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Abstract: Robustness analysis of uncertain nonlinear systems is often dominated by com-
putationally expensive Monte-Carlo simulations, motivating the development of alternative
approaches, including deterministic methods for worst-case assessment. An efficient solution
approach is developed for a finite-horizon robustness analysis method that is based on a
linear time-varying model along a nominal trajectory with quadratic constraints capturing
nonlinear effects. The method leverages a transformed Riccati differential equation formula-
tion with analytically optimized time-varying parameters to reduce computational complexity.
Local quadratic constraints are iteratively refined using sparse grids. Application to Huygens’
atmospheric entry flight demonstrates accurate estimation of worst-case bounds with moderate

conservatism.
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1. INTRODUCTION

Currently, space missions and their guidance navigation &
control systems (GNC) are usually analyzed for robustness
with regard to uncertainties of initial state, parameters,
and modelled system dynamics by Monte-Carlo (MC)
campaigns. Extensive individual simulations of different
uncertainty combinations cover possible mission behaviors
probabilisticly resulting in a thorough understanding of
the system’s overall stability and performance. On the
other hand, MC simulations as part of the verification
& validation activities (V&V) are a main cost driver of
the GNC system development, since the large amount
of nonlinear simulations that need to be executed are
computationally expensive and time consuming. Due to
an increasing cost pressure in the space industry together
with a demand for higher system complexities to enable
new missions, alternative V&V methods are being de-
veloped (Winkler et al., 2024). To name a few, a prob-
abilistic p-analysis is developed in Roos et al. (2023),
whereas Biertiimpfel et al. (2023) applies a robustness
analysis method based on integral quadratic constraints
and Izquierdo Serra et al. (2025) focuses on probabilistic
verification using polynomial chaos expansion.

In Robens and Pfifer (2026), a theorem is derived to
analyze a nonlinear system along a given reference tra-
jectory under uncertain initial conditions. It builds on
the robustness analysis of uncertain linear time-varying
systems (LTV) using integral quadratic constraints, as
proposed in Biertiimpfel et al. (2023); Seiler et al. (2019);
Farhood (2023). Therefore, the system is linearized along
the nominal trajectory resulting in a finite-horizon LTV

system and the uncertain initial conditions are described
by the formulation from Farhood (2023). Additionally, it
also bounds the linearization error of the LTV system by
quadratic constraints as proposed in Takarics and Seiler
(2015). Existing methods solving similar theorems are
based on restricting the storage function to be a linear
combination of differentiable bases functions (Seiler et al.,
2019) or on a global nonlinear optimization (Biertiimpfel
et al., 2023).

In comparison to these methods, Section 4 of this paper
contributes an efficient approach to solve the theorem in
Robens and Pfifer (2026) by integrating the Riccati dif-
ferential equation of the storage function and calculating
additional optimal parameters analytically. Beforehand,
an overview of the required uncertain LTV model is given
in Section 2, whereas the concept of the robustness analysis
is outlined in Section 3. The performance of the system is
then measured by the worst case output over the set of
initial conditions. Finally, the proposed solution method
is evaluated on the robustness analysis of Huygens’ atmo-
spheric entry flight in Section 5.

2. UNCERTAIN LTV MODEL

This paper considers a class of nonlinear autonomous
systems defined by a differential function f, that describes
the time derivatives of the states x, and an algebraic
function g to calculate the outputs § € R™v as given by:



§(t) = g(3(t)) (1)

Both functions depend on the state & € R"=, whereas
Zo indicates nonzero initial states. System (1) follows a
nominal trajectory denoted by the subscript n, e.g. x,, or
Un, Which is the trajectory resulting from nominal initial
conditions. Linearizing (1) along the reference trajectory
results in

= AW() +,0)
= Ci(1)2(t) + £ (1)
where z(t) = Z(t) — Z,(t) and y(t) = y(t) — gn(t) are
the state and output deviations, respectively. The piece-
wise continuous matrix functions A(t) and Cy(t) are the
state and output matrices of the resulting autonomous
LTV system G, whereas ¢ (t) and €4(t) are higher order
terms that are described component-wise by the memory-
less nonlinear functions Ay i (z(t),t) and Ag;(z(t),t) in
Egs. (7) and (8) with k£ and ! denoting the k-th and
[-th component of e;(t) and &4(t), respectively. In the
remainder of the paper, the explicit time dependence is
omitted when it is clear from the context. Furthermore,
the initial states x(0) are defined by

2(0) =T¢ 3)

with ¢ € R containing the normalized uncertain initial
states and the matrix ' describing the uncertainty set’s
shape. This formulation has the advantages that £ excludes
known initial states, which are all equal to zero, and
that it considers each uncertain state independently, thus,
I defines the shape of a cuboid. For this purpose, the
components of ¢ fulfill the constraint |§;| < 1 with
i € (1,...,a). A detailed explanation of the uncertainty
formulation can be found in Farhood (2023).

The goal of the following robustness analysis is to find an
upper bound v on the output y of system (2) at final time T
over the set of uncertain initial conditions £ as formulated
in Eq. (11). In order to consider the complete system (2),
it has to be transformed into a quadratic constraint (QC)
interconnection, as shown in Fig. 1, with yo denoting the
output of the LTV system G. Thereby, the nonlinearities
¢,k and €4 are incorporated as inputs in the transformed
system, no longer explicitly depending on the state x. To
compensate for that, the input/output behavior of the
nonlinear functions Ay (z,t) and Ay (z,t) are bounded
by quadratic constraints. For instance, each component

¢,k is bounded individually with 2z, = [xT € fJJT and

M M
M, = [Ml%”f jﬂ, My =M, (4)
12,k

implying the quadratic constraint

2 (OM(t)z(t) >0, M(t) = M) vtelo,T). (5)

Since the QC is time dependent, it is only determined for
the relevant time interval [0, T]. Thereafter, the structure

of a QC interconnection allows for concatenating the
individual matrices M}, to a block diagonal matrix M =
diag(My, ..., M,,) and the vectors z; to z with k €
(1,...,n,) resulting in a single quadratic constraint of the
form in Eq. (5). The components of ¢4 are also bounded

by individual QCs with z = [¢7 ,,]" and M; having the
structure (4). However, they are not included in the matrix
M due to only having an additive influence on the output y
as shown in Fig. 1, but are used later in Section 4. Further
details about quadratic constraints are outlined in Pfifer
and Seiler (2015). Finally, the mathematical description of
the QC interconnection is given by:

&(t) = A(t)x(t) + Beg(t)
y(t) = Cr(H)a(t) + Diegy(t) (6)
z(t) = Cox(t)  + Daeg(t)

Here, the matrices B and D; are equal to the identity
matrix if all components of ¢ and ¢, are taken into
account. Otherwise, they are only set up by the columns
corresponding to the considered components. The addi-
tional output z consists of x and € as described previously.
Thus, the matrices Cy; and Dy, whose entries are restricted
to {0, 1}, are selected accordingly. As a result, system (6)
together with the QCs of the higher order terms represent
an appropriate LTV model for the robustness analysis.

In Section 4, the quadratic constraints are determined by
evaluating the nonlinear functions Ay ,(x,t) and Ay (z,t)
for several inputs. By solving system (2) for ey and ¢4, we
obtain the required expressions

erg = App(@,t) = fi(@) — fu(@n) — Az (7)
g1 = Dgi(@,t) = 91(T) — 1(Tn) — C1y2. (8)

Here, k and [ denote the k-th and I-th vector component or
matrix row. Since the nominal trajectory Z,, is a function
of time, the resulting nonlinear functions only depend on
the states « and the time ¢.
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Fig. 1. QC interconnection

3. CONCEPT OF THE ROBUSTNESS ANALYSIS
3.1 Upper Bound Theorem with Quadratic Constraints

The following theorem is an extension to the work of
Robens and Pfifer (2026). Specifically, it extends the
previous work to also find bounds on the output y by
introducing matrix H with its constraint y”(T)y(T) <
w7 (T)Hxz(T). As a consequence, the identity matrix is also
substituted by H in Eq. (10).

Theorem 1. Let Eq. (6) define the LTV model, (0) be the
uncertain initial state bounded by Eq. (3), M be the block



diagonal matrix M = diag(Ml,.. M,,), and H be a
symmetric matrix that fulfills y? (T)y(T) < 2T (T)Hxz(T).
If there exists scalars v > 0, v; > 0 for i € (1,...,a) with
Vo = diag(vy,...,v,), and )\k >0for ke (l,...,ny) with

A= diag()\llnﬁl, cos A In,41), continuous function
P:R — R" X" and the Egs. (9) to (11) are satisfied,

P=-PA—ATP—CJAMC, + (PB + C] AMD,)

(DTAMD,) ™ (BTP + DIAMC,) Vt € [0,T] (9)
P(T)=H (10)
PO —Vy 0
0 ViAo v — 2 <0 (11)
Then, the following inequality holds
sup  ly(T)l| <. (12)

£ <1Vie(l,...,a)

Proof. The proof is similar to the one given in Robens
and Pfifer (2026). Since the output y is influenced by the
nonlinearities €4, the matrix H enables the theorem to find
bounds on the output y by replacing y* (T)y(T) with an
expression based on z7(T)z(T).

A reasonable calculation for H is given in Section 4. As
a last note, the expression DI AM D, is always invertible
due to the matrix definitions and excluding the quadratic
constraint in Eq. (9) for A, = 0.

8.2 Loop Transformation

By performing a loop transformation inspired by Pfifer
and Seiler (2015) of the originally closed loop in Fig. 1,
the quadratic constraints of the ey components can be
turned into block diagonal matrices, i.e. the sub-matrix
Mo in Eq. (4) is equal to zero. This simplifies Eq. (9)
of the theorem by eliminating the terms C7 AM Dy and
DI'AMC,, resulting in decoupled \ values. At first, the
matrix M), of each quadratic constraint is replaced by a
block diagonal matrix M} and the transformation matrix
Ty.

My, = T My Ty,

|

(13)

I 0
i, ) a1
_ M 0 _
M, = [ bl’k _1], My = Mg +M12,kM11;,k

By applying Eq.(13) to the quadratic constraint of ey,
the vector zj is transformed by

FARCA

to obtain a QC with the block diagonal matrix Mj,. Here,
the output €, is transformed to £, whereas the input x

(15)

is identical. The transformation of € ¢ can also be written
down in vector form to represent €.

T
_M12,1

Ef = _M1T2,2 T+ep=—Rx+ey (16)

Since quadratic constraints bound the nonlinear function
of €¢, the transformation (15) also applies to Eq. (7). This
requires a loop transformation of the originally closed loop
from Fig. 1 to the form in Fig. 2 by including block R and
substituting A = [Af1,Afo,.. .]T with A. By creating
a new LTV model G from the subsystem marked by a
dashed line, the structure of the closed loop is recovered.
Therefore, the QC interconnection can be successfully
transformed with the advantage of having block diagonal
quadratic constraints M.

As a result, the presented loop transformation achieves
the desired goal of decoupling the A values in Eq. (9) by
turning the constraint into

P=-P(BR+A)— (R"BT + AT)P — C] AMC,

+ (PB)(DYAMD,) " (B"P) Vte[0,T]. (17)
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Fig. 2. Loop transformation

4. SOLUTION APPROACH

Theorem 1 provides the constraints that need to be ful-
filled, so that « represents an upper bound of the system
variable’s norm at time point 7. Since the parameters
Ak, and v; can be freely chosen, there exist multiple valid
solutions for «. This section introduces a solution approach
that minimizes the upper bound +, while being able to
handle multiple quadratic constraints for e; as well as ¢,
efficiently in a reasonable amount of time even for high
dimensions.

4.1 Optimal Upper Bound

The minimum upper bound is found by optimizing vy over
A and v;. The optimization starts by using Eq. (10) as the
initial condition for Eq. (17). Since this Riccati differential
equation depends on A, the values need to be chosen in
order to integrate (17) backwards in time. To be aligned
with optimizing ~, the desired Ay values minimize the
influence of the quadratic constraints. By rewriting the
RDE, the expression



NeMiy g+ A 'PBBTP = \oSy e+ A S (18)

is identified as the influence of each parameter Ay, which
is reduced by minimizing the squared trace (tr(-))® of
Eq. (18). The resulting optimal analytical solution for A

is given by
N [T
[tr(S1e)|

Using the initial condition (10) and integrating Eq. (17)
backwards in time yields P(0), which can be used to solve
for an optimal v in Eq. (11). Since Si; and Sy are
functions of the time-dependent matrices M and P, the
optimal A, values are recalculated at every integration
step. As the last step of the optimization, the linear matrix
inequality (LMI) (11) is solved for 42 by using the Yalmip
toolbox (Lofberg, 2004) and Mosek (MOSEK ApS, 2026)

as a solver.

(19)

4.2 Local Quadratic Constraints

The memory-less nonlinear functions (7) and (8) are
bounded by local quadratic constraints that are based on
upper bounds of the system’s states. Since the maximum
deviation from the nominal trajectory is not known a pri-
ori, we iterate over calculating upper bounds and defining
proper quadratic constraints. The optimization in the first
iteration is executed without quadratic constraints due to
a missing upper bound. Thereafter, the local quadratic
constraints are determined in each iteration by using the
optimal ~ from the previous optimization. The final ~
values are found, when the upper bound is equal or below
the ~ values from the previous iteration.

Next, the optimization of the local quadratic constraints
M, and M, is described. The QCs are obtained by solving
the following linear programming problem (LP):

b
min ZZT My Moy ;
k,j T k.j
My, M2,k = J M12,k —1 /

v | Mi1x Mgk
s.t.  zp -
.U, ]i)7j Mlj; k _1

T
My = My g

:|Z/€)j20 vje(,...,b)

(20)

First, the nonlinear function in Eq. (7) is approximated
by b evaluated points with each providing a zj ; vector.
Furthermore, the optimization problem is subject to the
desired quadratic constraint being imposed on every eval-
uated point and M;; ; being symmetric. Last, the sum of
the desired quadratic constraint applied to the evaluated
points is minimized to obtain the least conservative Mj.
In order to approximate the nonlinear function well, many
evaluations should be used. However, the functions (7)
usually depend on many states and the amount of points
for a full grid increases significantly with the number of
points per dimension. Therefore, the “Smolyak” sparse
grid with Clenshaw-Curtis knots as described in Piazzola
and Tamellini (2022) is used to overcome the curse of
dimensions. The sparse grid reduces the amount of points

by excluding some off-dimensional knots. Additionally, the
grid level defines the included points, which ensures that
the knots from the previous level are reused. The required
functions to design sparse grids in Matlab are provided by
the “Sparse Grids Matlab Kit” (Piazzola and Tamellini,
2022). The QC optimization starts with at least a sparse
grid level of three, e.g. 69 points for three dimensions, to
ensure that a minimum amount of evaluation points is used
for the optimization. Subsequently, the level is increased
continuously until the obtained quadratic constraint is
similar to the previous iteration. Thereby, a good approx-
imation of the nonlinear function is ensured. However, the
LP in Eq. (20) does not include all necessary constraints.
Isolating e in Eq. (5) results in the solutions of a
quadratic formula. Since valid QCs require real values for
€¢.k, the square root term must be positive semi-definite.
The crucial nonlinear constraint is, therefore, identified as

My + ]\412,1chT2J€ > 0. (21)
If this constraint is violated by the solution of Eq. (20),
the combined optimization problem of Eq. (20) and (21) is
solved by a nonlinear optimization, which uses the optimal
quadratic constraint of the LP as initial solution. The
same linear and nonlinear optimization is performed for
the components of €, resulting in the quadratic constraints
M;. Whereas the matrices M}, are directly used in Theo-
rem 1 as the concatenated block diagonal matrix M, the
quadratic constraints M; are taken into account by the
matrix H, which needs to fulfill

y" (T)y(T) < «" (T)Hx(T). (22)

Therefore, a method to find a proper matrix H is derived
next. As a remark, the final time point T is omitted in the
subsequent equations, since only values at this time point
are considered in the derivation. By using Eq. (6), yTy can
also be described by

Ty

y'y = Z(Cux + Eg,l)z'

=1

(23)

Here, C,; denotes the I-th row of the matrix C;. The
constraint (22) can then also be applied to each term of
the sum in Eq. (23), which results in

(Crz + 5971)2 — 2T Hyx

_[z]"[cFCri—H CT][ =
€g,l Ciy 1 €g,l

)

} <0 (24)

with the symmetric, positive semi-definite matrix H;.
Aggregating the individual contributions yields the matrix
H = Z?Zyl H;. Additionally, the quadratic constraint for
€g,1 in the form of Eq. (5) can be combined with Eq. (24)
to obtain

1" ClTJCLz — Hy+7nMyy CTy+ niMigg] [ «
€g,l Cl,l —‘rTlMlj;J 1—7 €g,

=2 Pz <0 (25)



by applying the S-procedure (Skogestad and Postleth-
waite, 2010). This introduces additional decision variables
7; that have to fulfill 7; > 0. By eliminating the vectors z;
and le, the linear matrix inequalities P; < 0 are obtained.
Furthermore, the optimal matrix H is characterized by
having the minimal trace. By combining the LMIs with
tr(H) as the cost function, a linear optimization problem
for H can be formulated as

min tr(H)
Hym
st. P<0 Vie(l,...,ny)
Tl Z 0
H >0 (26)

with H = Z H,.
=1

Similarly to Eq. (11), this optimization problem is solved
by using the Yalmip toolbox and Mosek as a solver. For the
first iteration of the robustness analysis, the calculation of
H simplifies significantly. Since quadratic constraints are
not considered in this iteration, 4 is equal to zero and
yTy can be exactly described by 27 C¥Cix. Therefore,
H = CTCy is used in this case.

To conclude, the presented solution approach is efficient
due to several methodical advantages. First, time-varying
A values are directly included in the RDE. The minimiza-
tion of the nonlinear terms at every integration step results
in less conservative upper bounds. This is possible due to
the cheap analytical computation of the decoupled optimal
A values. In addition, the quadratic constraints are also
determined efficiently. The optimization formulated as a
linear programming problem can be solved quickly and
a subsequent warmstarted nonlinear optimization is only
performed if necessary, whereas the curse of dimensions is
overcome by applying a sparse grid.

5. ENTRY-FLIGHT EXAMPLE

The atmospheric entry flight of NASA/ESA’s Cassini-
Huygens mission from 2005 (Kazeminejad et al., 2007)
is used as an example to show the functionality of the
robustness analysis method based on Theorem 1 and the
proposed solution approach. The investigated flight phase
begins at the Entry Interface Point (EIP) 1270km above
Titan’s surface and ends when the first parachute is opened
at roughly 156 km and 272 s later. Since the state at EIP
is not perfectly known, the uncertain initial conditions
result in deviations from the nominal trajectory, which are
analyzed in this section.

5.1 Problem Description

Before results are discussed, the model is briefly outlined.
The nonlinear equations of motion, which describe Huy-
gens’ entry flight, are taken from Vinh (1982). In ad-
dition, Huygens’ aerodynamic database is given in Tran
and Lenoir (2004), whereas Titan’s atmosphere model is
published in Waite et al. (2013). Since it introduces three
different atmospheric profiles, the recommended curve is
used. Furthermore, the set of translational and rotational

states need to be selected. During the entry flight, the
vehicle covers a large range of Titan’s surface making
spherical coordinates more intuitive. Therefore, the trans-
lational motion is described by spherical position (radius
R, longitude, and latitude) and velocity states (aerody-
namic velocity V,, flight path angle ~,, and heading).
Additionally, the atmospheric flight is dominated by aero-
dynamic forces and torques. Consequently, aerodynamic
angles (angle of attack, sideslip angle, and bank angle)
and body-fixed angular velocities (roll, pitch, and yaw
rate) define the rotational motion. The problem is more
thoroughly described in Robens and Pfifer (2026).

The robustness analysis is performed with a maximum
initial uncertain radius and flight path angle of AR(0) =
30.73km and A~,(0) = 1.043°, which correspond to their
1o values at EIP. The output y is also reduced to a single
component to obtain its individual upper bound. Last,
the quadratic constraints M) of the higher order term
components corresponding to V, and 4, and M; of the
selected output are included in the analysis as functions
of the radius deviation. Most of the one-dimensional QC
optimizations terminate with 65 evaluated points of the
nonlinear function, whereas the remaining optimizations
use more evaluations.

5.2 Results

In Fig. 3, the upper bound ~ of the radius is shown over
time for the first four iterations. In addition, envelopes
of the actual worst cases with the same uncertain initial
conditions are represented for the LTV model (6) (“lin”)
and the nonlinear system (“nonlin”). The upper bound
values from the first iteration 7; coincide with the linear
systems’ envelope. Since only the LTV model is considered
in the first iteration, the correlation indicates that the
robustness analysis can precisely determine the upper
bound when the actual model does not include higher
order terms. If a nonlinear system is analyzed, the upper
bound converges after some iterations, which is shown
by overlapping consecutive v values. As shown in Fig. 3,
Huygens’ simplified robustness analysis converged after
four iterations. In general, the shape of the “nonlin”
envelope is represented well by the -4 values proving
that the robustness analysis works properly. However, the
4 values are considerably larger than the envelope for
the final time points. This indicates that the robustness
analysis can still be quite conservative.

The upper bound for the mach number is shown in Fig. 4,
which is set up similar to Fig. 3. Here, the ~y4 values also
generally replicate the nonlinear systems’ envelope well,
but exceed “nonlin” significantly around 200 s.

6. CONCLUSION

This paper introduces an efficient solution approach for
a finite-horizon robustness analysis of a nonlinear system
with uncertain initial conditions along a nominal trajec-
tory. With the original system being represented by a
linear time-varying model and quadratic constraints, The-
orem 1 is solved to obtain upper bounds for the system’s
states and outputs. The solution approach is able to handle
multiple quadratic constraints efficiently by applying a
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loop transformation and minimizing the quadratic con-
straints influence on the Riccati differential equation. In
addition, it also finds optimal quadratic constraints for
high dimensions due to combining a linear programming
problem with sparse grids. Last, the robustness analysis is
applied to Huygens’ atmospheric entry flight representing
the worst cases well, but with few conservative results.
Whereas future developments can focus on reducing the ro-
bustness analysis’ conservatism further, this paper already
provides effective solution techniques that contribute to
the overall goal of performing GNC V&V activities more
efficiently.
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