t;) and it
holds vy (tj) = u(t;) for all j =0,...,N. Then, it holds vy —* u in BV (0,1) for 6 — 0.

Theorem A.2 (Interpolation II). Let (u,) C Ay, be a sequence of piecewise affine functions weakly*
converging to w in BV (0,1) with sup,,|luy,[[L1o1) < oo. Let (4n) be the sequence of piecewise
constant functions defined by @i (i/n) = uy(i/n) with @, is constant on [i,i+1)2, i € {0,1,...,n—1}.
Then, (Gy) converges weakly* to u in BV (0,1).

Theorem A.3 (Subadditive ergodic theorem, Akcoglu and Krengel, [1]). Let F: T — L*(Q) be a
subadditive stochastic process and let {Iy}ren be a regular family of sets in T with klim I, =R. If
—00

F is stationary w.r.t. a measure preserving group action {7,}.cz, that is
VIeZ, VzeZ, F(I+zw)=F(I;m,w) almost surely, (66)
then there exists ¢ : w — R such that for P-almost every w

F .
k—o0 |Ik|

= o(w).

Further, if {7,}.cz is ergodic, then ¢ is constant.

Theorem A.4 (Attouch Lemma,[4, Cor. 1.16]). Let (anm)neN,men be a doubly indexed sequence
in R. Then, there exists a mapping n — m(n), increasing to +oo, such that

lim sup @, ;n(n) < limsup <lim sup amm) .
n—oo m—00 n—oo

Theorem A.5 ([14, Thm. 1.62]). Let f : R — R U {400} be convex, lower semicontinuous,

monotone decreasing with

lim 1(z)

=400 and lim f(z)=ceR.

2Z——00 |z‘ o z—+0o0
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Let F : BV (a,b) - RU {+o0} be defined as

+00 else.

b () da if u 1,1
F(u)::{faf( Jdr ifue WHH(0,1),

Let the functional F : BV (a,b) - RU{+o0} be defined as

Py {Jd 1@ Az ifue BV(@b), Dz,
e +00 else.

Let F denote the lower semicontinuous envelope of F with respect to the weak* convergence in
BV (a,b). Then it holds F = F.
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