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I. Introduction

The Laser Interferometer Space Antenna (LISA) mission will be the first space-based gravitational wave observatory,
consisting of three identical spacecraft (S/C) flying in a triangular formation behind the Earth [1]]. Each S/C will sit in a
heliocentric orbit at around 50 million km from Earth, with a distance of around 2.5 million km between each S/C
[2]. The Drag-Free Attitude Control System (DFACS) is a vital subsystem on board and a key technology in LISA,
whose main function is to control the spacecraft dynamics through attitude and translational control [3| 4]. Before
nominal science operations, an acquisition sequence needs to be performed to establish the bi-directional laser links
between the three spacecraft [5]. This sequence involves several scanning maneuvers, during which DFACS controls the
spacecraft dynamics, reducing the risk of missing the other spacecraft and failing to acquire the laser links. DFACS
system performance during acquisition has to be guaranteed in presence of a large class of disturbances and uncertain
parameters.

This paper presents a probabilistic verification approach for the DFACS acquisition sequence based on Polynomial
Chaos Expansion (PCE) and Linear Fractional Transformation (LFT). This article extends the preliminary work in
[6] and aims to accelerate the current verification and validation (V&V) processes in industry. Real-world missions
typically feature models with many states and uncertainties, which pose significant challenges to the direct application
of alternative V&V techniques developed in recent decades [7]]. This paper uses a high-fidelity DFACS benchmark
to demonstrate the feasibility of this LFT-based PCE approach for industrial application in a challenging real-world
mission.

Current and future space missions require increasingly more complex control system designs to achieve more
ambitious mission goals. Although the design of these solutions is demanding, assessing the robustness of the system

through the V&V process takes up the majority of the overall development time and costs [8]. The default method
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used in industry for V&V are Monte Carlo (MC) simulation campaigns [9-11]], which currently drive most of the
development time in real missions. Overall, it is a time-consuming method, motivating the need to explore alternative
V&V methods for complex systems.

Within the robust control framework, some worst-case analysis tools have reached a good level of maturity in
space applications. In general, these robustness-based methods (e.g., p-analysis [12H14], integral quadratic constraint
[L5L116]) conduct stability and performance worst-case analysis of systems over an infinite time horizon. More recently,
the integral quadratic constraint framework has been extended to finite time horizons [[17] and successfully applied on
complex aerospace applications [18}[19].

However, this paper focuses on probabilistic performance, since it is often more relevant in the industrial verification
process compared to worst-case analysis. The scope of u-analysis has been extended to include probabilistic stability
and performance problems [20]]. Still, the finite time horizon of the acquisition sequence is not captured by these
extensions. Although the development of more efficient probabilistic V&V methods for finite time horizon systems has
received little attention, alternatives based on polynomial chaos have recently been developed [21]].

Polynomial chaos is a series expansion (similar to the Fourier series for periodic time signals) that relies on
approximating an uncertain system response by fitting orthogonal polynomials to the actual system response [22, [23].
Polynomial chaos was originally introduced in [24] to represent Gaussian processes. Later, PCE was combined in [25]]
with finite element method in an intrusive way to model solid mechanics uncertainty. PCE was also generalized in
[26l 27]] to non-Gaussian random inputs through a family of orthogonal polynomials known as Askey scheme. For
uncertain dynamic systems depending on random parameters, the common approach is to project the differential
equations on a polynomial orthogonal basis of the random parameters. This is commonly referred to as intrusive
Galerkin projection and offers superior convergence to other methods (e.g., Monte Carlo) when the regularity (i.e.,
smoothness) of the function to approximate is sufficient and the dimension is not too high. However, conventional
Galerkin projection alters the differential equations in a critical way that does not preserve important system properties
(e.g., stability). In [28] it is shown that using an LFT, and projecting the LFT instead of the original system preserves
important system characteristics. In addition, [29] highlights that the computation of PCE on LFTs becomes much more
efficient. Both of these results have been successfully applied to an auto-landing system of a civil transport aircraft in
[30]. This paper uses an LFT-based PCE on a more complex system, with the objective of efficiently analyzing the

influence of uncertainties on DFACS performance during the scanning phase of the acquisition sequence.



II. Background

A. Uncertain Stochastic Systems
Consider a linear system defined on ¢ € [0,T] with finite time horizon 7" < oo subject to stochastic uncertain

parameters o of the following form:

x(t,0) = A(8)x(t,6) + B(6)u(?) W

y(t,8) = C(8)x(t,6) + D(O)u(t).
Here, x(#,6) € R"~ is the state vector, u(t) € R™ the input vector, and y(z,§) € R the output vector. Moreover,
0 € A" is an unknown time-invariant parameter vector bounded within a suitable compact set A"¢ c R"¢, subject to a
given probability distribution p (&), where ns represents the number of uncertain parameters. A, B, C, and D are matrix
functions, independent of time, that map each ¢ to a matrix of appropriate dimension. It is often of interest to estimate
the probability distribution function of the output y(¢, §) subject to a given input () and an uncertainty set A"® with an

input probability distribution p(6).

B. Linear Fractional Transformation
Linear Fractional Transformation is a general, powerful and flexible way to represent uncertainty in systems [31]].
Consider the uncertain system in Eq. (T). Assuming the state-space matrices A, B, C, and D depend rationally on &, the

general system in Eq. (I)) can be transformed into the interconnection of a deterministic system M:

x(t,0) Ay By By, | |x(1,0)
v(t,8)| = | Cy  Dyw Dyul| [w(t,6) @)

y(t, 6) Cy Dyw Dyu M(t)

with an isolated uncertain part

w(t,8) = A(d)v(t,9), (3)

where A depends linearly on 6. Given that only parametric uncertainties are considered in this paper, A is a diagonal
matrix of the form A(6) = diag(61lm,, - - -, 0nsIm,, ), Where 6; represents the (i)-th entry of the unknown parameter
vector ¢, m; the multiplicity of uncertainty J;, and I,,,; the identity matrix of order m;. LFT-based uncertainty descriptions

separate what is known (nominal) from what is unknown (uncertain) as shown in Fig. E}
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Fig. 1 Linear Fractional Transformation. M is the nominal part, and A the uncertainty.

C. Polynomial Chaos Series Expansion

Polynomial chaos is an orthogonal series expansion used in the field of uncertainty quantification [22]. The key

idea behind PCE is to express the output of the system in Eq. (I} using appropriate orthogonal basis polynomials

Yo : AN > R:
V(1,6) = Y Ya(DYa(s).
a=0

“

Therein, @ € Ny, the y, are time-variant deterministic expansion coefficients, and ¢, are the orthogonal polynomials of

degree a with respect to the probability density function of §. Some polynomial families (e.g., Legendre, Hermite, Jacobi,

etc.) are orthogonal with respect to some continuous probability density functions (e.g., uniform, Gaussian/normal,

beta, etc.) [32]]. In this context, orthogonality is defined as:

Yo =1

0 ifa#p
<¢af’ ‘Pﬁ) = Va’ﬁ € N09

E[y2] ifa=p

where (-, -) denotes the inner product:

(o) =Elfsl = [ F@e@p)d

defined via the expectation E[-] w.r.t. the probability density function p(5).

The y, coefficients, often called stochastic modes, are defined through the projection relation:

L) ba) B0 fans Y50 (6)p(8)ds
T Waa)  EWAl [, ¥E(0)p(8)ds

In practice, the infinite series in Eq. (@) needs to be truncated (see, e.g., [33])) as:

L-1
¥(1,0) = D va(Wa(0),
a=0

&)

(©)

)

®)

where the factor L represents the number of expansion coefficients and, for the total polynomial degree truncation



scheme, is given by:
_ (I’l§ + d)'

L )
nsld!

®

where d denotes the maximum total polynomial degree. An anisotropic PCE scheme [34] could be very beneficial for a
large number of uncertainties, though it was not necessary for this application.
There exist several methods to compute the deterministic expansion coefficients y, in Eq. (7), which, in general, are

often computationally expensive. One particular efficient way is presented in the next Section and will be used in this

paper.

D. LFT-based Polynomial Chaos Series Expansion

The polynomial chaos series expansion of uncertain systems in linear fractional representation can offer computational
advantages and is briefly presented in this section. For a full mathematical description, see [29]]. The main idea is to
apply the PCE of Sec. [[T.CJto the system in LFT form (Eq. (Z)) and Eq. (3)) and employ a Galerkin projection to compute
the expansion coefficients. Denote by ¥ = [¢, ..., —1] " the vector concatenating the L polynomial basis functions

and by e; = [1,0,...,0] T the L-dimensional unit vector. Then, the PCE of Eq. (@) is M:

X(1) Ay®Ilp B,®Ip B,®e ||[X(1)
Vin|=|C, oIy Dy,®Ip D,,®e||W(O)|- (10)

Y(1) Cy ® I Dyw ® I Dyu ®ey| | u(?)

and the PCE Eq. (@) is:
W(t) = (I, ® (L)) (A(6) ® (PPT)) V(7). (11)

=:An
The projection of the matrix A is denoted by Ay € R(aL)x(naLl) = Moreover, capital vectors X(f) € R™L,
Y(t) € RL W(r) € R™E and V(¢) € R™L concatenate the expansion coefficients (Eq. (7)) of the corresponding

lower-case vectors x(¢, 6), y(t,0), w(t,8), and v(¢, §):

X(1) = (I, ® (P¥7) " x(1,) ® ¥)
Y (1) = (I, ® (W¥7)) N (y(1,-) © W)

(12)
W(t) = (I, ® (P¥T) "N w(t,-) ® ¥)

V() = (In, ® (YY) 1 (v(1,) @ ¥).

By closing the upper LFT of Eq. (T0) and Eq. (T)), and solving the expanded system for Y (¢) (which concatenates

the expansion coefficients y, ), the output of the system y(z, §) can be reconstructed making use of Eq. (§).



The Galerkin projection method maintains the formal mathematical structure of the considered uncertain model (i.e.,
the expansion of the LFT in Eq. (Z) and Eq. (3) remains an LFT in Eq. (I0) and Eq. (TI)). It generates a system of
enhanced dimension, i.e., enlarged by the factor L. According to Eq. @I), the number of expansion terms and, thus,
the dimension of the coupled system, increases considerably with the number of uncertainties and the maximum total
polynomial degree. For example, for 25 uncertain parameters (i.e., ns = 25) and a second order expansion (i.e., d = 2),
the system’s size is enlarged by a factor of L = 351. Therefore, in many practical problems very high dimensional
systems have to be solved. A detailed analysis of the computational advantages of using an LFT before the Galerkin

projection is provided in [29].

ITI. DFACS Acquisition Problem Description

A. Scanning Phase Tracking Problem

Prior to nominal science operations in LISA, an acquisition sequence is performed to establish the bi-directional
laser links between the three spacecraft. At the beginning of the acquisition sequence, one spacecraft scans the expected
region of the other spacecraft. During this phase, the DFACS controls the spacecraft attitude to follow the scanning
maneuver commanded by the guidance algorithm. Disturbances and uncertainties cause the spacecraft true attitude not
to match exactly the reference (or commanded) attitude. Performance requirements are set on this tracking error, to
ensure that the deviations from the predefined trajectory stay within certain bounds, and on some system states, that
must stay within operational ranges.

Each LISA spacecraft is equipped with a platform, two free-flying test masses and two Moving Optical Sub-
Assemblies (MOSAs). The MOSAs house the optical instruments responsible for the laser links between the spacecraft.
A schematic of the spacecraft and the relevant subsystems can be found in Fig.[2] MOSA-1 is modeled to be linked to
the platform via a rotational joint, MOSA-2 is fixed to the platform, and both test masses are free to move. During the
acquisition sequence, DFACS is in charge of 16 degrees of freedom (DoF) per spacecraft: platform attitude (3 DoF), test
mass position and attitude (6 DoF per test mass), and the angle control of MOSA-1 (1 DoF). The coordinate definition
of each of the DoF can be found in Fig. [3]

Lower case letters are used for test mass relative displacement (x, y, z) and attitude (6, n, ¢) followed by subindices 1
and 2 for test mass 1 and 2, respectively. These coordinates represent displacement and attitude deviations with respect
to a nominal position and attitude given by the respective MOSA housing. Capital letters are used for platform attitude
(®, H, @) coordinates. The MOSA-1 relative attitude, defined as the angle between the nominal MOSA-1 attitude
(30 degrees, distributed symmetrically to MOSA-2 along X axis as shown by the dark blue dotted lines) and the real
MOSA-1 attitude (orange dotted line), is denoted by ¢»s;. Finally, the platform position (X, Y, Z) is not controlled by
DFACS.
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Fig. 2 LISA spacecraft schematic. Fig. 3 DFACS degrees of freedom.

The guidance algorithm determines the reference trajectory which the spacecraft has to follow. The scanning is only
performed by the platform and MOSA-1 (see Figure d)), and is based on an Archimedean spiral, in which the center is
the position with the highest probability of finding the receiving spacecraft. This spiral is characterized by a constant
tangential velocity and an exponential fade-in. During the scanning phase, the reference trajectory to be followed by the

platform and MOSA-1 is defined as:

®ref(t) = %\/E(l - €_<L‘) sin (\/E(l — e_(%))

Hyei(t) = _%%\/E(l - 6_5) sm(\/E(l - e_%))
(13)

Qref(t) =0

Omref(2) = —%\/E(l - e_%)cos (\/E(l - e‘ﬁ)),

where
k7scan b 2mv;

(14)

)

- )
T k¥can

and [ is the distance between the sending and receiving spacecraft, c is the fade-in time constant, & is the superimposition
factor determining the degree of overlap between scanning cones, 7y 1S the radius of the scanning cone at the receiving
plane, and v, is the constant tangential velocity. Table[I|contains the numerical values and Figure ] shows the reference
attitudes over a total scanning time of 2341 s, corresponding to a realistic LISA scenario. There is no reference for test

mass position and attitude.

Table 1 Guidance parameters

Parameter l c k T'scan Vi
Unit m - - m radms™!
Value 25-10° 1000 1 53375 2500




@rcfa urad

-50 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 500 1000 1500 2000 0 500 1000 1500 2000
Time, s Time, s
1 50
0.5 °
ae &
£ g
= 0 s 0
® 05 =
-1 ‘ ‘ ‘ ‘ -50 ‘ ‘ ‘ ‘
0 500 1000 1500 2000 0 500 1000 1500 2000
Time, s Time, s

Fig. 4 Acquisition scanning pattern to be followed by the platform and MOSA-1.

The tracking error requirements on the platform and MOSA-1 attitude (Table2) are expressed as Mean Performance
Error (MPE). The MPE is defined as the time average for a time window At (7.3 s in DFACS), which corresponds to the

expected value for that time window. For an error time signal e(¢), the MPE is mathematically defined as:

1 t+At/2
e(t,At) = (e(t))ar = o / " e(t)dr. (15)
1—At

Table 2  Platform and MOSA-1 performance requirements

Coordinate 0 H

D+ dumi
Unit wrad jrad prad
OMPE 0.1 0.1 0.1

Although there are no explicit performance requirements on test masses during acquisition, closed-loop control
shall respect the performance measurement limits. Therefore, the test mass deviations from its nominal position shall
not exceed at any time during acquisition the performance limits shown in Table 3]

In summary, there are two types of requirements to be fulfilled during the acquisition scanning phase: mean

performance error on platform and MOSA-1 tracking error, and maximum performance range on test mass coordinates.



Table 3 Test mass performance limits

Coordinate  x y Z 0 n ¢
Unit pm pm pm  mrad mrad mrad
Value 100 100 150 5 9 9

B. DFACS Acquisition Mode Closed-loop Architecture

The model architecture describing the DFACS Acquisition Mode tracking problem is presented in Fig.[5] where r is
the reference signal, # is the acceleration reference signal, ey is the control error, u is the plant input, y is the plant
output, e is the tracking error, and ypme,s is the measured plant output. Moreover, Gppan is the plant model, App ANT
captures the plant uncertainties, K is the controller model, Gsgns is the sensor dynamics model, Gpgy is the delay

model, and F is the feedforward model.
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Fig. 5 Model architecture of DFACS Acquisition Mode.

The LISA multi-body system dynamics are represented through a linear, time-invariant model in Gppant. The

output vector y € R'%! contains the 16 DFACS degrees of freedom:

Y=1®@ H ® xi y1 z1 60 m ¢1 x2 y2 22 6 m ¢ dm| - (16)

The plant model describes the complete kinematic and dynamic coupling of all rigid bodies including the interaction
of the different forces and torques and the actuator dynamics. The actuator dynamics impacting test mass and MOSA-1
coordinates are approximated as a two time step delay (implemented through a second-order Padé approximation),
representing the actuator physical delay, and a commanding and communicating cycle delay. On the contrary, the
platform actuator is approximated as a second-order response system, parameterised by its natural frequency and

damping ratio followed by a one time step delay. In total, the plant model (GpranT) comprises 70 states.



Uncertainties in 25 plant model parameters are considered for the acquisition robustness analysis, which include
mass and inertia properties for each of the bodies. These uncertainties are collected in Table 4] and represented in

R62x62

Fig. by means of an LFT model whose uncertainty block App aNT € captures the repetitions of the 25 uncertain

parameters. Each parameter is distributed uniformly within the limits given in Table 4]

Table4 Uncertain parameters

Name Symbol Nom. Value  Unit  Uncertainty Repetitions
Platform mass mpg 1845.6 kg +10% 3
L x pF 4454 +10% 1
Iyy pF 1012 +10% 1
Platform I pF 5073 ) +10% 1
. kgm
inertia Lyy.pF -42 +20% 2
Iz pF -10 +20% 2
Iy pr 10 +20% 2
MOSA-1 mass MMOSA-1 162.7 kg +10% 4
L x MOSA-1 6.8 +10% 1
I,y Mosa-1 9.6 +10% 1
MOSA-1 inertia Tz mosa-1 96 kg m? £10% 2
Ly MOSA-1 0.2 +20% 2
Ixz,MOSA—l 1.1 +20% 2
Iy; MosA-1 -0.1 +20% 2
MOSA-2 mass MMOSA—2 162.7 kg +10% 3
Lx MosA-2 6.8 +10% 1
Iy MOSA-2 9.6 +10% 1
MOSA-2 inertia e MOSA-2 06 kgm?  E0% !
Iy MOSA-2 0.2 +20% 2
Iz MOSA-2 1.1 +20% 2
Iy MosA-2 -0.1 +20% 2
Test mass 1 mass MTM-1 1.9282 kg +20% 6
Test mass 1 inertia ITM-1 6.913-10™*  kgm? +20% 6
Test mass 2 mass MTM-2 1.9282 kg +20% 6
Test mass 2 inertia ItM-2 6.913-10™*  kgm? +20% 6

The DFACS controller design strategy is based on reducing the coupled multiple-input multiple-output (MIMO)
plant system to a decoupled single-input single-output (SISO) one by applying a control input decoupling, which allows
each input-output loop to be controlled by a SISO controller.

The platform and MOSA-1 attitude controllers were derived using the systune Matlab function. An eight- and
sixth-order controller is synthesized for the platform and MOSA-1 coordinates, respectively. For each of the test mass
coordinates, a third-order controller is used. Ultimately, the controller model K is a MIMO system (appending all 16

SISO controllers) formed by 66 states.

10



Sensor dynamics are approximated inside Gsgns through a two time step delay (sensor physical delay + measurement
processing delay) for each of the 16 control loops, resulting in 32 additional states. The delay model Gpgr, delays the
reference attitudes r to ensure an optimal tracking in the nominal case, which adds additional 8 states (i.e., 2 states per
delayed reference attitude).

In addition to the reference attitude r, a feedforward acceleration # is implemented to ease the effort of the controller
along the trajectory tracking. This feedforward acceleration is considered as an additional input to the system as shown
in Fig. 5] The feedforward acceleration is also delayed such that, when propagated through the loop, it is synchronized
with the reference signal r. This feedforward delay allows an optimal tracking in nominal conditions, and is implemented
in F', comprising 9 states.

In summary, the DFACS Acquisition Mode model is composed of 8 inputs (i.e., reference trajectory r and feedforward
acceleration #) and 16 outputs (i.e., e). Moreover, rearranging all the models of Fig. [5]into the augmented generalized

plant results in a system of order 185 (i.e., 185 states).

IV. Probabilistic Robust Performance based on LFT and PCE

A. Methodology

The methodology employed to assess the impact of uncertainties over the LISA DFACS acquisition sequence is
summarized in Algorithm[I] A LFT-based PCE is applied to the system described in Fig. [5| with the uncertainties in
Table E} The Polynomial Chaos Expansion Toolbox (PoCET) for MATLAB [335] is used to compute the LFT-based PCE
projection integrals (-, -) of Eq. (TT). This generates an expanded LFT system that needs to be simulated once to obtain
the deterministic PCE coefficients. These coefficients can be used to reconstruct the PCE describing the probabilistic
distribution of the DFACS performance. Sampling the uncertainty set and computing the pointing error via the PCE
offers an efficient way of assessing the acquisition performance. This process is repeated Ngamples times. The LFT-based
PCE results will be compared to a classical Monte Carlo simulation campaign with the same number of simulations as
PCE samples. The goal is to evaluate the accuracy and computational cost of this approach when the number of PCE

samples is equivalent to that of MC samples.

B. Results

The acquisition verification results obtained using a LFT-based PCE are presented, based on a first order polynomial
expansion (d = 1) and 20,000 samples. These results will be compared to those from a classical Monte Carlo campaign
with 20,000 simulations.

First, the impact of the selected uncertainties on the platform and MOSA-1 relative attitude error is shown in Fig. [6]
Compared to the nominal case (i.e., no uncertainties), the uncertainties significantly affect the attitude error throughout

the scanning phase. This is specially noticeable in the platform ® and H coordinates.

11



Algorithm 1 Probabilistic Robust Performance based on LFT and PCE

1: Inputs: reference trajectory [Eq. (I3), Eq. (I4) and Table E]], uncertain parameter definitions [Table E]], Ngamples d.
2: Build DFACS LFT based on Fig.[5] and Eq. (2) and Eq. (3).
3: Build expanded LFT-based PCE system [Eq. (I0) and Eq. (TI)].
4: Simulate expanded LFT-based PCE system [Eq. (I0) and Eq. (TT)] and obtain Y (7).
5: Reconstruct output PCE: y(1,6) ~ [1,,, Q¥ (6)]Y (1).
6: fori =1 : Ngamples do
7: Sample uncertainty 9;.
8: Compute ¥;(?,0;).
9: if platform/MOSA-1 coordinate then
10: Compute MPE of $;(z, 6;).
11: else
12: Compute mtax(ﬁ,-(t, 0i)).
13: end if
14: end for
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Fig. 6 Uncertainty impact on platform and MOSA-1 attitude error through PCE.

The MPE of each of the sampled trajectories is calculated in order to assess the performance against the requirements
of Table[2] For brevity, only the MPE performance of the platform @ coordinate is shown in Fig.[7] as it is the one that
presents a larger variability. It can be seen that the system does not violate the requirement for any of the 20,000 PCE
samples. Despite this, the mean or expected value of the performance is almost one order of magnitude larger than

that of the nominal case. This highlights the influence of the uncertainties over the scanning tracking error. Table[5]

12



collects the probabilistic distribution of the three platform and MOSA-1 performance axes by presenting their mean,

standard deviation, and maximum value. No requirement violations are found and the performance remains well below

the requirements.

Platform ©
T T T T T T
Requirement
1071 PCE samples]
—Nominal 1
—Mean
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Fig. 7 Uncertainty impact on platform ® MPE requirement through PCE.

Table 5 Probability distribution of platform and MOSA-1 performance

Coordinate 0 H D+ Py
Unit urad urad prad
Mean 0.0151 0.0102  0.0035
Standard deviation 0.0085 0.0066  0.0006
Maximum 0.0319 0.0240  0.0059
Requirement 0.1 0.1 0.1

A similar analysis is performed on the test mass coordinates, which shall not exceed the values in Table[3] The
influence of the uncertainties on test mass z; coordinate is presented in Fig.[§] The maximum deviation from its
nominal position is ~ 1 um, which is far away from the performance limit on test mass z coordinates (i.e., 150 pm). For
completeness, the maximum deviation found after 20,000 PCE samples for each of the test mass coordinates is shown in

Table

Table 6  Verification of test mass performance

Coord.  x; yi 71 6, m ol X2 Y2 22 6> 2 &2
Unit pm pm pm mrad mrad mrad pm pm pm mrad mrad mrad
Max. 0.019 0.089 1.028 0.004 0.009 0.008 0.078 0.059 2.043 0.011 0.003 0.0001
Req. 100 100 150 5 9 9 100 100 150 5 9 9

Results show that DFACS Acquisition Mode is robust against the considered uncertainties. All 15 performance

requirements have been assessed through an LFT-based PCE approach and no violations have been detected. Moreover,

13
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Fig. 8 Uncertainty impact on test mass z; deviation from nominal position through PCE.
the worst-case values obtained through sampling are all located far away from the requirements.

C. Comparison to Monte Carlo

A classical Monte Carlo campaign with 20,000 simulations is performed to assess the accuracy of the first-order
LFT-based PCE representation and the computational time needed to carry out the analysis. For that, the Monte Carlo
and PCE probabilistic distributions are compared using their mean, standard deviation, histograms, and cumulative
probability functions. The comparison for the platform ® coordinate is shown here. The same exercise can be carried
out for the remaining coordinates.

The mean and standard deviation comparison for the MPE performance requirement on platform ® can be found in
Table[/} The first-order PCE is able to obtain an excellent approximation of the Monte Carlo distribution metrics (i.e.,
relative difference of 0.004% for mean and 0.01% for standard deviation), what is a good indicator of the accuracy of
the PCE. In addition, the histograms and cumulative probability functions in Fig.[9]are used to visualize the closeness
between the MC and PCE distributions. It is demonstrated that PCE can accurately approximate the results from the
MC simulation, as illustrated by the near-perfect overlap of their histograms and cumulative distributions. PCE can then
be used as an alternative to Monte Carlo to assess various probabilities.

The main benefit of using the LFT-based PCE approach relies in the computational time required to perform the
verification. Monte Carlo samples the uncertainty space and simulates the model in Fig[5]20,000 times for different
uncertainty combinations. The approach described in Algorithm [I]builds a surrogate model with a polynomial form,

which is much faster to evaluate than the original model. This method replaces the time-consuming simulations (i.e.,
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Table 7 Mean and standard deviation comparison of MC vs PCE

Method MC PCE (d =1) Rel. difference
Unit prad prad %o
Mean 0.0150842  0.0150848 0.004
Standard deviation  0.008534 0.008533 0.01
Platform ©
6 \ \ \ = 100 : ;
mMC = o | —NC y
5l me [IPCE (d =1) _5 PCE (d=1) /
= £ 80
—_ e — = m [ [T § 70 |
X 4r o T e /
£ - £ 60 /
E 3 E 50 /
2 S 40 /
g 2| A~
¥ - 30 /
>
1 E 20 ¢ /
=]
g 10 /
oL ‘ ‘ ‘ O 0 : : :
0 0.01 0.02 0.03 0 0.01 0.02 0.03
oMPE, prad OMPE, prad

Fig. 9 Histogram and cumulative probability function comparison of MC and PCE verification results.

Monte Carlo) with the direct input of uncertainties into a polynomial that outputs the system’s response. The surrogate
PCE model is evaluated 20,000 times using various uncertainty realizations. Although building/obtaining the surrogate
model (i.e., first four steps in Algorithm [I)) results in additional computational cost, this investment is justified by the
reduction in evaluation time of the surrogate model compared to the original model. Table [§]collects the computational
time difference. The DFACS acquisition verification process is almost six times faster using Algorithm [I|compared to
Monte Carlo. Additionally, the accuracy is not compromised, as the results from both verifications are nearly identical

(i.e., as seen in Table[7]and Fig. [9).

Table 8 Computational time comparison of MC vs PCE

Method MC

Build time -
8389.8s (~ 2.3h)
8389.8s (~2.3h)

PCEd=1)
210s (~ 3 min)
1238.9s (~ 21 min)
1448.9 s (~ 24 min)

Sample time
Total time

The DFACS tracking problem scenario is efficiently verified for all DoF using Algorithm [I]and no performance
requirements are violated. The results after 20,000 samples/simulations show an excellent agreement with Monte Carlo,

but are obtained in a fraction of the time.

15



V. Conclusion

The LISA DFACS Acquisition Mode performance has been efficiently verified in this paper through an approach
based on linear fractional transformation and polynomial chaos expansion. Although this method offers promising
computational benefits in simpler models, some of the recently developed V&V approaches do not scale well with
the model size, what prevents them from being used in the verification and validation processes in industry. This
paper shows how Algorithm|[I]offers an alternative verification of a high-fidelity DFACS benchmark derived from a
challenging real-world mission such as the LISA mission. This alternative verification approach has been successfully
applied to the DFACS Acquisition Mode model composed of 8 inputs, 16 outputs, and 185 states, with 25 parametric
uncertainties. This promises a better scalability than classical robustness methods like p-analysis or integral quadratic
constraints. The LFT-based PCE approach has reduced the verification time from approximately 2.3 h to roughly 24 min.
In addition, nearly identical results to those achieved via Monte Carlo are obtained. This paper has demonstrated the

usefulness of this alternative approach in a real-world scenario, highlighting its potential to be used in industry.
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