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1 Introduction

The derivation of effective models for thin structures from three-dimensional models is a classical
and fundamental topic in the field of continuum mechanics. In particular, the derivation via
variational dimension reduction within the framework of I'-convergence has been subject of
considerabel attention in recent decades. In the case of static, nonlinear elasticity, based on
the pioneering work of Friesecke, James and Miiller [FJM02], many results have been obtained,
e.g., for bending rods [MMO03; Neul2; BNS20; Bar+22|, plates in the von Kérman regime
[FIMO06; NV13; GOW20], plates in the bending regime [AD20; Bar+23; Boh+22], and for
thin films [Dav+21]. The derivation of models in the evolutionary case is relatively recent
and less developed. To our knowledge, existing results only address cases with geometrically
linear effective models. In particular, in the von Karman regime models for elastoplastic plates
[Dav14], magnetoelastic plates [BK23|, viscoelastic plates [FK20], and viscoelastic rods [FM23]
have been recently obtained. These results use concepts from evolutionary I'-convergence and
exploit the fact that the considered energy scaling leads to a linearization at identity. In the
evolutionary case, such a linearization has been carried out for the first time in the seminal work
by Mielke and Stefanelli [MS13] where linearized elastoplasticity is obtained as a evolutionary
I'-limit of finite elastoplasticity.

In the present paper we consider the bending regime. In contrast to previous results our
effective model is geometrically nonlinear and allows for deformations with large rotations.
More specifically, we discuss the derivation of an elastoplastic bending-torsion rod model in
the form of an evolutionary rate-independent system (ERIS). The derivation of the effective
model is based on the concept of evolutionary I'-convergence for ERIS introduced in [MRSO08]
and which has also been used in [MS13; Dav14]. Our result requires new ideas to deal with
the finite deformations in the limit. Although we focus on elastoplasticity, we believe that the
developed ideas can be adapted to different rod models, e.g., ERIS to describe damage, phase
separation and swelling models, and rate-dependent models such as viscoelasticity.

In the following we present the main setting and results. Throughout this contribution, we
consider an elastoplastic rod Q" := w x hS, where w = (0,1) and S c R? denotes the cross-section
and 0 < h «< 1 is the thickness of the rod. The stored energy density W of the rod depends on
the deformation y : Q" - R? and on an internal variable z : Q" - R3*3 depicting the linearized
plastic strain:

V(z,y,2) = Wa(Fa(z)) + HG(V\/Cy(2)) + HR(VRy (2)) + Wy (Fpi(z)),

where F; and Fj,; denote the elastic and plastic part of the strain and are defined, following
[Lee69], via the multiplicative decomposition

Vy(z) = Fa(z)Fpi(x), where Fpi(2) = I + hz(z).

Moreover, 1/Cy(z) €e R and Ry (x) € SO(3) are obtained from y by the polar decomposition,

Sym

Vy(z) = Ry(z)\/Cy (), where Cy () := Vy(z)T vy(z). (1.1)

The model is based on a decomposition of the energy into an elastic part and a hardening
part. For the elastic part, we consider a standard elastic energy density W which is frame-
indifferent, minimized at the set of rotations and non-degenerated, see Assumption 2.1 for the
precise assumptions. The elastic energy is augmented by two strain-gradient terms Hec1 and H(F;l
which act on the components of the polar decomposition of Vy individually. We consider these
strain-gradient terms to achieve additional regularity required for handling the geometric and



physical nonlinearities. However, thanks to the split of the strain-gradient terms into Hec1 and
HSI and since we consider different scalings of these terms, the contribution of the strain-gradient
terms vanishes in the limit, see Remark 2.3. Although we introduce the strain-gradient terms
mainly for technical reasons, the concept of strain-gradients originates in models for nonsimple
materials (cf. [KR19, Sect. 2.5]) and has a long history that goes back to Toupin [Tou62; Tou64]
and Mindlin [Min64]. In particular, already [Min64] considers strain-gradients in the form of
Hgl and HS. The physical relevance and origin of nonsimple material models is still a point of
discussion among experts, see e.g. [BS24] for a recent contribution that justifies strain-gradient
elasticity from microscopic effects in the context of phase-field crystal models. Nevertheless,
strain-gradients are used in many recent variational studies of nonlinear material models, e.g.
[FK20; Dav+21; BFK23; MR20; OL24].

It is standard practice for thin structures to scale the reference domain to unit thickness.
Therefore, we consider Q = Q! and introduce the rescaled variables y(z1,z) = y(z1,hz) and
2(x1,2) = z(x1,hx), x = (r1,Z) € Q. The scaling to unit thickness yields a transformation
of the gradient to Vv, := (0 | %@), where V := (02,03) denotes the normal gradient and 0y
the tangential gradient. Since R, is not well-defined, if det V,y = 0, we introduce the set of
admissible deformations,

Al = {y e WP(Q,R?) | det Vjy > 0 ace.}. (1.2)

By combining the considerations above and suitable scaling of the terms, we are let to the
following energies. In the total energy we include a time-dependent loading term I(t) : Q — R3,
which drives the evolution.

w2 [ Wa(Sha) (1« ha(@) ) do

+h—acp/QH§f(v\/7y(:v)) dz (1.3a)

Eliy, z) =
+h°‘Rp/H£(VRy(x))d:1:, if ye Al
00 ? else,
EN(z) = h2/QWp1(I+hz(x))da:, (1.3b)
Elepm(y:2) = EL(y, 2) + E(2), (1.3¢)
1 (t,1,2) = S (0:2) - [ Ut.2) () do (1:3d)

where ac,ar > 0 with ag < %(1 - a¢) and p > 3. Note that naturally also Vh\/ﬁy and VR,
would appear in the energy. Thus, we implicitly consider different scaling for the tangential and
normal components in these terms. A motivation for this scaling is presented in Remark 2.3.
The scaling h~2 of the elastic energy and hardening energy implies that in the limit h - 0 we
obtain a bending theory.

Additionally to the free energy, the dissipation of the plastic strain is relevant for the dynamics.
As in [MRS08; MS13; Dav14] we model the dissipation by the dissipation distance,

Dh(z,2) := h_l/ Doi(I +hz(z), I +h2(z))dz. (1.4)
Q

The dissipation distance describes the minimal amount of energy that is dissipated by passing
from a state z of the plastic strain to 2. For ERIS, the dissipation should not depend on the rate



of change of the plastic strain but just on the path taken. Here, this is achieved by relating the
dissipation distance density %, to a positively 1-homogeneous map %, as described later in
(2.6). An appropriate weak solution concept for ERIS composed of the energy and dissipation
functionals £" and D" and a suitable state space Q" has been proven to be the concept of
energetic solutions. The state space is here given as

QM := WP(Q, R?) x L2(Q, R¥?). (1.5)

Definition 1.1 (Energetic solutions, cf. [MT04]). Consider an ERIS given by M := (Q,&,D),
where Q=Y x Z isaset, £:[0,T]x Q - (—o0,00] and D: Z x Z — [0,00]. We denote the set
of stable states by

Sm(t) ={q=(y,2) € Q|E(t,q) < 00,E(t,q) <E(L,q) + D(2,2) for all = (§,2) e Q}.  (1.6)
Moreover, we define the dissipation of a trajectory z:[s,t] > Z,0<s<t<T by
N
Dissp(z; [s,]) == sup{z D(z(ti-1),2(t;)) |s=to< <ty =t,Ne N}. (1.7)
i=1
An energetic solution to the ERIS is a trajectory ¢ = (y,2) : [0,T] — Q, such that
(a) (Global stability). ¢(t) is a stable state for any ¢ € [0,T'], i.e.

a(t) € Sm(t). (18)

(b) (Global Energy balance). [0,T'] >t~ 0:E(t, q(t)) is well-defined and integrable and for any
te[0,T],

E(t,q(t)) + Disspq(2;[0,t]) = £(0,4¢(0)) +/0 0sE(s,q(s)) ds. (1.9)

Remark 1.2. Note that in our case, since only the loading term is time-dependent, we have
for any q=(y,z) € oM with ngl(q) < 00,

0E(t, q) :—/Qﬁtl(t,x)-y(x)dx. (1.10)

In this paper we study the convergence of energetic solutions to the ERIS (Q",&£", D"). We
consider one-sided boundary conditions determined by (vpe, Rpe) € R x SO(3). Such boundary
conditions have already been used in the static case, cf. [Neul2; Bar+22]. We introduce these
boundary conditions by restricting the state space to

Q?meRbC) = {(y, z) € oh ‘y(O,i) = Upe + hxa Rpcea + hxsRy.e3 for a.e. T € S}, (1.11)
Our main result is the following.

Theorem 1.3. Consider Assumptions 2.1 and 2.6. Let (vpe, Rpe) € R3 x SO(3) and (y", 2") :

[0,T] > Q}(Z'ch,Rbc) be energetic solutions to the ERIS (ngvmebc),Eh,Dh). Then, up to a sub-
sequence we have for all t € [0,T],
() — 2(t) in L2(Q,R>?), (1.12a)
and up to a further t-dependent subsequence,
y"(t) - v(t) in HY(Q,R?), (1.12b)
iy (t) - R(t) in L2(Q,R*>?), (1.12¢)
where (v, R,z) : [0,T] — Q((]ch’Rbc) is an energetic solution to the ERIS (Q(()meRbc),SO,DO), see

below. (For the proof see Section /.4.)



The limiting system is a bending model for rods, cf. [MMO03; Neul2; BNS20; Bar+22] combined
with linearized plasticity [MS13; Dav14]. Limiting deformations consist of bending and twisting
of the rod, which is described by the following set of possible rod configurations:

Arod = {(v,R) e H*(w,R?) x H' (w,R*?) | Re SO(3) a.e. and 01v = Rey }. (1.13)

Combined with the linearized plastic strain z, this leads to the state spaces (without and with
boundary conditions, respectively),

QY = Aoq x L2(Q,R¥9), (1.14a)
Qoperrre) = 1(03 R, 2) € Q7 [0(0) = ve, R(0) = Ric . (1.14b)
The limiting energy and dissipation are defined as follows:

£9(0, R, 2) = / QN (RT\R - K°(2)) +/ Qu(=*), (1.15a)

w Q
EN(z) = /QQpl(z), (1.15b)
gglerl(vaRaZ) = ggl(v7sz) +581(Z), (115C)
E9(t,v, R, 2) = £°(v, R, 2) - / (1 ) v ) da, (1.15d)
DO(z,2) = / B (2 - 2). (1.15¢)

Q

The limiting energy admits the following effective quantities:

. QE? : Rglfe?’w — R, a non-degenerate quadratic form which describes the bending-torsion

energy of the rod,

o KT 12(Q,R3>3) o L?(w,R33 ), the effective contribution of the plastic strain to the

skew
bending and torsion of the rod,

o /% € LQ(Q,RS;I?;), a residual plastic strain that leads to an energy which cannot be

accommodated by bending and torsion of the rod,
o 1M(t,21) = [ 1(t,z1,Z) dZ, the effective loading.

The definition of these effective quantities is due to an orthogonal projection technique estab-
lished in [BNS20; Bar+-22]. See Section 3 for more information and especially Definition 3.1 for
the definition of the quantities.

Remark 1.4. The 3D and limiting ERIS are non-convexr and thus, solutions are in general non-
unique. A prominent example for this observation is the buckling of a symmetric rod. Therefore,
generally solutions might jump at any time. Consequently, we cannot expect temporal reqularity
of the non-dissipative variable y and convergence of solutions cannot be expected without extrac-
tion of a time-dependent subsequence. On the other hand, if the solution to the limiting ERIS
is unique, we observe in Theorem 1.3 convergence of the whole sequence (y"(t), Viy™(t), 2" (1))
by a standard procedure, see Remark 4.18 for more details. In Section 5 we study an example
where uniqueness of the solution can be expected.

It is important to note that we do not require nor prove existence of solutions to the 3D model. In
fact, in Theorem 1.3 we implicitly assume that solutions exist. However, existence of solutions
to the finite system is generally unknown. Nevertheless, we can always obtain approximate
solutions to a related time-incremental problem. Following [MS13; Dav14]| we prove that these
approximate solutions also convergence to solutions to the limiting ERIS:



Theorem 1.5. Consider Assumptions 2.1 and 2.6. Let (vpe, Rpe) € R? x SO(3), 0 = tg < <
tlfvh =T partitions with limy,_o max, yn (t7—t" ) =0 and K : (0,00) — (0, 00) with limy,_g k(h) =
0. Consider (yl, 2*) e Q?Ub Ry.) Such that fori=1,...,N",

Eh(t?,y?7z£”)+7>h(zﬁl,2'?)Sﬁ(h)(t?—tfllh( il)lf (&M y,2) + D (L, 2)) . (116)
y,z)eQm

(Vbe Rbe)

Let (y", 2" : [0,T] - Q’(lvb Rue) be the associated right-continuous, piece-wise constant in-
terpolants. Then, up to a subsequence, the convergences (1.12) hold with (v,R,z) : [0,T] -
Q((va Rue) being an energetic solution to the ERIS (Q((]vb Ru ),ED,DO). (For the proof see Sec-

tion 4.4.)

Especially, we obtain existence of solutions to the limiting model as an immediate consequence.
To obtain these results, we utilize the general theory of evolutionary I'-convergence for energetic
solutions to ERIS, which was introduced in [MRSO08]. Similar to the theory of regular I'-
convergence for minimization problems, the procedure consists of proving certain properties of
the energy and dissipation functionals. We summarize the most important properties in the
following theorem.

Theorem 1.6. Consider Assumptions 2.1 and 2.6. Let (vpe, Rpe) € R? x SO(3) and (y", 2") c

Q". Then, the following statements hold. Moreover, the statements remain true, if (y", 2") c
Qh Rbc) Cl’ﬂd we Teplace Qh by Q?meRbc) and QO by Q(()ch»Rbc

(UbC7

(1.19) below with (1.12).

) In this case we can also replace

(a) (Compactness): For some constant ¢ >0 (independent of h, y" and 2"), we find

Hyh - fsyh(ov ')Hi2(ﬂ) + HVhyh Hi2(ﬂ) + thHiZ(Q) S C(l + ge}i+pl(yh7 Zh)) . (117)
Moreover, if
lim sup Egml(yh,zh) < 00. (1.18)
h—0

we find (v, R, z) € Q°, such that up to a subsequence (not relabeled),

y" = £5y"(0,+) > v —vpe in H'(Q,R?), (1.19a)
vy - R in L2(Q,R¥3), (1.19b)
2z in L2(Q,R¥3). (1.19¢)

(For the proof see Section 4.1.)
Additionally assume (1.18) and that the convergences (1.19) hold for some (v, R,z) € Q°.
(b) (Lower bound): Let 2", % e L2(Q,R¥3) with 2" — 2 in L*(Q,R*>3). Then,

lim inf £, (4", 2") 2 Eq1pi (v, B, 2), (1.20a)
mgnéquh(zh, zhy > DOz, 2). (1.20b)

(For the proof see Section 4.2.)

(¢) (Mutual recovery sequence): Let (0, R, 2) € Q0. Then, for each subsequence of (h) we find a

further subsequence (not relabeled) and a sequence (gh, éh) c QhA satisfying the convergences
(1.19) (with (y",z") and (v, R, z) replaced by (§",2") and (9, R, %)), such that



. sh h

h?jgp( el (@ M) + DM (" M) - EL (" 2" )
<gl+pl( R 2)+DO(Z,2)—5€3+})1(U,R,Z). (121)

(For the proof see Section 4.3.)

Especially interesting is the construction of the mutual recovery sequence. We use (up to some
correction) a classical Cosserat ansatz

@h(x) = @h(xl) + hxgéh(xl)eg + hng%h(xl)eg, (1.22)

where (f)h, Rh) € A.oq is a suitable rod configuration, see Proposition 4.11 for the precise ansatz.
What separates this mutual recovery sequence construction from the constructions in static
problems (cf. [MMO03; Neul2; BNS20]) is that in order to obtain (1 21), 9" and R" (as well as
the correction term) in general have to be chosen depending on y". The approaches developed
in [MS13; Dav14] rely on strong convergence of the differences of strains associated to y" and
§". We adapt this approach here, but are faced with an additional difficulty. In these papers
infinitesimal deformations are considered in the limit. Thus, the linearity of the space of limiting
displacements can be exploited in the construction. However, this is not the case in this paper,
since bending deformations yield a non-convex state space. Hence, we have to use a new, entirely
multiplicative approach. The maln idea is to use a construction R" = RR" where Rh belongs
to a rod configuration related to y” and R = RRT. To our knowledge this is the first rigorous
result in this direction dealing with finite deformations in the limit.

Structure of the paper. In Section 2, we discuss the 3D model in detail and introduce the
required assumptions. Afterwards in Section 3 we define the effective quantities of the limiting
model and study their properties. Then, in Section 4 we prove our main results. This section
is structured into separate subsections. In Section 4.1 we prove the compactness statement
Theorem 1.6 (a), in Section 4.2 the lower bound Theorem 1.6 (b), in Section 4.3 we construct
the mutual recovery sequence and finally in Section 4.4 we prove Theorems 1.3 and 1.5. We
finish with an example in Section 5 where uniqueness of solutions to the limiting model can be
expected.

1.1 Notation

Decomposition. eg,es, e3 denotes the canonical basis of R®. We denote by (A;|A) the nx 3
matrix with A; € R" as the first column and A € R™? as the two last columns. Vise versa,
given A € R™3 we denote the first and last two columns as A; € R” and A € R™?, respectively.
Especially, we denote V = (9 | V). For z € R? we also use the notation x = (x1, ).

Normal part. We denote the mapping of vectors in R? to their normal part by X : R? - R3,
x — Toes + x3e3 and identify it with the map X : R? » R3, Z > x9e9 + 3€3.

Subsets. We introduce notations for certain subsets of R and R3*3. We denote R, := [0, 00)
and Ry :=[0,00] :=R; U {o0}. Moreover, we set
GI(3) = {F eR¥®|det F # 0}, Gl.(3):={F eR>?|detF >0},
SL(3):={FeR>?|det F =1}, SO(3):={FeSL(3)|F"F=FF" =1},
RS = {FeR¥3 | FT = F}, Ry = {F e R3S | trace F = 0}.

Sym dev Sym



Strain gradients. We identify R33*3 with RG*3)*3 je. row vectors consisting of three
matrices. Especially, we define the multiplication of R € R®3 and F € R¥3*3 as the entry-
wise matrix multiplication, i.e. RF := (RFy, RFs, RF3) where F = (IF1,F2,F3) or more precise
(RF)ijk, = Z?:l R;i[Fij,. Moreover, we denote the derivative of maps F' € Wllc;i(R?’,RSXB) by
VF = (01F,0oF,0sF) or in coordinates (VF);j, := OpF;j. We define the Hessian of a map
Y€ W2’1(R3,R3) as V2y := V(Vy). The same notation is used for the scaled gradient V;, and

loc 9
Hessian Vi, -

Polar decomposition. Given h > 0 and y € H'(Q,R?) with det V,y > 0 a.e., we denote
the components of the polar decomposition of Vxy by R, and \/C—y, ie. Cy = Yy Vpy and
R, = Vhy(\/C—y)_l. We suppress the dependence of h in this notation, but when used, the
choice of h can be taken from the context. It is common knowledge that with this definition,
R, minimizes the distance of V,y to SO(3), i.e. Ry € SO(3) a.e. and

dist(Vay, SO(3)) = |Vay - Ry | = |¢Fy-1|. (1.23)

Rotation fields. We define the set Héo(3)(w,R3X3) = Hl(w’R3X3) N L% (w,80(3)). Given
Re Hé0(3) (w,R¥3), we introduce Kr = RT0R ¢ L?(w,R%3

skew /*

2 Model setting

In this section we present the 3D model and the required assumptions in detail. Our model is
given by an ERIS described by the free energy £", dissipation distance D" and state space Q"
as introduced in (1.3d), (1.4) and (1.5), respectively. These quantities are determined by

o the reference domain Q c R?,
« the elastic energy densities W : R3*3 - R and Hg, Hg RS L R,

o the hardening energy density W, : R33 L R,

o the dissipation distance density Z, : R3*3 x R3*3 - R, which itself depends on the dissi-
pation potential density %, : R33 5 R,

« and the time dependent external loading density : [0, 7] x  — R3.

For the readers convenience, we summarize the quantities introduced in this section in Tables 1
and 2.

Reference domain. Let S ¢ R? a open, bounded and connected Lipschitz domain and w :=
(0,1). For simplicity, we assume the positioning properties

/:Egd:E:/CL‘gdl’:/CEQl‘gde:O. (21)
S S S

The (rescaled) reference domain is denoted by € :=w x S.

Loading. We assume [ ¢ W"!([0,77,H'(Q,R?)).



Sets and domains

D=wxS ... reference domain with w = (0,1) and cross-section S c R?,

KpcSL(3)..ooovvnn.. set of finite plastic energy.

Parameters

h>0.....ia thickness of the rod,

P>3 growth of the elastic strain-gradient energy densities, cf.
Assumption 2.1,

ac,ap>0.......... ... scaling of the respective elastic strain-gradient energies,

connected by ap < %(1 -ac),
Elastic material law

Wal (F) €R,...elastic energy density,

Qe (G)  €R,...linearized elastic energy density,

HY, HE (F)  €R....elastic strain-gradient energy densities,
Plastic material law

W (F)  €R,...hardening energy density,

Qpl (G)  €R,...linearized hardening energy density,
Bz (F)  €R,...dissipation potential density,

D1 (F,F) €R,...dissipation distance density,

Ezxternal loading

l (t,z) eR3...external loading density.

Table 1: Summary of the main quantities discussed in this paper. Here t € [0,T]
represents a dependence on the time, x € Q on the (material) coordinates, F,G €
R3*3 on the (linearized) strain, F' € R**3 on the evolution of the strain and F € R3*3%3
on the strain-gradient.

FElastic material law

Cal e R3*3%3%3_ fourth-order tensor associated to Qel,

ra (8) eRy........ rest term for the quadratic expansion of W.
Plastic material law

Col e R¥33*3_ fourth-order tensor associated to Qpl,

rp1 (0) € Ry oovvnn.. rest term for the quadratic expansion of Wp.

Table 2: Summary of helping quantities and quantities relevant for the analysis. The
interpretation is as in Table 1 and in addition d € R, corresponds to a dependence
of the modulus of G.

Elastic material law. We consider the following properties for the energy densities Wy, H ecl
and H g.
(WE1) (Frame indifference):

Wa(REF) = Wu(F)  for all FeR>3 ReSO(3);

(WE2) (Non-degeneracy): There exists some 0 < ¢ < C and p >0, such that

Wea(F) > cdist?(F,SO(3)) for all F e R>3,
Wa(F) < Cdist?(F,SO(3))  for all F e R¥>? with dist*(F,SO(3)) < p;



(WE3) (Quadratic expansion): There exists a quadratic form Qg : R¥3 - R and an increasing
map 7e : Ry — Ry with limg_q7(d) = 0, such that

(Wa(I +G) - Qu(G)| <|GPra(|G])  for all G e R>3,

(WE4) (Continuity): There exist v > 0 and L € Ry, such that for all Fy,F> € B,([) and
Fe R3x37
(We(F1FFy) - We(F)| < LW (F) + 1)(|F1 - I| +|F> - I]);
(HE1) (Frame indifference):
HR(RF) = HE(F)  for all F e R**3 R eSO(3);
(HE2) (p-growth): For each H € {Hecl, HE} there exist 0 < ¢ < C, such that

C‘F‘P < Hel(F) <C (’F’p + 1) for all F € R3x3><3;
(HE3) (p-Lipschitz continuity): There exists Lo, L € Ry, such that

|HS (F) - HS(®)] < Lo (IFP + B [F -

Y

|H§(F) - Hg(l@")| <Lp (|F|P*1 n ‘fg|p—1 N 1) IF - I?| for all F, I e R3*3*3.

Assumption 2.1 (Elastic material law). We assume that W satisfies (WE1) — (WE4) and
HY H]f satisfy (HE1) — (HE3) for some p > 3. Moreover, we fix 0 < a¢,ap < 1 with ag <

el e

2(1-ac).

We denote by Cep € R3*333 the symmetric fourth-order tensor associated to the quadratic form
Qe by the polarization formula

G: Celé = % (Qel(G + é) - Qel(G) - Qel(é)) ) G, é € R3X3' (22)
Remark 2.2.

(i) The assumptions (WE1) — (WE4) are standard assumptions for the elastic energy density
and used in a similar form in various contributions, e.g. [Boh+22; Neul2; MS13; Davl/).
The condition (WE4) is usually given in the form |[FTVWq(F)| < c¢(Wo(F) + 1) which
is stronger as shown in [MS13, Lem. 4.1]. Since we only require (WE4), we choose to
assume this condition directly.

(i) The quadratic form Qe is uniquely defined from (WE3) as Qe (G) = limy,_ %Wel(f+hG).
It is well-known in elasticity that (WE1) — (WE4) imply that Qe satisfies

clsym G)? < Qu(@) < ClsymG|*  for all G e R, (2.3)

with the same constants as in (WE2). FEspecially, Qq(G) and G : CyG depend only on
the symmetric part of G and G.

(iii) The specific choice of re is not important. However, we may use the explicit choice

rei(8) = Sup{m%‘Wel(I + @) - Qu(G)| ‘ GeR¥ 0<|G| < 5}, 550, (2.4)
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Remark 2.3. The growth condition (HE2) and p-Lipschitz continuity (HE3) are usual assump-
tions for strain-gradient elasticity, see e.g. [FK18; FK20; Dav+21; BFK23]. It is natural that
the frame-indifference (HEL) is only assumed for the part depending on R,,, since \/Fy is already
independent of the frame, cf. [dSV09, Sect. 2(b)]. The introduction of the strain-gradient terms
is mainly for analytical reasons. Thus, we seek to choose them in such a way that they vanish
in the limit. We motivate that this is expected with our choice of the individual scalings h™%¢
and h*®: In the limit we expect deformations that are close to the classical Cosserat ansatz

y"(x) = v(21) + hR(21)X(),
for some (v, R) € Aroq. We observe
Viy" = R+ hR(KpX|0),  Cyn=1+2hsym(Kgx|0)+h*(Kpx|0)" (Kgx|0).

Together with Lemma A.1 this shows that we can expect h™*¢V\/Cyn —~ 0 and h*FV R — 0
whenever 0 < ag,ar < 1. The assumption agr < %(1 - a¢) s technical and allows us to infer
sufficient reqularity for the correction term ¢, see Remark 4.5.

Plastic material law. We introduce the following two material classes for the hardening
energy density and the dissipation potential which are adapted from [MS13; Dav14].

Definition 2.4 (cf. [MS13; Davl4]). Let Kp c SL(3) compact, such that I is a relatively
interior point of K. We denote by 20,1(Kp1) the set of all functions Wy : R¥3 — R, which

are of the form
Wi (F if Fe K
[[pl(l ) = { pl( ) 1 € Kpl,

else,
with Wpl : R¥3 - R, satisfying the following properties.

WP1) (Continuity): We find L € R, and an open set O ¢ R**3 with K| cc O, such that Wy,
P P
is L-Lipschitz continuous on O, i.e.

[Wol(F) - Wi (F)| < LIF-F|  forall F,F 0.

(WP2) (Non-degeneracy): There exists ¢ > 0, such that

Wl +G) >G> for all G e RS,

(WP3) (Quadratic expansion): There exists a quadratic form Qp : R33 - R and an increasing
map 7p) : Ry = Ry with lims_,orp1(9) = 0, such that

[Wol(I+G) - Qu(G)| <|GPra(|G])  for all G e R™®.

Definition 2.5 (cf. [MS13; Dav14]). We denote by R, the set of all functions %) : R*® - R,
which are of the form

. R (F) if F e R3%3,
Fpi(F) = { p(F) dev
else,
where @pl : Rg:g’ — R, is a convex, positively 1-homogeneous function, such that there exist
0 < ¢ < C satisfying B
o|F| < Zu(F) <C|F|  for all F'e Ry (2.5)

dev
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Assumption 2.6 (Plastic material law). We assume that there exists a compact set Kp; ¢ SL(3)
with I as an relatively interior point, such that Wy € 205, (Kp1) and Zp) € Ryl

Given %1, we define the associated dissipation distance density Zp : R33 x R3S L R, by

e e n

D(F. B = {@pl(I,FF ) if F,F e GL(3), (2.63)
00 else,

Doi(I,F) = inf / Roa(P(H)P(t)™) dt. (2.6b)
PeC!([0,1],CL4 (3)),

P(0)=1,P(1)=F

Moreover, we denote by Cp; € R3*3*3*3 the fourth-order tensor, associated to Qp1 by the polar-
ization formula

G:CpG =3 (Qp(G+G)-Qu(G)-Qu(G)),  G,GeR™. (2.7)
Remark 2.7.

(1) Similarly as for the elastic quantity, Qp is uniquely defined from (WP3) as Qun(G) =
limy,_q h—12Wp1(I +hG) and rp) admits the explicit choice

roi(8) = Sup{|G| Wl +G) - Qi G)|‘GER3X3 |G|<5} 550 (28)

Moreover, from (WP2) we infer that for some constants 0 < ¢ < C,

dGP <Qu(G)<CIG?  for all G e R¥®. (2.9)

(it) The properties of the set Ky ensure that there exist constants 0 < ¢ < C, such that
|F|<C, |F <o, |F-1|>¢,  forall Fe Ky, FeSL(3)\ Kp.  (2.10)

While it is a very technical assumption that Wy is infinite outside such a set, it is an
important property in order to ensure that, as established in [MS13, Lem. 3.1],

limsupé’el+p1(yh,zh) <oo = limsup h_Q/ distQ(Vhyh,SO(?;)) < 00, (2.11)
h—0 h—0 Q

i.e. sequences of finite energy also have finite bending energy and thus we are able to pass
to a bending theory in the limit, cf. [FIMO02; MMO0S3].

1t) It is not hard to show that the dissipation distance Py satisfies the triangle inequality
P
Do(F1, F3) < D1 (F1, F2) + Dpi(Fa, F3),  for all Fy, Fy, F3 e R¥3, (2.12)
Moreover, it is proven in [Davlj, Rem. 2.4] that there exists a constant ¢ >0 such that

P0(F,F)<e,  Du(I,F)<cdF-1|  forall F,FeK,. (2.13)
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3 Identification of the limiting model

The identification of the limiting elastic energy according to (1.15a) has already been provided
in [BNS20; Bar+22]. The form of the limiting energy is due to a representation of the limit of
the nonlinear strain E" := h™!( Cyn—=1I). According to [BNS20, Prop. 5.1, the nonlinear strain
admits a limit of the form

E" ~sym(Kpx|0)+x  in L2(Q,R*>?), (3.1)

where R € Héo(?))(w,R?’X?’) is given as in (1.19) and y lives in the relaxation space L?(w,H,e)
with
H,e = {sym(ael | V) | acR,peH(S, R?’)}. (3.2)

We shall see that this representation justifies that the limiting elastic energy can be written in
the form

521(1;, R,z2) = 2min / Qel( sym(Kgx|0) + x — sym(z)) (3.3)
XEL (wvHrel) Q

= / min / Qe sym(Kpx|0) + x —sym(2)).
w X€Hy 1 S

Note that the second equality can be obtained by appealing to the respective Euler-Lagrange
equations of the left- and right-hand side. The right-hand side can be treated using orthogonal
projections in the Hilbert space H := LQ(S, Rg’;ﬁ’l equipped with the scalar product (x,%)q =
Js X : Cetb. The details have already been carried out in [BNS20, Sect. 2.4] and more specifically
[Bar+22, Sect. 2.3] and are thus omitted here. To introduce the effective coefficients, we consider
the subspaces Hyicro, Hmacro and Hyeg given by the orthogonal decompositions (in H),

Hinicro = {sym (K% |0) + x | K e RYS v € Hya }, (3.4)

skew

H = Hmicro @ Hres: Hmicro = Hmacro ® Hrel-

Moreover, we denote orthogonal projections in H onto some closed subspace A c H by P 4. The
procedure allows us to justify (1.15a) by the representation

min / Qel( sym(Kx|0) +x - Z) = ngf(K - Keﬁ(z)) + / Qel(zres), (3.6)
S S

XEHrel

where ngf, K eff(z) and 2" are defined as follows:

Definition 3.1. Given K ¢ R%3 and z e L2(S,R3*3), we set

skew Sym
Q' (K) 1= [P, (sym(K%[0))[5, (3.7)
2" =P, (2), (3.8)

and define K°f(2) e Rgl?e%v as the unique solution to

PHmacro (Sym(KeH(z)}_{ ‘ 0)) = PHmacro(z)' (39)
Moreover, for x € Q and z € L2(Q,R>?), we set 2, := sym(z(z1,-)) € L*(S,R3*3) and

sym

KE(2)(21) = K (2,),  2"(x1,7) = 25°(2). (3.10)

1
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It has been shown in [BNS20, Lem. 2.10] (see also [Bar+22, Lem. 2.8]) that Q% is non-
degenerate:

Lemma 3.2. There exist constants 0 < ¢ < C, such that for all K e R¥3 2 eL?(S,R3*3

skew sym/ »
AKX < Q' (K) < CIKP,  |K*(2)| < Cllzlr2(s)-

As in [BNS20; Bar+22] we obtain an alternative representation of these quantities using solu-

tions to elliptic problems. For this we utilize the following basis of Rg’ﬁg’w,

K1 ::%(Ol—eg‘eg), K2 ::%(—eﬂel |0), K3 22%(—63“)‘61). (3.11)

Proposition 3.3. Let K e R¥3 and z e L2(S,R33). Define (a;,¢;i), i = 1,2,3, as the unique

skew sym

minimizer satisfying fS w; =0 and JCS O3p; - €2 —0ap;-e3 =0 of
R x H'(S,R?) > (a,¢) /SQel(Kp_(+ aey | V),

and (ay,p.) as the unique minimizer satisfying fs p, =0 and fs O3, ea — o, -e3=0 of
R x H'(S,R?) 3 (a, ) — /SQel((aq | V) + z),

Let U, = sym(K;X + aje1 | V;) and C e R3*3 by Cij =V, V), 1,5 =1,2,3. Then,

3
QY (K)= Y Cij(K-K;)(K - Kj) (3.12a)
ig=1
3
KM(z) = 3 (2,95)q(C ™)K, (3.12b)
ig=1
B 3
2 = z+sym(azer | Vo) = 3 (2,9)(C )y Vs (3.12c)
i1

4 Proofs

This section is dedicated to the proof of Theorems 1.3, 1.5 and 1.6. We start with the proof
of Theorem 1.6 with the compactness, lower bound and mutual recovery sequence statements
discussed in separate subsections. We shall see that the compactness is due to the rigidity
estimate of [FJMO02] and the lower bound statement follows from a careful Taylor expansion of
We and Wy, The main difficulty is the mutual recovery sequence statement which requires a
suitable choice for the ansatz as discussed in the introduction. Finally, we conclude Theorems 1.3
and 1.5 from the previous observations using the theory established in [MRS08].

4.1 Compactness; Proof of Theorem 1.6 (a)

This section is dedicated to the proof of Theorem 1.6 (a). The statement is essentially due to
a combination of [MMO03, Thm. 2.1] with [MS13, Lem. 3.1]. The second paper establishes the a
priori estimate,

W2 dist(Vay", SO(S))Hi2(Q) +2" Hi2(9) + h2H’2hHi°"(Q) s¢ (5<g+pl(yh7 M) +1), (4.1)
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which already establishes most of (1.17). The estimate follows essentially from (WE2), (WP2)
and Remark 2.7. Especially, we obtain that sequences (y", 2") e Q" satisfying (1.18) have finite
bending energy in the sense that

lim sup h distQ(Vhyh, SO(3)) < oo. (4.2)
h—0 Q

Then, the first paper establishes the convergences of (y") for sequences with finite bending
energy. However, we require stronger estimates for the mutual recovery sequence statement.
We obtain those from the strain gradient terms in the energy. Thus, we are lead to reconstructing
the arguments for the compactness. Our general procedure is as described above but we follow
[Neul2] whose argumentation slidly deviates from the one provided in [MMO03]. As in many
similar contributions a crucial ingredient is the rigidity estimate [FJM02, Thm. 3.1]. We provide
a version of the theorem, showing that the rotation can be chosen independent of the considered
L? space.

Proposition 4.1 (cf. [FIM02, Thm. 3.1]). Let 1 < q¢ < oo and U c R3 a bounded Lipschitz
domain. There exists a constant ¢ > 0, such that for all 'y € W1’°°(U, R?), we find a constant
rotation R € SO(3) independent of q, such that

IVy = Rl aury < cldist(Vy,SO(3)) [ pa(r)- (4.3)

Proof. We show that the rotation R can be chosen independent of ¢. In fact we may use
the (semi-) explicit choice R’ € Arg minReSO(3)|fU Vy — R| (see [NR24]). Indeed, let R € SO(3)
satisfy (4.3). Then,
|99 = Bl paqy <19y = Rlpaquy + [UIY|R = £, wy| + [U1] £, 9y - B
1
<9y = Rlyoqwy + 01| R = fiy O]+ U1 fyy vy - B
< BHVy - RHL‘](U) < HdiSt(VYv S0(3))||L‘7(U) -

As a corollary we get the following rigidity statements for rods, which is adapted from [Neul2,
Prop. 3.6].

Proposition 4.2. Let 1 < g < o0 and hg > 0. There exists a constant ¢ > 0, such that for all

y e WHe(Q,R3) and any 0 < h < hg, we find a rotation field R € W (w,S0(3)), such that
Kgr = RTO\R is piece-wise constant with jump-set contained in hZ and

[Vy = Rlpacq) + 1h01 Rlpa () < c|dist(Vhy, SO(3))

[h1 R ) < €] dist(Vay, SO(3))

(4.4a)
(4.4b)

I oy
i~

Moreover, R can be chosen independently of ¢ and if (y,z) € Q}(L’ch Rue) for some z € L2(Q, R3*3)
and (vpe, Rpe) € R3 x SO(3), then we may choose R, such that R(0) = Ry..

Proof. Repeating the arguments for [Neul2, Prop. 3.6], which already establishes (4.4a) in the
case ¢ = 2, one can show that (4.4a) holds for arbitrary 1 < ¢ < co. What is more, since R is
constructed using the rigidity estimate, R can be chosen independently of ¢ by Proposition 4.1.
Especially, note that from the procedure one can establish the inequality

sup  |hO1R(x1)|* < clh_ludist(vhy*, SO(3))
x1€(£7£+h)

2
HL2([§_h,§+h)xS)7 EehZn[-h,l+h],
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where y* is an extension of y to (=2h,l +2h) x S with

|dist(Vry.,SO(3)) < ¢a|dist(Vhy,SO(3))

HL2((-2h,0)u(z,z+2h)xs) HLZ((O,h)u(l—h,l)xS)'

From this, we obtain (4.4b) by comparing the L? norm against the L norm. [Neul2, Prop. 3.6]

also shows that one may choose R, such that R(0) = Ry, if (y, 2) € Qi(lvbC Rue)" O

We proceed by proving the a priori estimate (1.17). By (4.1) it remains to show the estimate
for y* - fs y"(0,+). This is due to the following version of the Poincaré inequality. We show a
stronger version than necessary for (1.17), which we use in the proposition afterwards.

Lemma 4.3 (Poincaré-Morrey). Let 1 < g < co. We find a constant ¢ > 0, such that for all
y e WH(Q) we have

Hy - fSy(Ou ‘)HLq(Q) < C(||31y||L1(Q) + ||@y||Lq(Q)) : (4.5)

Proof. In the proof we follow [Neul2, Prop. 3.6]. Consider §(x1) = fgy(21,%)dZ, 1 € w. Then,
Poincaré’s inequality yields

Hy - g”iq(g) = / Hy(:m, ) - fsy(wlv )Hiq(s) dz1 <q / ”ﬁy(xla .)”%Q(S) dzy = ”ﬁy”gﬂ(g)

Moreover, in one dimension the continuous representative satisfies §(z1)-5(0) = [y 81y. Thus,
we can conclude the claim with the estimate,

15— 5(0) |1y < 101811 ¢y < IS17 1O 11 - -

Now, Theorem 1.6 (a) is an immediate consequence of the following proposition, also in the
variant with boundary conditions. The proposition shows that 3D deformation with finite
energy in the sense of (1.18) can be represented by means of a standard Cosserat ansatz with
a small remainder ¢", see (4.6) below. The proposition also establishes estimates that we need
for the construction of the mutual recovery sequence. In particular, using the regularizing
properties of the strain gradient terms, the proposition yields smallness of the remainder ¢ in
L9 for large q.

Proposition 4.4. Let (vpe, Rpe) € R3 x SO(3) and (y",2") ¢ Q" having bounded energy, i.e.
satisfying (1.18). Then, y" admits a representation,

y"(z) = " (x1) + hRM (21X (2) + h"(2), x €, (4.6)

for some rod configuration (v",R") € Aioq and ¢ € WH*(Q,R3), such that the following
statements hold.

(a) We have v"(0) = s y"(0,2)dz and s #"(0,2)dz = 0. Moreover, if (y",2") e Q’(ﬁ”vbC Rue)’
then v"(0) = vpe, R"(0) = Rye and ¢"(0,%) =0 for a.e. T€S.

(b) We have I +hz"e Ky a.e. in Q for all0<h < 1.
(¢c) For all ge[1,00] and § € [1,00), we have

lim sup +h H z

—

< oo, (4.7a)

thHLZ’(Q) hHL“(Q)
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hI}Lljélp h~%¢ HV\/CT/L

LP(Q) +heR HVRthLP(Q) + hOR vahthLp(Q) < 00, (47b)

. —aq _ -ag h _ ph| 1-ayq h
hr,?jélp h Cyn =1 L) | R |y - R HL‘J(Q) +h o R HLQ(M) <oo, (4.7¢)
hr}? Sélp W'~ H(bhHLq(ﬂ) + bl vh(bhHL‘i(ﬂ) < oo, (4.7d)
1 q<2,
where o = {ac+2 l‘qc ge(2,00), and oy =1 for g < oo and ay < agz arbitrary for q = co.
ao q=o0

(d) We find (v,R,z) e Q°, ¢ € H'(w,R?) and ¢ € L?(w,H'(S,R3)), such that up to a subse-
quence (not relabeled),

Py in L2(Q,R¥3), (4.8a)

o —0"(0) = v - v(0) in H?(w, R?), (4.8b)
R'~R in H (w,R¥3), (4.8¢)

o~ ¢ in HY(Q,R?), (4.8d)

Vo ~ (810 | V) in L2(Q,R¥). (4.8e)

Moreover, if (y", 2") € Q(vb R’ then (v,R,z) € Q(()vbc,Rbc)‘

Proof. From (1.18), we immediately obtain,

(*1) limsuph_Q/ Wel(Vhyh(I+hzh)_1) < 00, (*2) limsup h_z/ Wpl(I+hzh)< 00,
h—0 Q h—0 Q

(*3) lirifgph‘acpAHg(Vh\/Cyh) <o, (x4) 1inhﬂjélpho‘RP/QH§(VhRyh)< oo

(*2) implies (b) by Definition 2.4 and the a priori estimate (4.1) yields (4.7a) and that (y") has
finite bending energy in the sense of (4.2), i.e

st /Oy -1

(*3) and (*4) yield (4.7b) in view of the growth condition (HE2) and the polar decompositon
Yyl = Ryn\/Cyn. Now since p > 3, from Morrey’s and Poincaré’s inequality, combined with
(*5) and (4.7b), we conclude the L* bound

thUPh ac”\/a_IHL“’(Q) : hr,?sélph_ac (”\/CTJh_fQ\/C_zﬂ L (Q) " Hﬂ\/c_yh_”)
<c hmsuph ac (HV\/E Lo(a) H\/7

Note that for 2 < g < 00, oy is defined such that aqq = ac(g - 2) + 2. Thus, we have the trivial

= hmsuph lHdISt(Vhy SO(3))HL2(Q) < oo. (*5)

LQ(Q))

inequality
q-2
—« - -1
U VA L‘?(Q) ( CH V _IHL“(Q)) (h H VO —1 LZ(Q)) ’
which establishes
hr;?jélp h_o‘quist(Vhyh,SO(3))HLQ(Q) = liI}Illj(l)lp =\ /Cyn = 1 . < 00 (*6)
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Note that for 1< ¢ <2, (*¢) follows immediately from (#5) by Holder’s inequality. Let us now
define the rotation field R according to Proposition 4.2. Then, (4.7c) follows immediately from
(*6). Following [Neul2, Prop. 3.6] we define

1
o (1) = ][ y™(0,7) dq:+/ R'(s)e ds,
S 0

¢"(x) = b7 (4 (@) = v"(@1) - hR" (21)R () ).

Then, (v, R") € Aroq, (a) is satisfied by the centering of S, see (2.1), and a quick calculation
shows v,¢" = b1 (vuy" - RP) - (Othi‘O). From this, we conclude ¢" € W', since y" ¢
W2P(Q,R?) and R" e Wh*(Q,R3*3). Moreover, (4.7c) yields,

hr}r;s(l)lp hl_aquvh(ﬁh HL«?(Q) < oo. (*7)

It remains to show the first part of (4.7d). We start with the case 1 < ¢ < oo. Since
s #"(0,%) dz = 0, Lemma 4.3 implies

6" Ny < s (1016" s oy + 196" |iagay) < €3 (1956 s gy + 11958 oy ) -

Thus, (4.7d) follows from (%7). The case ¢ = oo now can be obtained from the fact that
Poincaré’s and Morrey’s inequality show that for any q > 3,

Hd)hHLW(Q) scq (thgbhHLé(Q) + H¢h HLI(Q)) ‘

The statement (d) follows immediately from the boundedness of the sequences in question,
which we established in (¢). The only remaining part is the identification of the limit of the
sequence Vx¢". The proof is analogous to the proof of [MMO03, Thm. 3.1(i)] and [Neul2,
Thm. 3.5(a)]. For the readers convenience we provide the arguments here. From (4.7d) we
know that (V,4") converges (up to a subsequence) weakly in L2(€2, R®3). Moreover, since
Vn = (01 ‘ %?), (4.7d) implies that the limit is of the form (91¢|d) for some d e L?(Q,R3*2).
Let ¢" 1w —» R3, ¢ (1) := fs " (x1,%) dz and " := A1 (¢" — $"). Then, we can write d as the
weak limit of (V") in L?(Q, R?*?). Moreover, the proof of Lemma 4.3 shows

im sup " 2 ) = imsup A~ 6" = 6] 2 g < eslimsup A~ [F0" g < o

Thus, (¢¥") converges (up to a subsequence) to some 1 ¢ L2(Q,R?). It follows that v €
L?(w,H'(S,R?)) and d = V1), since

/ dip = lim/ 8i+1whg0 = lim/ ¢h87;+1<,0 = / Y01 forall pe C°(Q),i=1,2. O
Q h—0 Jq h—=0 Jq Q

Remark 4.5.

(1) The ratio behind the definition of o in Proposition 4.4 is the following: As shown in the
proof of Proposition 4.4, equi-boundedness of the energy in form of (1.18) yields (thanks

to the geometric rigidity estimate [FJMO02] and the presence of the strain gradient term
HY) the bound

limsup (™! |dist(Vay", SO(3))

+ B¢ | dist (Vy", SO(3))
h—0

)<oo.

Iz I~ o)

Combined with an interpolation estimate between L? and L™ we obtain for all q € [1, 0]
the bound

lim sup h™ ¢ Hdist(vhyh, SO(3))

n st HLQ(Q) < oo.
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(ii) (4.7d) clearly implies limy, o h*~° "¢h“L“(Q)
estimate in the construction of the mutual recovery sequence. In particular, thanks to the
assumption ap < %(1 —ac) we have ac + ag < ag and thus,

=0 for any 6 < ag with ¢ = 3. This is a critical

N B h
}lllf%h S [ HL‘”(Q) — 0.
4.2 Lower bound; Proof of Theorem 1.6 (b)
In this section we show Theorem 1.6 (b). [MS13] already establishes the lower bound for the
plastic part, i.e.

. coh h

IH;?_}[?ngl(Z ) > 581(2:),

ngl%quh(zh, zhy > DOz, 2),

provided z" - z and 2" — 2 in L?(Q,R*>*3) (the lower bound for the energy needs that (3", 2")
has bounded energy to be rigorous, but this is not a restriction as we shall see in Proposition 4.8).
It remains to prove the lower bound for the elastic energy. For this, we mimic the procedure
of [Neul2] appealing to Proposition 4.4. See also [MMO03; BNS20; Bar+22], where similar ideas
are used. We start by providing a characterization of the limit of the nonlinear strain, the

proof of which follows immediately from Proposition 4.4 and [Neul2, Lem. 4.5]. Recall that for
Re Hé0(3) (w) we defined Kp:= RTO|R.

Proposition 4.6. Let (y",2") c Q" with bounded energy in the sense of (1.18). Let (v, R") e
Arod and ¢" e WH(Q,R3) be as in Proposition 4.4. Consider

Gh =W (B Wy 1) = (K| 0) + (B 9h", (4.92)
E" = b (Vg Ty - 1) = b7 (\/Cpn - 1), (4.9b)
Then, for all q € [1,00],

+ RO ER |, ) < oo (4.10)

: 1-ag || R
hlzlfélp ] € HL‘J(Q)

Moreover, if we find z € L*(Q,R¥>3), (v,R) € Aod, ¢ € H(w,R?) and 1 ¢ L*(w,H!(S,R?))
such that the convergences (4.8) hold, then
G" = G:= (Kpx+R"01¢| RTV) in L2(Q,R>3), (4.11a)
E" ~ E:=sym(KgX + ae1 | V) in L*(Q,R¥), (4.11b)

where a:= RT01¢-e1 € L2 (w) and ¢ := RTy + (RT91¢-X)e; € L2 (w, HY(S,R?)).
The next essential ingredient is the following lemma resulting from a careful Taylor expansion.

Lemma 4.7 (Expansion). Let (®"), (¥") c L*(Q,R*3) bounded and & : (0,00) — (0, 00) with
limj,o k(h) = 0. Then, we find O" c Q with limh_,g‘Q \ Oh‘ = limp0 /i(h)h_Q‘Q \ Oh| =0, such
that det(I + h¥"(x)) > 0 for all x € O" and

lim

= 4.12
h=>0 0 (4.12)

h2 /Oh Wel((l+h<1>h)(l+h\11h)1)—/0h Qa (2" - ")
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Proof. Define #(h) := r(h) if limj_oh%k(h)™ = 0 and &(h) := h else. We define the set

oh = {x € Q | |h@" ()| + |RE"(z)| < min{%,fi(h)l/‘l}}. Then, Markov’s inequality shows

limy,_q h‘QR(h)‘Q \ O" ‘ = 0. Moreover, we find from the Neumann series that given z € O",
(I+hW"(2)) " =1 -nU"(x) + hpl (),

where p"'(x) := h™L ¥52,(~h¥"(x))*. The definition of O" shows that (p") satisfies

R(h)1?
) (+)

Z(pY1/4
o H\thLQ(Q) -0, H]lohhthL“’(Q) < rgya 0

[1016" 1200y < TR0y

Let G"(z) == k1 ((I + h®"(2))(I + h¥"(2))™' = I). Then, (WE3) yields

‘h‘Q/ Wel((I+h<I>h)(I+h\I/h)‘1)—/ Qa(®" — UM)| < ()" + (11)",
Oh Oh

where

(I)h = Hﬂthh Tel(H]l()thh

HL2(Q) HL‘”(Q))’

()" := ’/Oh Qa1 (G") = Qi (®" — wh)

From (*) we obtain the estimates

[1on(G" - ®" + T 0,  [|LonhG"|;

@~ @ =0

Hence, (I)h — 0 and also by the Cauchy-Schwarz inequality

(H)h:v (Gh—rI)h+\I/h):(Cel(Gh+<I>h—\Ilh)‘—>0. O
Oh

With these two contributions we are able to show the lower bound statement for the elastic
energy and thus conclude Theorem 1.6 (b).

Proposition 4.8. Let (y",2") c Q" and (v,R,z) € Q" such that the convergences (1.19) hold
(respectively (1.12) provided (y", z") c Q?ch’RbC) and (v,R,z) € Q(()meRbc) for some (vpc, Rpe) €
R3 x SO(3)). Then,

11%1_)1(1)1f g:lﬂ)l(yh? Zh) 2 5(91+p1(vv Ra Z)' (413)

Proof. Without loss, we may assume that the left-hand side of (4.13) is finite and restrict to a
subsequence (not relabeled) which establishes the lim inf as a limit. Then, the sequence (3", 2")
has bounded energy and by Proposition 4.4 we may restrict to a further subsequence (still not re-
labeled) such that the convergences (4.8) hold for some ¢ € H! (w, R?) and 1 € L?(w, H'(S,R?)).
Since then, lim inf},_q Egl(zh) > Egl(z) can be rigorously established as discussed at the beginning
of this section and trivially,

lim inf 5~ /Q HY(V\/Cyn) + hoP /Q HE(VR,.) 20,

in view of the characterization of the limiting elastic energy (3.3) it remains to show

liminfh2/Wel(Vhyh(I+hzh)1)2 inf /Qel((KR>_<|O)+x—z), (*)
h—0 Q xeL? (w,Hyer) JQ
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Applying Lemma 4.7 with ®" := E* (defined as in (4.9b)) and ¥" := 2", provides sets O" c Q
with ‘Q \ Oh| — 0, such that

lim inf 5 / Wa(Vhy (1 + b)) 2V
e Q

WE2
™ )hmmfh?/ Wel((I+hEh)(I+hzh)1):liminf/ Qa(E" - 2").
h—0 Oh h—0 Oh

lim inf h2 / Wa((I+hE")(I+hz")™)
- Q

Now since by (4.11b), E" -~ E = sym(Kgx|0) + x for x := sym(ae; | Vy) € L?(w,H,q) and
2P~ 2 in L2(Q,R¥?), we find 1on(E" - 2") = F - z in L?(Q,R*?). Hence, we conclude (*)
using the weak lower semi-continuity of the quadratic functional as follows,

liminf/ Qel(Eh - zh) = liminf/ Qel(]loh(Eh - zh))
Oh h—0 Q

h—0

Z/QQel((KR>_<|O)+X—z)Z inf /QQel((KRi|O)+X—z). O

X€L2 (wvHrel)

4.3 Mutual recovery sequence; Proof of Theorem 1.6 (c)

The main novel contribution of this paper is the construction of a recovery sequence, which
allows to prove Theorem 1.6 (c). In this section we provide this construction. As in [MS13;
Dav14] we construct the recovery sequence for the plastic strain and the deformation indepen-
dently and then show convergence of the dissipation, the hardening energy and the elastic energy
individually. First, we treat the plastic terms. The following proposition is due to [MS13]. We
use a slight variation of the statement in order to circumvent the necessity to assume that
Z — z is smooth. One can easily check that all the arguments used in [MS13] still hold with the
adjustment. We leave the details to the reader and state the result without proof:

Proposition 4.9 (cf. [MS13, Lem. 3.6]). Let z, 2 € L*(Q,R¥?) with 2 := £— 2 e L*(Q,R3?) and
(zM) c L2(Q,R¥3) such that 2" — z in L2(Q,R¥3) and

limsupggl(zh) < 00. (4.14)
h—0

Choose a sequence (2") ¢ CZ(Q,R33) with 2" — 2 in L2(Q,R¥3) and limy,_o h/?| 2" I () = 0.
Let UM := {z e Q|exp(hz"(2))(I + hz"(z)) € K1} and define

= W gn (exp(RE") (I +h2™) = T) + Lo gn 2" (4.15)

Then, 2" = 2 and 3" - 2" > % in L2(Q,R>?) and

limsup D (2", 2M) <D%(z,2), (4.16a)
h—0
lim sup (m(z") - ER(")) <X (2) - ER(2). (4.16b)

We turn to the construction of the recovery sequence for the deformation, that is, the construc-
tion of a sequence (§"), such that

lim sup (E5(3", 2" - E5(y",2")) < €4(0, R, 2) - £4(v, R, 2), (4.17)
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for (yh,zh), (v,R,z) and (@,]:2,2) as in Theorem 1.6 (c) and (2") as constructed above. We
establish (4.17) by showing separately,

limsup h™ / War(Vag" (I +hz") ™) = Wa(Vy" (I + h2")71) < £3(0, R, 2) - £3(v, R, 2),

h—0
(4.18a)
lim sup h~P¢ / - H(v\/C) <0, (4.18b)
h—0
lim sup hpaR/ Hel(VRgh) - Hel(VRyh) <0. (4.18¢)
h—0 0

The following lemma is used to construct the rotational part of the deformation.

Lemma 4.10. Let : (0,00) - [0,00) with limy,_ox(h) =0, R € HSO(3)( w,R¥>3) and (R") c
Héo(3)(w,R3X3) with R" ~ R in H' (w,R3*®). Then, given another R € Hso(g)(w,Rgxg), we find
a sequence R c Héo(?))(w,RSX?’), such that

RV~ R in H (w,R¥3), (4.19a)
Kpn—Kgn —» K- Kg in L2 (w,R¥?), (4.19b)
tim m(h) (| K g = Kl e ) + [ B [ o+ 101K [ ey ) = 01 (4.19¢)

where R" := R"(RM)T. Moreover, if R*(0) = R(0) = R(0) = Ry € SO(3), then also R"(0) = Ry.

Proof. Let R := RR”. By an approximation argument, we may choose (K") ¢ C*(w, RS,
satisfying ~ ~
K" > Kgin (QR™),  lims(h)| K", =0.

Then, by solving a linear ODE, we find RMe C°(@w,R*3) n C(w, SO(3)), such that K" = Kz
and Rh(O) = R(0), see [Neu12 Lem. 2.3] for details. Moreover, since R is given uniquely by
K, and R(0), we get R" - R in H' (w,R¥3). Set R := RPR". Then, one easily computes the
identities

Kpn -~ Kpn = (R K R, Kp-Kp=R"KzR.
From these, the claim is easily checked. O

The following proposition establishes a general construction of a deformation via a corrected
standard Cosserat ansatz. The recovery sequence shall be of this form.

Proposition 4.11. Consider (y",2") c Q" with bounded energy in the sense of (1.18) and let
(v,R,2) € Q°. Let (v, R") € Aroq and ¢ e WH*(Q,R3*3) be as in Proposition 4.4 and assume
that (v, R, ¢") converges to (v, R, ¢,1) in the sense of (4.8). Let (@,R) € Ape, G € L?(w) and
¢ € L2(w,H'(S,R®)). Then, there exist sequences as follows:

(a) (a") c CZ(w), such that

a" > a in L2(w) and ]llir%(

21—00 “h
p ) Ha ||W1’°°(w) = O

(b) (qfsh) c CP(Q,R3) with QAﬁh(O,;T:) =0 for a.e. €S, such that
" -0 i HY(QR?), vyo" - (0| RVp - RRTVY) in L2(Q,R>3)  and
lim 170708 (19,6 = ) + [ V916" L= () = 0
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(c) (o") c C®(w,R3) with ¢"(0) = 0, such that

*

" > ¢ in HY(w,R?)  and lim e 1 2
(d) (RM) c Héo(g)(w,RBX?’) as in Lemma 4.10 with
o h h l-ac-a h h plarel «
k(h) = 9" = 8l 20y + B0 (14 [ Loy + 16" | ey ) B2 7 +BOR.

Moreover, we introduce 9" (x1) := 9(0) + o R'(s)eids, x1 ew, R" := R"(RMT and R := RRT .
Define the deformation,

g () := 9"(21) + hR"(21)% ()

+h (Rh(xl)(gi)h(x) (@) + () + /Oxl " ()R (s)er ds) . (4.20)

Then, (§") ¢ W2P(Q,R3) satisfies " — o in HY(Q,R3) and V49" - R in L2(Q,R¥3). Recall
G", G e L2(Q,R*>3) from Proposition 4.6 and consider G" := h"'((R")Tv,g" - I). Then,

G" ~ G = (K% + de1 | V) in L2(Q,R>3), (4.21a)
Gh-c"-G-a in L2(Q,R>3), (4.21b)

Furthermore, A" and Al defined by
Vg" = RM (V" + hA"),  wg" = RM(I+ hAM) V", (4.22)

satisfy A" > R(G - G) and A" > R(G - G)RT in L2(Q,R¥3), and

lim plmeemem AR o hITeC|vAr] o) =0, (4.23a)
R N =0. (4.23b)
h—0 L ()

Proof. Recall oy, q € [1, 0] from Proposition 4.4 and Remark 4.5. Then, the proposed sequences
exist by standard approximation arguments and the estimates obtained in Proposition 4.4. Note
that if R($-RT4) is smooth, we can choose @" := hR(p-RT1p)—fg hR($—-RT¢)). An elementary

calculation using R" = R"R" shows
G" = (KX = (R 010 + (R") K (8" = 0l1) +a"er [ 0) + (B") T Vid" + (R")T Wao".

Note that by construction | K s (¢" - d)’j)HLz(Q) < k(M) K zn =) = 0. Thus, we obtain from
Lemma 4.10,

G" - G" = (K pn - Kpn)x = (RM) 0100 + (R K g (¢ - ¢) + aeq | 0) + (B") T vio"
— (Kp-Kgr)X- R 016 +ae1 | Vo - RTVY) =G -G,

strongly in L%(,R3*3). From this, we immediately obtain G~ G in L2(Q,R*>3) by Propo-
sition 4.6, as well as 9" — & in H'(Q,R?) and V,y" - R in L2(Q,R*>*?). Furthermore, we
have

Ah:Rh(éh—Gh), Ah:Ah(Vhyh)_l-

23



(Vry",S0(3))] (@) ~ 0, it follows that (Vhy™)~! is bounded in

L (Q,R?*®) and converging in L2(€,R**3) to RT. Hence, A" - R(G - G) and A" - R(G -
G)RT in L?(Q,R3*3). Moreover, let p := 1-ac—ag. Then, in view of Kpn—Kpn = (RM)TKp R
the representation of Gh - G" above yields,

AP = (KpnR'% - 019" + K (8" - o) + R"a"e1 | 0) + (RM)Tw,,0".
Hence, we obtain the estimate,

BP AR+ B2 AR < e (k(R)| K gu | + 71010 |+ h7]a"| + 7] 9"

),

and the right-hand side converges to 0 in L*™°(£2) by construction of the sequences. Finally, we
calculate

(aiKRh)Rh)_( + Kf%h (&Rh))‘c + KRth(ai)_()

~ O ol - s A
OAD = ! 0|+ (@:RM v, + (BRM)T (8;vhd™).

(K ) (6" = &) + K (916" - Di6?) " "

+(8;RM)a"e; + RM(9;0")ey

Thanks to (4.19¢) and using the definition of the sequences combined With~ Proposition 4.4, it
is not hard to check that hl=@c HVAhHLp(Q) -0, . Especially, since Vj,§" = R"(vyy" + hA), we

find §" e W2P(Q,R?). O

With this construction, we are able to show (4.18). We start with the estimate for the elastic
energy.

Proposition 4.12. Consider the situation of Proposition 4.11 and let (3") c L2(Q,R**?) be as
in Proposition 4.9. Then,

hIIIzl—?(;lp /Wel Vhi (I+h2h) /We1 Vay (I + hz")~ ))
S/QQel(G—z)—/QQel(G—z). (4.24)

Proof. Given sets O" c Q, which we define below, we separate the left-hand side into a “good”
part and a “bad” part

/ Wa(Vad" (I + h2") ™) / Wa(Vny (I + b)) = g + b,

where

h- 2/ We (Vig™ (I + ") )—h‘2/ Wea(Vay™(I +h2")1)
ol on

h2

\

Wea((I+hGM)(I +h2")™) - 2/ Wea((I+hG™")(I +h2")t)
(ol Oh

=h~ 2/ W (Vg™ (I +he")™) = Wa(Vpy" (I + h2") 7).
Q\Oh
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is bounded. Set I + hA" :=

Recall from Proposition 4.11 that HhAhHL“ - 0 and HAh 5
(@) L5(Q)

(I +h2")(I +hz")7L. Recall (4.15) and note that

7oAl - exp(-hz") on U™,
on Q\ U",

and thus also HhAh ’L“(Q) - 0 and HAh HLQ(Q)
to treat the “good” part ¢" and show that the “bad” part b" vanishes. Therefore, we define O”
according to Lemma 4.7, such that ‘Q \ Oh| - 0, (HhAhHLN ‘hAhH h‘Q‘Q \ Oh‘ -0

and

is bounded. We seek to apply the expansion (WE3)

@ " ’ L”(Q))

lim sup ¢" = lim sup (/ Qa(G" -2 —/ Qa (G - zh))
Oh Oh

h—0 h—0

=limsup [ (GM-GM+2h -2 Coy(GM + GM -2 - 2.
h—0 Oh

Since G" -G > G -G and 2" -2 > 22 strongly in L2(Q,R?*3), the latter is a product of a
strongly and a weakly converging sequence. Thus, we can pass to the limit and obtain

limsupgh :/(G—G+2—z):Cel(é+G—2—z) = / Qel(é—é)—Qel(G—z).
h—0 Q Q

Note that we use that 1 (G" +GP = 2" - 2M) = (G + G - 2-2), which is a consequence of (1)
being bounded in L*(£2) and 1o — 1 in L?(Q). To argue on the “bad” part, we utilize the
representation V9" = RV(I + hAM)v,yh. Let Fl := v,y"(I + h2")!. From (WE4) we obtain

h—0 h—0

< Llir}rllj(l)lp (/Q\Oh h—Q(W(Fe}{) + 1)(|hAh‘ + ‘hAh|))

limsup b = limsup A~ (/ Wa((1+ hAMYFR(T + hAM)) - Wel(Fe’{))
\O

: heoh by, p-2 h AP h =
SLhrfrllj(l)lp((gel(y A+ 12 OM)([RA e o + A ‘L°°(Q>))‘O’

which finishes the proof. ]
Next, we show that the strain gradient terms vanish in the limit along the recovery sequence.

Proposition 4.13. Consider the situation of Proposition 4.11 and let (") c L2(Q,R*>*?) as in
Proposition 4.9. Then, (4.18b) and (4.18c) hold.

Proof. STEP 1 — PROOF OF (4.18b): From (HE3) and Hoélder’s inequality, we infer
h“”CP/QHg(v Cyn) - HS(V\/Cyn)
ser [ (boev /Ol preenyapl ) aele o v /o]
R Y TR G T N e e

LP(Q)
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By Proposition 4.4, we know lim suph_,OHh_aCV\ /Cyn

it remains to show

-1
! < 00. Thus, to conclude the claim
LP ()

- _ag 3
}LI_I)I(l)h HV\/Cg V\/Cyh

From the representation V9" = R*(Vy" + hA"), defined in Proposition 4.11, we infer,

=0.
LP(2)

Cyn — Cyn = 2hsym ((A™)vy™) + R2(AM)T A",
8;(Cyn — Cyn) = 2hsym ((9;A") T 7py" + (AT (9;9y")) + 2h% sym ((9,A") T AM).
We claim that

li h™C|Con = I|; .
im sup b~ | Cgn ~ 1= g < 00

Indeed, for Cyn replaced by Cyn this follows from Proposition 4.4 and Lemma A.1 and then,
we may use the identity for Cyn — Cyn together with (4.23) to establish the claimed estimate.
Thus, we may apply Lemma A.1 and it suffices to establish

lim b Hngh ~VC,

@)
But, using the identity for 9;(Cyn — Cyn) above, this is a consequence of the estimates (4.23)
and the fact that lim supj,_,o h*F? HVVhthLp (@) < by another application of Lemma A.1.

STEP 2 — PROOF OF (4.18c): Analogously to the previous step, (HE3) and Holder’s inequality
yield

herp /Q HY(VRy) - HY(VR,0)
:hO‘Rp/ HE((R"Y'VRy) - HE((R")'VR,)
Q

<er (R Byn [ iy + 10955 Byp [y ) BN RMYTV By = (BT Byp |y -

It remains to show

;lli_rf(l) haRH(Rh)TVRgh - (Rh)TVRyh HLP(Q) =0.

In view of Lemma A.1, it suffices to establish
lim A [(BT 999" ~ (R V9" o g = O
From the representation V9" = R*(v,y" + hA"), we obtain
0iVng" = (D R")(Vny" + hA") + R (9;Vny" + hdi A),
(BMT9;vig" — (RMT 9, vy = (RM)T (9:R") (Vy" + hAM) + h(RM)T o, AR
Thus, the claim follows from the convergences

Y 1 2 =

lrce) =

Remark 4.14. The critical point in the argument above is that the term h'=2¢ (AM)T(9;v,y") in

the identity for ai(Cgh—Cyh) vanishes. We conclude this by appealing to h1~*C¢ =R HAhHLw(Q) -0

which we in turn, as discussed in Remark 4.5, obtain from the assumption ag < %(1 -ac).
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Now, Theorem 1.6 (c) is a straight-forward corollary of Propositions 4.9, 4.12 and 4.13. For the
readers convenience we carry out the arguments.

Proof of Theorem 1.6 (c). Let (y",2") ¢ QP satisfy (1.18) and (v,R,z) € Q° be such that
the convergences (1.19) hold. Consider (v, R?) € Aoq and ¢" € WH*(Q,R?*3) as in Proposi-
tion 4.4. By Proposition 4.4, for any subsequence, we find a further subsequence (not relabeled),
such that the convergences (4.8) hold for some ¢ € H'(w,R?) and ¢ e L*(w,H'(S,R?)). We
construct the recovery sequence for this subsequence. Let (9, R, 2) € L2(Q,R**3). By (3.3) we
find 4 € L?(w) and ¢ € L?(w,H'(S,R?)), such that

/ Qu((K g+ a1 | 99) - 2) = €36, 7. 2).

Define (§",2") as in Propositions 4.9 and 4.11. Note that without loss of generality we may
assume that 2 — z € LQ(Q,Rgzg), since otherwise D%(z,%) = co. Then, Propositions 4.9, 4.12
and 4.13 yield

timsup (,51(3",2") + D"(2",2") - €0, 2")
< [ Qu(G-2)+ &) +D°(.5) - [ Qu(G-2)-En2)
EQipl(0,R,2) + D°(2,2) - /Q Qai((KrX +ae1 | Vo) - z) — EQ(2),
where G and (¢ as in Proposition 4.11. This shows (1.21), since by (3.3)

| Qu((Fnx +ae1 | 90) - 2) > E4(v. . 2). a0
Q

4.4 Convergence of solutions; Proof of Theorems 1.3 and 1.5

With Theorem 1.6 at hand, Theorems 1.3 and 1.5 can be shown following the general strategy of
[MS13; Dav14] which themselves depend on the general theory introduced in [MRS08]. We also
use ideas of [MR15, Thm. 2.1.6] in the proof. To unify the statement about the convergences
of solutions and time-discretized (approximate) solutions, we introduce the following notion of
approximate solutions.

Definition 4.15 (Approximate solutions). Consider a sequence of ERIS given by M”" :=
(Q,E", D), where Q=Y x Z is a set, E" : [0,T] x Q@ - (=00, 00] and D" : Z x Z - [0, 00]. We
call trajectories ¢ = (yh7 zh) :[0,T] = Q a sequence of approzimate solutions, if we find a map
k:[0,00) = [0, 00) with limj_qk(h) = 0, such that

(a) (Approximate stability). For all o > 0 and t € [0,T], £"(t,¢"(t)) < oo and we find a sequence
(t") c [0, T] with t" - ¢, such that for all § = (9, 2) € Q, we have

EM,q) + DM (2" (1), 2) - EMt", ¢" (1)) 2 k(). (4.25)

(b) (Approximate energy balance). [0,T] 3 t = 0;£"(t,¢"(t)) is well-defined and integrable and
for any t € [0,T1],

Sh(t,qh(t))+DissMh(zh;[0,t])SSh(O,qh(O))+/O 0.8"(5,q"(5)) ds + k(h).  (4.26)
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Remark 4.16. Obviously any sequence of energetic solutions is a sequence of approximate
solutions. Moreover, it is not hard to show that (approzimate) solutions to the time-discretized
problem, see Theorem 1.5, are also approzimate solutions, cf. [MRS08, Thm. 3.4] and [Dav1},
Thm. 6.2], if the initial data qb = (yl,25) e Q}(lvmebc) s approximately stable, i.e. satisfies

£"(0,4) +D"(25,£) - €"(0,45) > —k(h)  for all 4= (9,2) € Q,, p,.y- (4.27)

Especially, since (approximate) solutions to the time-discretized problem always exist, provided
(4.27), the set of sequences of approzimate solutions is not empty.

We unify and refine the statements of Theorems 1.3 and 1.5 in the following proposition.

Proposition 4.17. Consider Assumptions 2.1 and 2.6. Let (vpe, Rpe) € R? x SO(3) and qé‘ =
(yh,2b) e Q?meRbC), a8 = (v, RS, 20) € Q?vbc,Rbc) satisfying (4.27), as well as

20 =20 in L2(Q,R33), (4.28a)

T in H'(Q,R?), (4.28b)

V- RY in L2(Q,R¥3), (4.28c)

EMO0,¢t) - £°(0,¢) < oo. (4.28d)

Let ¢" = (y*,2") be a sequence of approximate solutions to the ERIS M" = (Q?vbcbeC),Eh,Dh)

with ¢"(0) = qb. There exists an energetic solution q = (v, R,z) to M° = (Q(()meRbC),SO,DO)

with q(0) = ¢, such that up to a subsequence (independent of t, not relabeled),

() = 2(t) in L2(Q,R¥3) for all t € [0,T], (4.29a)

EM(t, " (1)) = E%(t, q(t)) for all t €[0,T1], (4.29b)

AE"(t,q" (1)) - 0 E°(t,q(1)) for a.e. t€[0,T] and in L'([0,T]),  (4.29¢)

Diss yn (2"; [0, ]) = Diss 0 (2;[0,¢]) for all t € [0,T]. (4.29d)
Moreover for any t € [0,T], up to a further, t-dependent subsequence (not relabeled),

Y (t) » v(t) in L2(Q,R?), (4.30a)

iy (t) = R(t) in L2(Q,R¥?). (4.30b)

Proof. STEP 1 — ENERGY BOUND: We denote by (-, ')Q the euclidean scalar product in
L?(Q,R3). From the compactness Theorem 1.6 (a) and (4.26), we obtain

[ is y + 198" O |20y + 1" O 20 + Ehepa " (1), 2"(©)) + Disspan (" 0.4))

(1.17) )
<ep (1+ &L, (" (1), 2" (1)) + Diss pqn (230, 1]))

=c (1 +EM(t,y" (1), 2" () + Diss pyn (2" [0,2]) + (1(1) yh(t))Q)
(4.26)

<cp (1 +r(h) +E£"(0,q0) —/0 (051(5) . 4" () ods + {U(1) , yh(t)>Q)

t
“2(“/0 [ (5) gy s + Hyh@)HHlm))_

By absorbing the latter term into the left-hand side and using Gronwall’s lemma, we obtain for
some constant c3 > 0 independent of A and ¢,

lv"(t) Hii(m + vy (@) Hi%m + th(t)Hi?(m + &t (4" (1), 2" (£)) + Diss pgn (2" [0,1]) < e5. (¥)
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STEP 2 — COMPACTNESS: Using (*) and I € WH([0, 7], HY(Q,R?)), we observe that the
sequence (9, E"(+,¢"(+)))p is bounded in L'([0,77]). Thus, using (*) once more to apply a gen-
eralized version of Helly’s selection principle, cf. [MRS08, Thm. A.1], we obtain a subsequence
(independent of ¢, not relabeled), such that for all ¢ € [0, 7]
() ~ 2(t) in L2(Q,R>?), Diss vqn (275 [0,1]) =: 6°(¢),
P"i= (041(+) . 4" (+))g = P* in LY([0,T]),
and 6°: [0,T] — R satisfies
Diss y0 (23 [5,t]) < 6°(t) = 6%(s) forall 0<s<t<T.

Let us fix t € [0,T7]. We define E~(t) := liminfj,_o E"(t,¢"(t)), E*(t) := limsup,_q E"(t, ¢"(t))
and PO(t) := liminf),_,o P"(t). Note that by Fatou, we have

P*(s) > P%(s) for a.e. s € [0,T]. (4.31)

We restrict to a further ¢-dependent subsequence, indicated by hj, such that P" (t) - PO(t).
Let us anticipate that in Step 5 we shall show that the whole (sub-)sequence ((&J(s) , yh(s)) Q)h
is convergent for a.e. s € [0,7']. Thus, the restriction to this subsequence is not necessary, which
is important as discussed in Remark 4.18 below. In view of the compactness Theorem 1.6 (a),
we find (v(t), R(t)) € Ayoq and a further t-dependent subsequence (not relabeled), such that

yU(t) > u(t) in (R, ViuyM(t) > R(t) in L2(Q,R>?), (4.32)

and q(t) = (v(t),R(t),2(t)) € Q((]vmebc). We observe ¢(0) = ¢ and PY(s) = (Osl(s) , v(s))Q =
<8sleﬁ(s) , v(s))w.

STEP 3 — STABILITY: We show that the limit ¢ = (v, R, z) is stable, i.e. satisfies q(t) € Spo(t)
for any t € [0,T]. We prove this with the help of the mutual recovery sequence Theorem 1.6 (c).
Indeed, fix t € [0,7] and let (9, R, 2) € Q?vbc,Rbc)' By Theorem 1.6 (¢), there exists a subsequence
(h;) of (hy), such that (4.32) holds and for which we can construct a mutual recovery sequence
Ghi = (9, 2M) associated to q(t), ¢ and ¢" (t). We denote by (") c [0,T] a sequence with
th - t satisfying (4.25). Note that from the convergences 3" (t) - v and §" - ¢ in H(Q,R?),
we may infer

(1), 4" (8) g = (1), v(B)) g, = (1), w(®)) s (1), 979) g = (17 (1), B(8))-
Thus, we obtain

go(tv Cj) + DO(Z(t)v 2) - go(ta q(t))
(1.21) R s b Ah Iy R hirahs ha (4.25)
> " limsup (" (t",¢") + DM (2" (¢),2M) - €M (#",¢" (¢))) > limsup(-r(h;)) = 0.
Jj=0 Jj=0
We claim that the stability implies £°(t,q(t)) < E~(t). Indeed, by appealing to a different
subsequence of (h), indicated by hfé, we find (v*, R*) with (v*, R*,2(t)) € Q(()'ch Ry,) Satisfying
P (8) - v in LAQRY), VM (1) » BT in L2(Q,R¥P) and €M (¢,¢"7 (1)) ~ B (1).

The stability of ¢(t) especially implies that (v(t), R(t)) minimizes (v*, R*) = E%(t,v*, R*, 2(t)).
Thus, the lower bound statement (1.20) shows

E%t,q(t)) < E%(t,v*, R*, 2(t)) < nrﬁinfgh(t,th () = E~(¢). (4.33)
R -0

29



STEP 4 — ENERGY BALANCE: From P%(t) = liminfj,_o P"(t) we infer that P° is measurable
and combined with ’Ph(t)‘ < ca] 011(t) |2 (g, we deduce P% ¢ LY([0,7]). It remains to show
that ¢ satisfies the energy balance (1.9). We split this statement by showing the lower and
upper bound separately, starting with the lower bound. Indeed,

E%(t,q(t)) + Diss pg0(2;[0,t]) < E~(t) + 8°(t) < E*(t) + 6°(¢)
= hr}r;s(l)lp (Eh(t, " (t)) + Diss yn (23 [0, t]))

(4.26)

< lim (gh(o,q{;) -/0 (851(s), y™(s)) ds + H(h))

h—0
t t
L) - [ P(s)ds <200 - [ (00(). v(s), s
0 0

The upper bound is a direct consequence of the stability established in Step 3. We refer to
[MRS08, Prop. 2.4] and [MR15, Prop. 2.1.23] (see also the comments in the proof of [MR15,
Thm. 2.4.10]) for a detailed proof.

STEP 5 — IMPROVED CONVERGENCE: We show the remaining convergences in (4.29). From
Step 4, we infer

50(0, q8) —/0 (&leﬁ(s) , v(s))w ds = So(t,q(t)) + Dissp0(2;[0,t]) < E(t) + (50(t)
< E*(t) +06%(t) < £°00,¢)) - /t P*(s)ds < £°(0,¢)) - /t(aszeff(s) ,v(s)), ds.
0 0

Thus, the inequalities are in fact equalities. Recall that for all ¢ € [0,7"] and a.e. s € [0,T],
E%t,q(t)) < E~(t) < E¥(t), Disspo(2;[0,t]) < 6°(t) and P*(s) > (0,0°%(s), v(s))w. Thus, we

obtain,
E%t,q(t)) = E~(t) = E*(t), Diss yq0(2;[0,¢]) = 6°(¢) and (ﬁsleﬂ(s) ) v(s))w = P*(s).

The last equation shows that the weak limit of ((&gl(-) Yyt ())Q) , coincides with the point-
wise liminf. By Lemma A.2 we conclude a.e. convergence of &E"(+,¢"(+)) = =(0l(-), yh())Q

Moreover, since 9E"(+,¢"(+)) admits a dominating map in L*([0,7]), we also obtain strong
convergence in L'([0,7]) and conclude (4.29). O

Remark 4.18.

(i) Since, provided (4.27), approzimate solutions always exist, one consequence of Proposi-
tion 4.17 is the existence of solutions to the limiting ERIS.

(ii) If there exists a unique solution (v, R, z) to the limiting ERIS, then the convergence state-
ments (4.29) and (4.30) hold for the entire sequence, since for any subsequence there exists
a further subsequence such that (4.29) and (4.30) hold and the limits are independent of
the chosen subsequence.

(iii) That (4.30) holds up to subsequence is especially due to the fact that a posteriori it is
not necessary to restrict to a subsequence, where liminfj,_o P" (t) is attained as a limit as
discussed in Step 2 of the proof.

(iv) If solutions to the limiting ERIS are not necessarily unique but at least for a given
z € L2(Q,R*3), there exists at most one stable state (v,R,z) for the limiting model,
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then (4.30) holds without extracting a further t-dependent subsequence, since the limit
(v(t), R(t)) is uniquely defined from z(t). A sufficient condition for uniqueness of sta-
ble states is that (v, R) = E°(t,v, R, z) admits a unique minimizer for any t € [0,T] and
2 e L2(Q,R*>3), ¢f. [MR15, Thm. 2.4.13].

5 Discussion of the rod model

The limiting ERIS (Q(()U1 Ry ),SO,DO) is non-convex. In particular, the energy functional £°

and the state space Q(()ch’ Ry,) 1€ NON-convex. The existence of an energetic solutions follows
from our convergence result Theorem 1.5 but it can also be deduced directly from the standard
construction via time-incremental problems. In view of the non-convexity, we cannot expect
uniqueness and a priori temporal regularity of the non-dissipative component (v, R) fails, as
solutions may jump arbitrarily between different stable configurations and may thus even not
be measurable. As a consequence the passage to a t-dependent subsequence for convergence of
the non-dissipative component 3" cannot be avoided in general.

In this section we discuss an example where a unique solution to the limiting problem is expected.
As discussed in Remark 4.18, in this case we observe convergence of the whole sequence of
(approximate) solutions to the 3D problem. Furthermore, in this example we obtain temporal
regularity of the solution. For the example we consider a highly symmetric situation, where
neither the rod’s cross-section nor the elastic and plastic material law prefers a bending direction.
In particular, we assume that the rod’s cross-section is circular,

Q=wxS8, w=(0,1), S =B, _1,2(0), (5.1)
and that the elastic material law is isotropic with vanishing Poisson ratio,
Qa(G) = plsym GP, (5.2)

for some p > 0. Moreover, for some p,§ > 0, we assume that the linearized plastic material law
satisfies

Qu(G) = plGP,  Zp(F) = 0| F). (5.3)

We consider the situation of a one-sided horizontally clamped rod, i.e., boundary and initial
conditions

v(t,0) =vp. =0, R(t,0)=Rp.=1 forallte[0,T], (5.4)

v(0,21) = 271, R(0,z1)=1 for all 1 € w, (5.5)

and assume that the rod is initially not plastically strained, i.e.,
2(0,z) =0 for a.e. x €.
The loading term is given by a force in direction —eg as
1 (t, 1) = =B(t) f (z1)e2, (5.6)

where € C*(R,) is increasing with 3(0) =0 and f € C* (@) with f >0 in w.

Because of the symmetry of the situation, it is natural to expect that the rod remains in the
(x1,z2)-plane, i.e.,
v-e3=0 a.e. in [0,T] x w. (5.7)
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In the following we shall assume (5.7) to simplify the upcoming discussion. We note that a rod
configuration (v, R) € A,oq satisfying (5.7) and the boundary condition (5.4) admits a unique
representation

Jo cosa(s)ds cosa(zy) -sina(zi) 0
v(zy) =| [ sina(s)ds |, R(z1) =|sina(x;) cosa(zy) 0], (5.8)
0 0 0 1

for a unique angle o ¢ H'(w) with a(0) = 0. As we shall explain below, this allows us to
equivalently express the ERIS in terms of a state variable ¢ consisting of the angle a and the
plastic strain z.

We shall prove the following observations:

(a) (Existence of an elastic regime). Consider an energetic solution ¢ with plastic component
z. Denote by t* > 0 the first point in time when plastic deformation occurs, that is,

t* :=sup{r>0|z=0a.e. in [0,7] x Q}. (5.9)

We show that t* only depends on (Q?Ub Rue)’ £0, DY) and satisfies 0 < t* < oo, cf. Lemma 5.2.
In particular, t* is independent of the specific energetic solution in the definition of ¢*.

(b) (Uniqueness in the elastic regime). In the elastic regime [0,¢*] the energetic solutions are
unique and the angle satisfies

a(t) e [-5,0] for all t € [0,¢.].

In fact, we show that « solves an ODE, see (5.22) below. See Lemma 5.1 for details.

(¢) (Conditional uniqueness). Suppose q is a solution to the (Q(()vbC Rbc),EO,DO) with an angle
satisfying
a(t) € [-5,0] for a.e. t € [0,T]. (5.10)

Then, ¢ € WH*([0,7], Q") and any other energetic solution ¢ whose angle satisfies (5.10)
is equal to gq.

As we shall argue below, it is natural to expect that energetic solutions for the specific setting
under consideration satisfy (5.10). However, we do not prove this property (except in the elastic
regime).

Equations for the angle. The argument for these claims is split into several lemmas. First,
we rewrite the limiting ERIS (Q(()Ub Ry ),SO,DO) as an ERIS (Q,€&,D) with state variable ¢ =

(o, 2). To this end we use (5.7) and various formulas for Q°f, K°T and 2** that hold in the
specific setting under consideration and that have been obtained in [Bar+22]. We note that
for rod configurations (v, R) satisfying (5.7) the associated bending-torsion strain Kr = RT01 R
takes the form

Kr = -a'V2K>, (5.11)

where o’ denotes the (weak) derivative of o with respect to x1. Based on this, we can write
the energy £° in terms of a. The boundary conditions reduce to a(t,0) = 0 for all ¢ € [0,T]
and the initial conditions to a(0,z1) = 0, 2(0,z) = 0 for a.e. x € Q. Let us first calculate

32



the effective quantities using Proposition 3.3 and [Bar+22, Lem. 2.11]. Since D°(z,%) = oo if
52— 2 ¢ L2(Q,R3*3), it suffices to consider z € L2(Q, R3*3). We obtain

dev dev
ff g 2
Qa (K) = 3 DK Kl (5.12)
T =1
KCH(Z) = [27Tf5$3212 + T2213 da_:] \/§K1 + [47‘(’fsl’22’11 d.’l_?]\/§K2 (5.13)
+ [47rf51'32’11 da‘:]\/iK?),
2=z sym(—fsznel ‘ ﬁgpz) + [27rfsx3z12 + T9213 di]\/ﬁ\h (5.14)

+ [47‘(‘fS£L’2211 df] \/5\112 + [47‘(‘fsl’3211 di’]\/é\lfg,

where Ki, Ky and K3 are defined in (3.11),

\I'l(m)::%sym(:cosgg)7 %(;@)::%(é%%), \113(53)::E(é(8](8)), (5.15)

~22 00
and defining Z € LQ(Q,RS’;&) by Z11:= 0 and Z;j := 25 else, p.(x1, +) minimizes
HU(S. B 3 [ sm(0] 9¢) + 2ar, ). (516)
Furthermore, we calculate the loading term using integrating by parts to get

1 1
/leﬂ(t)-v:—ﬁ(t)/ F(an) sina(a) dar, (5.17)
0 0

where F'(x1) := fxll f. Note that F satisfies ' >0 on [0,1) and F(1) = 0. Using this, it is not
hard to see that any solution satisfies z12 = z13 = 0 and the ERIS reduces to

wo [t 12 po ! 2
E(t,a,z) = E/o ’Oc - [47rfsa:2z11 dx“ dz; + E/o ‘fsxgzn dx‘ dzy (5.18)
+ ,u/ |Z11 + fSZH + [47‘(‘fsi’2211 dii‘] ZTo + [47Tfsi‘3211 di?] l‘3|2 dx
Q
3
[ Dz - 0i(p)il” + 2|zas - 2(95(¢2)2 + 52(%)3)\2 dz
Q=2
3 o 2
+p [ Dzl + 2223

Q=1

1
+B(t)/0 Fsin «,

3
D(z,3) = 5/ \J > 126 — zidl + 2|223 — 2037, (5.19)
Q 1

1=

Q:={aeH" (w)|a(0) =0} x {z e L*(Q,R3Z) | 212 = 213 = 0} = Qu x Q... (5.20)

Uniqueness in the elastic regime. The ERIS (Q,&,D) describes the evolution of a hori-
zontally clamped planar rod under an increasing downwards directed force (e.g. gravity). For
such a problem it is reasonable to assume that a solution ¢* = (a*, 2*) satisfies a*(t) € [-7,0]
in w as Fig. 1 suggests. Indeed, we show that this can be rigorously justified for the associated
elastic problem of minimizing Q,, 3> a — E(¢, @, 0).
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t=0.0 t=20.0 t =100.0

-1/ -1 -1

Figure 1: The graphs depict the deformation v associated via (5.8) to the solution to
(5.22) subject to p =4m, f(t) =t and F(x1) =1-x (that is f(z1) = 1) for different
points in time. The solution is calculated via a straight-forward finite difference
scheme using the linearization cosa » cos a,p — (@ = Qap ) sin @vap, where we choose
the approximation a,, as the solution from the previous time step.

Lemma 5.1. Consider the energy functional

1 1
E(t,a) = ﬁ/ﬂ |a"2 +ﬁ(t)/0 Fsina, (5.21)

for ac € HY(w) subject to a(0) = 0. There exists a unique minimizer oy of E(t,+). It satisfies

oy € C2(w), ot € [-5,0] in w and is a classical solution to the ordinary differential equation

-2a" + B(t)F cosa = 0, subject to a(0) =0,a'(1) = 0. (5.22)

Proof. As long as (t) = 0, we have the unique solution oy = 0. Thus, we may assume that
B(t) > 0. Consider the map g: R — [-F,0] given by

g(a) . {—5 if |Oé| > 9

—la| else.

Using that F' >0 on [0,1), it is not hard to show that for any a € H (w) with «/(0) = 0, we have
E(t,goa) <&(t,a) and E(t,goa) <E(t, ) if a(xy) ¢ [-F,0] for some x1 € w. Moreover, define
sin: R - R by

-1 if o <3,
sin(a) = {sin(a) if e [-5,0], (5.23)
« else,

and consider the energy functional € defined as £ with sin replaced by sin. We observe &/ (t,a) =
E(t,a) if a € HY (w) satisfies o € [-5,0] inw and E(t,goa) < E(t,a) else. Since &(t, ) is strictly
convex, it admits a unique minimizer a;. We conclude that oy is also the unique minimizer of
E(t,-) and satisfies o € [-5,0] in w. Moreover, we can characterize a; as the unique solution
to the Euler-Lagrange equation, which in its weak form reads

uo [ o

P o'+ 6(t)/ Fosina=0, for all ¢ € H' (w) with ¢(0) = 0. (5.24)

T Jo 0

Testing the equation for fixed x1 € (0,1] with ¢(s) := min{s, z; } and using integration by parts,
we obtain the integral equation

_—ﬂ(t) o ' Ué}fl,ao' oas
(o) =22 /O/SF() (a(0)) dods. (5.25)
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But by the fundamental theorem of calculus this integral equation is equivalent to the strong
form of the Euler-Lagrange equation which is given by (5.22) with cos replaced by sin’. But
this replacement of cos by sin’ can be reversed in view of a; € [-5,0] in w. O]

Conditional uniqueness. The ERIS (Q, &, D) has a unique solution ¢* = (a*, z*) under the
additional assumption that it satisfies a*(t) € [-5,0] in w. Indeed, this is due to the fact that
D is convex and in this case £ is smooth and A-convex for some A >0 in the convex domain

Q:= {aeQu]ae[-2,0] inw}xQ,, (5.26)
in the sense that for all (a, z), (&,2) € Q and 0 € [0,1],

E(t,0a+ (1-0)a,0z+(1-6)2)

- N 2 (5.27)
<OE(t0,2) + (1= 0)E(t @, 2) = M(1=0) (o= Gl + 12 - 212y ) -

The uniqueness is shown in [MR15, Sect. 3.4] (especially Corollary 3.4.6 and Section 3.4.4).
Moreover, the reference establishes temporal regularity in the sense that ¢* € WH*([0,77], Q)
and satisfies for a.e. t € [0,T] the differential inclusion

—ng(t,q*(t)) € 8R(Z*(t))7 _Dag(tvq*(t)) =0, (528)

where R(2) =0 [,|#| is the dissipation potential and OR denotes its convex subdifferential. The
same consequences hold for the convexified energy £ where sin « is replaced by (5.23). For the
energetic solution ¢* to the convexified ERIS, we obtain through the temporal regularity, that
the angle stays in [-7,0] for a small time beyond the elastic regime, i.e. &*(t) € [-7, 0] for a.e.
t € [0,T] for some T > t*, provided the minimizer in the elastic regime satisfies ay > -5. It
is clear that in [0,7"] the associated differential inclusion for the convexified problem coincides
with (5.28). However, it is not clear whether ¢* is also an energetic solution to the original

problem.

Existence of an elastic regime. We conclude this section by showing that there is a period
of time where the solution stays elastic but it is not elastic for all points in time (provided
B(t) - oo as t - o). For this we estimate the point in time ¢* > 0 given by (5.9). In view of
(5.28), we have

t* =sup{r >0|seT forae. se[0,7]},

with
T:={t>0]|-D,&(t,at,0) € IR(0), where ay is the unique minimizer of £(t,-,0)}.
Lemma 5.2. The point in time t* given by (5.9) satisfies
53 * 9 2 3mé?
Sup{t >0 ‘ B(t) < HFHOO—\/Sz—ﬂ_} <t < 1nf{t >0 ‘ ﬁ(t) 2 SUTT';LF(%)IHELX{W , 1gT}} (529)

Proof. Using the definition OR(0) = {€ € Q. | R(z) > R(0) + (&, 2) for all z € Q,}, we calculate

1
-D,E(t,4,0) € IR(0) < 2ﬁ/ o [47rfs L2211 d:)?] dzqy > —(5/ |z| for all z€ Q,
™ Jo Q

1
PR ‘/ oy [fs 2211 d:?:] dxq| < 9 / |z] for all z € Q,
0 21 Ja
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53
< m/ﬁmn for all z;; e L2(Q). (5.30)

1
<~ ‘/ 04 [JCS T2211 dii’] diL'l
0

STEP 1 — LOWER BOUND: In view of the definition of S, a sufficient condition for (5.30) is
< 03T Using (5.25) we obtain

lajl., < 233
1
|O‘£(tal‘1)| = 2mB(t) / F(s)cosay(s)ds < M

Hence, as long as 2Wﬂ(tLHF“"° < ‘L\/% we find s € T for a.e. s € [0,t], which establishes the lower
bound for t*.

STEP 2 — UPPER BOUND: Testing (5.30) with z11(z) := Ljo1(21) Lo (2r)-1/272(2) for all £ >0,
we get that necessarily

|z (0)] = hm][ |af| < 5\/3_” (5.31)

We provide a rough lower bound for |a;(0)]. Suppose |ozt(0)| < ¢ for some ¢ > 7. Eq. (5.22)
shows that aj is non-positive and increasing. Thus, we obtain

—cxp fax <L

ay(z1) > max{-czy, -3} = {_1
2

20 = a(ry).
else

Consider a(xq) := max{—%cxl,—%}. Note that & < & < oy and @ # ;. We estimate the energy
E(t,a4,0) against £(t,@,0). Using the monotonicity of sin on [-7,0], we obtain

E(t,a 0)_—/ M +B(t)/ Fsind

3cu L B(0) [/ F(xl)sin(—%xl)dxl_/ch_/ﬂl F]

3&“_5(1&)/ F(z1)(1+sin(-cz1)) day +ﬂ(t)/ Fsina

30“ - B(t) / F(a1)(1 - sin(cz1)) day + E(t, 1, 0).

Since «(t) is the unique minimizer of £(t, +,0), we observe

_(m=3)BOF(3)
6c '

30u

(t)/ F(x1)(1+sin(-czy))dxy > (t)F(5 )/ 1 —sin(czy) day

Here, the second inequality holds, since ¢ > m and F' is decreasing. We conclude that

|t (0)] > \J 8(r - 3BWF(G) =:c*(t), if ¢*(t) > 7.

I

Combining this result with (5.31), we conclude that ¢ ¢ T, if ¢*(t) > max{w, i%}, which
establishes the upper bound for ¢*. O
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A Appendix

A.1 Equivalence of strain gradient terms

We show that the strain gradient terms fQ He(f (V\/Cy) and fQ Hﬁ(vRy) can be replaced by
Jo HS(VCy) and [, HE(VVhy) respectively, without changing limit and procedure for the
proofs. This is due to the following lemma.

Lemma A.l. Let (F"), (FA’h) c WHP(Q,R33) with det(F"),det(F") > 0 a.e. in Q. Consider

the polar decompositions F" = R"/Ch and F" = RN Ch where CP = (FMTF" and C" =
(Fh)TFh.

(a) We have
lirzlj(l)lp h_o‘CH\/E— IHL‘X’(Q) <oo h?_?élp h_O‘CHCh - IHLW(Q) < co. (A1)
(b) Suppose limsup;,_,qh~*¢ H\/@— IHL""(Q) < oo. Then,
hI}ILljélp h_O‘CHV\/EHLp(Q) <oo & liI}Illj(l)lp h™¢ HVC’h HLP(Q) < 00, (A.2a)
and if additionally one (and then both) of these statements hold, then,
lirﬁjgpho‘RHVRf ) <° S lin}?jélpho‘RHVFhHLp(Q) < 0. (A.2b)

(c) Suppose limsup;,_,q h_o‘c("\/@ - IHLO<> + H\/ Ch - IHLO<>

+ HV\/EHLP(Q)) < oo. Then,

() ()

lim b= vV Ch - vVCR| , 00 =0 = limh¢|vC" - vOh| 0, (A.3a)
h—0 LP(9) h—0

LP(Q) ~

and if additionally lim sup),_,o h*F® HVRQ Lr(a) < and one (and then both) of these state-
ments hold, then for arbitrary (A"), (A") c L (9, R**3) bounded,

lim b7 | A"V R! - A"V R
h—0

Q) 0 < }lli_I)I(l) haRHAhvﬁwh _ AhVFhHLP(Q) 0. (A3b)

Proof. We sketch the proof by providing the essential identities that establish the statements.
For (a) we note

Ch-1=(Ch-D)(VCh+1), VCh-T=L(C"-T)+o(C"-1]).

Here, the second equation is due to a Taylor expansion of the map Rg’;r‘rfl 5> C ~ VC at I.
Indeed, one may appeal to the implicit function theorem to show that this map is continuously
differentiable near I.

For (b) first note that for small enough h < 1, C* € W'P(Q,R>3), since F" is bounded in

L>(92,R%3) by the assumption limsupy,_oh ¢ H\/Ch - IHL‘”(Q)

implicit function theorem to show that also VC? € WHP(Q, R3*3) and the following equations
hold:

8;C" = 2sym (VCho,VCr), 9V O = 9;,C" + 2sym ((I - VCh)9,VCh)),  i=1,2,3.

< oo. We utilize again the
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From these equations one may prove the first part of (b) easily using standard estimation
techniques. Furthermore, the second part follows from the identity

O F" = Rho, vV Ch + (9;RMV .
Indeed, one may use that a Taylor expansion of the map Gl,(3) 3 F > F~! at I shows that

limsup h™ ¢ H (Ve - IH

h—0 L=(Q) e
Finally, for (c) one may argue as for (b) using the identities
8i(éh - C’h) =28ym (\/CA_'h@z(\/E— @) + (\/E— I)@i\/C_’h+ (I - @)OZ@),
(V' Ch ~ /TRy = Lo,(Ch - CM) + sym ((1 —NEm)a,(VEr - TRy + (VO - @)ai@) ,
Ahg B - ARG FM = (AR, R! - APO,RM)W 1 AM(0;RY)(V Eh - VT
AR R @, EmY - AR RE (9T,

These equations are consequences of the ones proposed in the argumentation for (b). ]

A.2 'Weak and a.e. convergence in Lebesgue spaces

Lemma A.2 (cf. [FM06, Prop. A.2]). Let 1 < p < oo, U c R? measurable, and (fi) c LP(U),
felP(U), such that fr, = f in LP(U) and f(x) = limsupy_, . fx(x) (or f(x) = liminfy_ . fx(x),
respectively) for a.e. x € U. Then, fr(x) — f(z) for a.e. x € U.

Proof. Assume f(x) = limsupy_, . frx(x) for a.e. z € U. The claim for f(x) =liminfy_ . fr(x)
can be obtained by considering —f; and —f. Consider f(z) :=liminfj,_« fi(z). Using Fatou’s
lemma (with uniformly integrable sequence of minorants, cf. [MR15, Thm. B.3.5]), we obtain
feLY(U). Using Fatou’s lemma again and f; - f, we calculate for any ¢ € C2°(U),

/U(f—f)w=gir{.lo/l](f—fk)wZ/Uli]gggolf(f(x)—fk(:c))ap(x)dxzo.

Thus, f(z) < f(z) for a.e. z € U. Hence, using f(z) = limsup,_, ., fi(z), we conclude the claim
from,

limsup fi(z) = f(z) < f(z) = lilininf fr(x) <limsup fx(z). O
k—o0 =00 k—o0
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