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Abstract: The goal of this paper is to approximate the worst-case transient performance of
uncertain linear time-invariant systems, subject to both Ls-bounded input signals and known
disturbances, e.g., reference tracking commands. System uncertainties are described through
real-valued random variables with a known probability distribution. The worst-case performance
analysis is formulated as a parametric Riccati differential equation, which is approximately
solved using polynomial chaos expansion. The objective is to estimate a bound on the Euclidean
norm of the system output at a given time. The effectiveness of the approach is demonstrated
on the example of a spacecraft attitude and orbit control system.
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1. INTRODUCTION

This paper deals with the transient performance analysis
of continuous linear time-invariant systems (LTI). These
systems are subject to model uncertainties and distur-
bances that can cause its performance to deviate from
its desired one. In particular, this paper focuses on LTI
systems affected simultaneously by deterministic and Lo-
bounded input signals. The former ones include constant
or time-varying inputs signals that are perfectly known
at each point in time, e.g., reference commands or fully
defined environmental disturbances. The latter ones cover
unknown disturbances. The objective is to stochastically
estimate the worst-case performance of these systems dur-
ing their transient response. The Euclidean norm of the
system output at a given time will be used as the perfor-
mance metric. A wide range of engineering applications
in the aerospace industry where the primary objective
is performing a manoeuvre or tracking a predefined tra-
jectory fall in this category, e.g., spacecraft acquisition
sequence (Izquierdo Serra et al., 2025), unmanned aerial
vehicles (Althoff et al., 2015), or entry vehicles trajectories
(Derollez and Manchester, 2020).

This paper proposes an approximation of the worst-case
transient performance of such LTI systems. To provide
worst-case statements for this type of problem, the main
idea in Thiele et al. (2025) is adapted in this paper to
incorporate deterministic signals into the analysis. The
novel approach in Thiele et al. (2025) introduces worst-
case gain computations of uncertain linear time-varying
(LTV) systems over a finite horizon subject to mixed

disturbances. Through a state-space augmentation, our
LTI system with deterministic and Lo-bounded signals is
reformulated as a finite-horizon LTV system that includes
an additional state and considers only Lo-bounded signals
as inputs. Biertiimpfel et al. (2023) also uses a similar
state-space augmentation for the robustness analysis of
nonlinear dynamic systems.

The robustness analysis of finite-horizon LTV systems is
well-discussed in literature. Quadratic performance met-
rics of nominal LTV systems have well-defined solutions
based on Riccati differential equations (RDEs), as shown
in Green and Limebeer (1995). For uncertain LTV sys-
tems, robust quadratic performance metrics can be ob-
tained by extending the nominal solutions resulting in
parameter-dependent RDEs, see Biertiimpfel and Pfifer
(2018). A recent approach to approximate the solution of
the parametric RDE based on polynomial chaos expansion
(PCE) is proposed in Evangelisti and Pfifer (2022) and
is used in this paper. Originally introduced in Wiener
(1938), polynomial chaos is a series expansion similar to
the Fourier series for periodic time signals. Evangelisti
and Pfifer (2022) makes use of this theory to provide
an approximation of the robust quadratic performance
metrics.

Within the finite-horizon LTV framework, Schweidel et al.
(2020) presents a method to compute worst-case distur-
bances for finite-horizon LTV systems with a non-zero
initial condition. Farhood (2024) focuses on the robustness
analysis of discrete-time uncertain LTV systems subject to
uncertain initial conditions. A sampled-based approach is



developed in Derollez and Manchester (2020) to propa-
gate the dynamics and uncertainties around the nominal
trajectory of a Mars entry vehicle.

The approximated worst-case analysis methodology pre-
sented in this paper is applied to the attitude and orbit
control system (AOCS) of an Earth observation satellite
during an orbital manoeuvre. During this manoeuvre, the
main boost engines are actuated resulting in torques on
the spacecraft and a transient response on the spacecraft
attitude. The manoeuvre is modelled as a deterministic
input torque acting directly on the spacecraft. In addition,
unknown external environmental disturbances are mod-
elled as Lo-bounded signals. The Euclidean norm of the
spacecraft attitude needs to be assessed at given times
during the transient response of the system.

2. PROBLEM STATEMENT

The mathematical formulation of the worst-case transient
performance analysis of LTI systems subject to both
deterministic and Ls-bounded signals is presented here.
Consider a LTT system G defined on t € [0, 7] with finite
time horizon T' < oo subject to uncertain parameters § of
the following form:

2(t,0) = A(0)x(t,6) + Ba(d)d(t) + By (d)u(t)

_ (1)
y(t,8) = C(8)2(t,8) + Da(8)d(t) + Du(S)ult).

Here, 2(0) = 0, (¢, d) € R™ is the state vector, d(t) € R«
the deterministic input vector, u € 5721‘“[0 7] the Lo-bounded
input vector, and y(¢,0) € R™ the output vector. The

finite-horizon L9, 7) norm of the signal u : [0,7] — R™=
is defined as [[ully o7 = fOT u(t) Tu(t)dt. Moreover,

0 € A™ C R™ is an unknown parameter vector, subject to
a given probability distribution p(d), where ns represents
the number of uncertain parameters. A, By, B,, C, Dy,
and D, are piecewise-continuous matrix functions, that
map each A™ to a real matrix of appropriate dimension.
To simplify notation, this paper sometimes omits explicit
time dependence, as it will be clear from context.

To assess the transient performance of (1), this paper will
focus on the output Euclidean norm at a given time. This
metric will be used to bound the set of outputs y at a
given time 7. The worst-case transient performance, with
respect to the output y at a given time 7T of the system in
(1) over all possible parameter and input perturbations is
expressed as:

sup  sup  |[y(T’0)]];- (2)
SEA™S u€Ly (0,17,
u#0,z(0)=0

To provide worst-case statements of the metric in (2), a
similar state-space augmentation as in Thiele et al. (2025)
is applied to (1). The deterministic input disturbance
d is multiplied by a constant driving term with value
1, which extends the state vector and pushes the term
B4(6)d(t) into the state matrix. The resulting state-space
representation is:

-

y = [C' Dyd] m + Dyu.

The system (3) is identical to (1). Subsequently, the
constant driving term is replaced with an additional state
x4 := 1 providing the following augmented system:

z A xi B (4)
y = [C Dyd] [md} + 3;:, u.

e} D D
z

The system (4) contains a non-zero initial condition of its
additional state x4. This state-space augmentation allows
the inclusion of deterministic input signals in the finite-
horizon robustness analysis framework.

3. BACKGROUND

3.1 Uncertain LTV Systems with Non-zero Initial
Conditions

Consider a LTV system H defined on ¢ € [0, T] with finite
time horizon T < 0o subject to uncertain parameters ¢ of
the following form:

x(t,0) = A(t,8)x(t,6) + B(t, d)u(t) (5)
y(t,8) = C(¢t,6)x(t,d) + D(t, d)u(t),
where 2(0) = x9. A, B, C, and D are piecewise-continuous
matrix functions, that map each [0,7] x A™ to a real

matrix of appropriate dimension. Assume D(T,§) = 0 for
all § € A"s,

Among the different performance metrics to analyse uncer-
tain finite time horizon LTV systems, here we focus on the
Euclidean norm of the system output y in (5). The worst-
case output Euclidean norm at time T for (5) is defined

as:
sup — sup - [y(T,9)ll, - (6)
dEA™S UEACZ)[O)T],
u#0,2(0)=z¢

The following theorem, based on Moore (2015), provides
an analysis condition to calculate an upper bound on the
worst-case metric (6).

Theorem 1. Consider an uncertain LTV system defined
by (5), with #(0) = zo and [[ully o7 < b. If there
exists a scalar a > 0 and a continuous differentiable
function P(t,d) : [0,T] x A" — S" such that P(T,d) =
C(T,9)C(T,9),

P(t,6) = — [ p{?fa)] | E(t,5) [ Pf?fa)} .

with the RDE coefficient matrix E(¢,d) defined as:

pe.0) = [ B d] - 8 ] @

and .
x' (0)P(0,0)z(0) —a 0
’ <
[ - B Y T
then 7 is an upper bound on (6). S™ describes the set of
Ny X Ny symmetric matrices and I,,, the identity matrix
of order n,.

Proof. The proof is omitted here for brevity. It requires
minor modifications from the one given in Moore (2015).



3.2 PCE of Random Parameter-Dependent RDEs

Obtaining an upper bound on the worst-case gain (6)
through Theorem 1 is computationally intractable, since
existence of the solution P(,4) in (7) needs to be checked
for all values of § € A™. Evangelisti and Pfifer (2022)
presents an alternative in the field of probabilistic robust
control, making use of PCE to approximate the solution
of parameter-dependent RDEs.

Polynomial chaos is an orthogonal series expansion used
in the field of uncertainty quantification (Sullivan (2015)).
The key idea behind PCE is to express P(¢,d) in (7) using

appropriate orthogonal basis polynomials 9, : A™ — R:
=Y Pa(t)tba() (10)
a=0

Therein, o € Ny, the P, are time-variant deterministic
expansion coefficients, and 1, are the orthogonal polyno-
mials of degree o with respect to the probability density
function of §. Piprek (2020) shows that some polynomial
families (e.g., Legendre, Hermite, Jacobi, etc.) are orthog-
onal with respect to some continuous probability density
functions (e.g., uniform, Gaussian/normal, beta, etc.) and
fulfil:

o =1
_Jo ifa#0 (11)
<wa7¢5> - {E[l/ii] lf o= /8 VO{,,B S NO>
where (-, ) denotes the inner product:
(f,9) =E[fg] = F(6)g(d)p(9)ds, (12)

Ans
defined w.r.t. the probability density function p(d).

The P, coefficients are defined through the projection

relation:
b (P Jan P CUIAULOL
© (Yarta) Jans ©2(6)p(6)do

In practice, the infinite series in (10) needs to be truncated
(see, e.g., Marelli and Sudret (2015)) as

L—-1
8) ~ > Pal(t)tha(0)
a=0

where the factor L represents the number of expansion

coeflicients and, for the total polynomial degree truncation

(ns+dp)!
’n(s!dp! ?

maximum total polynomial degree.

(13)

(14)

scheme, is given by L = where d;,, denotes the

There exist several methods to compute the deterministic
expansion coefficients P, in (13). Evangelisti and Pfifer
(2022) uses the Galerkin projection, which preserves the
mathematical structure of the problem.

Projecting the RDE on a finite-dimensional polynomial
basis leads to a coupled system of L deterministic RDEs.
For a full mathematical description, see Evangelisti and
Pfifer (2022). Due to the impossibility of finding an exact
solution to the infinite-dimensional RDE (7), the Galerkin
approach tries to approximate the solution by (14).

With symmetric Fy; and Foy, and Fio = E;l, define by
E(t,6) the symmetric R™» (E+Dxne(L+1)_yalyed matrix:

Eu | Euy E1a¢r1
E21bo | E22t0to Esotpothr—1
E(t,0) = ) . ) .
Entr—1|Exntr_1to ... Extpr1tr—1
(15)
The projection of (15) onto each 1, is denoted by
Ealt Yo, E(,-)). 16
(t) = <¢2> (thas E(t,)) (16)
The projected system of RDEs is then written as:
L, 1" I,
. Py(t) Po(t)
P,(t) = — ) Ea(t) )
. . (17)
PL 1(t) Pr_1(t)
Po(T ba, P(T,)) Ya=0,...,L—1.
(T) = <¢2> ( (T,-))

Thus, the computational intractable, infinite-dimensional
RDE (7) is reduced to L coupled RDEs (17), as shown in
Evangelisti and Pfifer (2022). The expansion coefficients
P, (t) can then be obtained simply by numerical integra-
tion of (17) and then used to reconstruct the approximated
solution P(t,d) with (14).

4. APPROXIMATED WORST-CASE ANALYSIS
USING POLYNOMIAL CHAOS

This section presents a novel formulation for the worst-case
transient performance analysis of uncertain LTI systems
under deterministic and Ls-bounded disturbances like in
(1). The following theorem, based on modifications of
Theorem 2 in Thiele et al. (2025) and Theorem 1 in
Biertiimpfel et al. (2023), provides an analysis condition
to bound (2). It makes use of the augmented state-space
representation in (4).

Theorem 2. Consider an uncertain LTV system defined
by (4), with z(0) = 0, z¢ = 1, and [Jully o7 < b

Assume D(T,6) = 0 for all § € A", If there exists
a scalar a > 0 and a continuous differentiable function

Py Pis
P = : T PANE net+1 guch th
(t,0) AP1T2 ngl [0,T] x — S such that
P(T,6) = CT(T,5)C(T,9),
P(t,6) = In TEt(S Ins 18
(a )__ P(t76) (a ) P(t,é) ) ( )
with .
0 A
and Pra(0.5)
22 0, —a 0
|: O a— 72 4 b2:| S 07 (20)

then ~ is an upper bound on (2).

Following the same idea as in Thiele et al. (2025) and
Biertiimpfel et al. (2023), Theorem 2 divides P into a
ng. X n, matrix Py (related to states ) and a scalar Pao
(related to the additional state x4).

Proof. The proof relies on the definition of an uncer-
tain time-varying quadratic storage function V' (z,t,d) =



#(t,8) T P(t,8)4(t,8). After perturbing the RDE in (18)
with an infinitesimal small positive scalar €, the resulting
Riccati differential inequality can be rewritten as a linear
matrix inequality applying Schur’s complement:

P+PA+A"P  PB

B'P —I,,(1—¢)

Left and right multiplying (21) with [£(¢,6) ", u(t)"] and
[é‘:(t, N, u(t)—w T, respectively yields

<0, (21)

T &'

i"Pi+i"P(Az+Bu)+(&"AT +u BT P#

V(x,t,6)
—(1—eu'u<o.
Integrating from 0 to T provides
&' (T,8)P(T,8)&(T,8) — &' (0,8)P(0,8)&(0,6)

T
—(1- e)/o uudt < 0. (23)

lull3 (0,2
Using (4) and ‘Ehe definition of P(T,d) in Theorem 2 and
recalling that D(T, ¢) = 0, the first part of (23) results in
(T, 8)P(T,0)&(T,0) =y (T,8)y(T,8).  (24)
Recalling that z(0) = 0 and 24 = 1, the second term of
(23) becomes

27(0,8)P(0,6)#(0,8) = Pa2(0,6). (25)
From (23), (24), and (25), it follows that
ly(T,8)I2 = Poa(0,8) — (1= ) ull3 oy <O. (26)

Multiplying the left-hand-side of (20) with [z4,1] and
[a, l]T, respectively results in
23 Py(0,6) — ax? +a—~* +b* <0. (27)

Recalling that 24 = 1, the inequality (26) can be substi-
tuted in (27) which yields the inequality

B — (1= ) ull2 o + 9T )2 =2 <0, (28)

From the definition [[ull, ;o 7j < b, it can be concluded that
ly(T, )l < -

4.1 Computational approach

For a given sample §;, Theorem 2 allows to obtain a bound
~v on the Euclidean norm of the output y at time T of
system (1). P(T, Sj) is used as the initial value to integrate
backwards in time the RDE in (18). The RDE is integrated
using the Matlab internal ODE solver odel5s. This solver
is designed for stiff differential equations and, according
to Biertiimpfel and Pfifer (2018), performed best of all
Matlab internal solvers for these type of problems. If a
solution that stabilises the RDE is found, (20) is used to
compute the bound ~.

Following Section 3.2, this paper expands the approach
proposed in Evangelisti and Pfifer (2022) to this new class
of problems. A polynomial chaos expansion is applied to
approximate the solution P(t,d) in (18), with the RDE
coefficient matrix (19), yielding a coupled system of L de-
terministic RDEs. To solve the projected system of RDEs

(17), it is necessary to compute the projection integrals
(16) with (15) and the RDE coefficient matrix (19). In this
paper, the required matrix projections (16) are computed
by the linear fractional transformation (LFT) approach
derived for uncertain matrices in Evangelisti and Pfifer
(2024). This approach exploits the LFT structure (pre-
separating the system into deterministic and stochastic
components), leading to computational benefits.

If a solution to the coupled system of RDEs (17) is found
for [0,7], then the expansion coefficients of the lower
right entry in P,(¢) are used to obtain the probability
distribution of P53(0,d):

L-1
P55(0,6) ~ Z P53 0(0)14(0). (29)
a=0

Using (29) and (20), a probability distribution of 7y can
be obtained, depending only on uncertainty vector ¢ and
constants b and Pz o(0). The probability distribution of
v is then sampled to estimate the probability distribution
of the bound on [|y(T}, §)||,. The methodology employed in
this paper is summarized in Algorithm 1.

Algorithm 1 Probabilistic Worst-case Transient Perfor-
mance Analysis based on RDE and PCE
1: Input: uncertain LTV system (1), d(t), [[ully o 7] <,
§ € A™ subject to p(d), T, Nsamples, dp-
2: Build augmented system (4).
3: Compute L with d, and ns.
4: Build projected RDE coefficient matrices (16) with
(15) and (19).
5: Solve coupled system of RDEs (17) via backwards
integration from 7" to 0.
6: Output: Solution P,(t) Vo = 0,...,L — 1 and time
vector tppp of the integration.
7. if trpp spans complete interval [T',0] this means the
coupled system of RDEs is solvable V¢ € [T',0] then
8: Extract P»2(0,d) probability distribution from
P, (t) with (29).
9: Extract « probability distribution from Pas(0, )
probability distribution and (20).
10: end if
11: Output: v(0).
12: for j =1 : Ngamples do

13: Sample uncertainty J, according to p(d).

14: Compute 'y(gj).

15: end for

16: Output: probability distribution of bound on

ly(T,0)lly (e, [[y(T'0)[ly < ~(9)).

5. APPLICATION: SPACECRAFT ATTITUDE AND
ORBIT CONTROL SYSTEM

This section presents an approximated worst-case tran-
sient analysis of a spacecraft AOCS using the methodology
in Section 4. A simplified model of an Earth observation
satellite during a manoeuvre is used as an application
case. The main boost engines are ignited, causing torques
on the spacecraft that generate a transient response on
the spacecraft attitude. The AOCS needs to counteract
both manoeuvre-induced torques and environmental dis-
turbances to keep the initial spacecraft attitude.



5.1 Model architecture

The simplified satellite model only considers rotational
motion around one axis. The model consists of one central
body (cb) that is considered as rigid and one solar array
(sa) appendage that is treated as a flexible body. The
attitude dynamics are modelled considering the inertias of
both bodies linked via a torsional joint. These dynamics
are represented through a linear, time-invariant model
Gsat in Fig. 1. The resulting state-space representation is
defined by the state vector & = [pch Pcb Psa Psa), With the
rotation angle and rotation rate of the corresponding body
p; and ¢;, respectively. The plant input is the external
torque 7., applied on the central body. The state-space
representation of the system Ggar is:

. 0 1 0 0 0
Pcb G2 a1 4z a1 Pcb 1
chb _ J, b J. b J, b Jcb Sbcb -
G| | 0707 0 | | T[T | e
@Sa & & — a2 — al ¢Sa. O
Jsa Jsa Jsa Jsa
Q?cb
=[1000] |7,
y=1 ] Pu
()Osa.

(30)

with a1 = 2Jw&we, az = Jsaw?, being Jo, the inertia
of the central body, Js, the inertia of the solar array, &.
the flexible mode damping ratio, and w,. the flexible mode
angular frequency. Uncertainties in these 4 plant model
parameters are considered in this paper and collected in
Table 1, where each parameter is distributed uniformly
within the limits given.

Table 1. Uncertain parameters

Param. Nom. Value Unit Uncertainty
Jeb 12163 kg - m? +20%
Jsa 97.8 kg - m? +20%

e 0.001 - +20%
We 0.1257 rad/s +20%

A feedback controller of order 8 is implemented in K in
Fig. 1, where d represents the deterministic manoeuvre-
induced torques and w the unknown environmental dis-
turbances. In addition, a disturbance torque estima-
tion/compensation is included through Gy and Gy of
order 3 and 2, respectively. Gy estimates the rotation rate
of the central body with ¢.,. Gy estimates the torque
disturbance d using the estimated rotation rate from Gy
and the actuated command.

The manoeuvre-induced torques are modelled as a con-
stant disturbance torque of 15 N - m in d. This disturbance
represents the torque induced on the spacecraft when the
engines are actuated during the manoeuvre. In addition,
unknown environmental disturbance torques are modelled
through u via a Lo-bounded input signal [|ul|, 7y < 0.01.
This bound is obtained from nonlinear simulations of en-
vironmental models during the manoeuvre. The uncertain
closed-loop model architecture of the analysis problem,
with inputs d and u, output y, and order 17 is shown in
Fig. 1. The uncertainty block Agar € R%%10 captures the
multiplicity of the plant uncertain parameters.

d u
T Y
o—[K] O——O—O0—"] Gsar
Fig. 1. Closed-loop model architecture
ARl e SR EEE L LR L LR —Nominal

- --Requirement

0 50 100 150 200
Time (s)

Fig. 2. Nominal attitude transient response

5.2 Transient performance analysis results

The objective is to assess the probability distribution
of the bound on |y(T,d)||, of the uncertain system in
Fig. 1, subject to the uncertainties described in Table 1,
and the input torque disturbances d and w. The central
body attitude ., must stay within 0.105 rad during
the entire manoeuvre. In a scenario with no uncertainties
and no environmental disturbances, the nominal attitude
transient response can be seen in Fig. 2. The bound on
ly(T,0)l, is calculated for several times T to assess the
impact of uncertainties and unknown disturbances on @cp,.
In this paper, the results for T' = 26 s are presented as an
example, since in the nominal case this time corresponds
to the maximum overshoot.

The probabilistic worst-case transient analysis based on
RDE and PCE described in Algorithm 1 will be used to as-
sess the impact of uncertainties over the central body atti-
tude. The Polynomial Chaos Expansion Toolbox (PoCET)
for Matlab (Petzke et al. (2020)) is used to compute the
projection integrals (-,-) in (16). The results presented
in this paper are obtained for a second order polynomial
expansion (d, = 2) and Nygmples = 20,000. Algorithm 1
results are compared to a Monte Carlo sampling campaign
of (18) with the same number of PCE samples. The goal
is to evaluate the accuracy and computational cost of this
approach when the number of PCE samples is equivalent
to that of Monte Carlo samples.

Results from both approaches (Algorithm 1 and Monte
Carlo) are summarised in Table 2 and Fig. 3. Each of
the approaches approximates the probability distribution
of the bound on the absolute value of the central body
attitude at time 7. These two distributions are assessed
through their mean and standard deviations, and the max-
imum sampled value is used to check requirement fulfil-
ment. The histogram and cumulative probability functions
in Fig. 3 are used to visualize the closeness between the
two distributions.
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Fig. 3. Algorithm 1/Monte Carlo histogram and cumula-
tive probability function comparison

Algorithm 1 is able to obtain an excellent approximation of
the Monte Carlo distribution metrics as shown in Table 2
and Fig. 3. Moreover, the maximum value found after
20,000 samples stays below the requirement (0.105 rad).
The main benefit of Algorithm 1 over Monte Carlo relies
in the computational time, as shown in Table 3. Approxi-
mating the parameter-dependent RDE through PCE and
then sampling it (Algorithm 1) is significantly faster than
solving RDEs for sampled systems (Monte Carlo). For
this application, Algorithm 1 achieves excellent results, 20
times faster then Monte Carlo, reducing the analysis time
from almost 4 hours to around 11 minutes.

6. CONCLUSIONS

This paper presents a novel methodology to approximate
worst-case transient performance of uncertain LTI sys-
tems, subject to both deterministic and Lo-bounded in-
puts. This approach makes use of polynomial chaos ex-
pansion to approximate the probability distribution of the
bound on the Euclidean norm of the system output. It is
applied to a spacecraft attitude and orbit control system
during a manoeuvre. Algorithm 1 offers significant com-
putational benefits (factor of 20 faster) when compared to
Monte Carlo, with negligible accuracy loss in the results.
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Table 2. Algorithm 1/Monte Carlo probability
distribution metrics comparison

Method Mean Std. dev. Max.
Algorithm 1 0.10387554 rad  0.000619 rad  0.10453 rad
Monte Carlo 0.10387553 rad  0.000620 rad  0.10451 rad

Rel. difference 1.2-1075% 0.11% 0.02%

Table 3. Algorithm 1/Monte Carlo computa-
tional time comparison

Method Computational time
Algorithm 1 ~ 11 min
Monte Carlo ~ 3 h 40 min
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