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BANACH-SAKS THEOREM FOR L! REVISITED

GUY FOGHEMT

ABSTRACT. The Banach-Saks property is an important tool in analysis with applications ranging from partial
differential equations (PDESs) to calculus of variations and probability theory. We survey the Banach-Saks property
for LP-spaces, with a particular emphasis on the case where p = 1. In other words, we revisit the celebrated result by
W. Szlenk (1965) in a more general context, demonstrating that L'-spaces possess the weak Banach-Saks property.

1. INTRODUCTION

A Banach space X satisfies the Banach-Saks property (resp. the weak Banach-Saks property) if every bounded
sequence (), C X (resp. weakly converging to = in X) admits a subsequence (x,;); strongly converging in the

. . — J—ro0
Cesdro sense, that is, ||T,, — z||x —— 0, 2 € X where
J
_ 1
l'nj = - E Tny, -
T =

This variation in the definition irrelevant if X is reflexive. Namely, in a reflexive Banach space the Banach-Saks
property and the weak Banach-Saks property are equivalent. For a general Banach space, because weak converging
sequence are bounded, the weak Banach-Saks property is implied by the Banach-Saks property but the converse is
not always true. Notable examples of Banach spaces not satisfying the Banach-Saks property include L!—spaces,
this is because they are not reflexive. Indeed, a result of T. Nishiura and D. Waterman [NW63] asserts that a
Banach space satisfying the Banach-Saks property is automatically reflexive (interestingly, the converse is not true,
as constructions of reflexive Banach spaces not satisfying the Banach-Saks property are provided by B. Beauzamy
and A. Baernstein in [Bae72, Bea79]). However, it was recognized by Szlenk [Sz165] that L'(0,1) enjoys the weak
Banach-Saks property. It turns out that L' —spaces are perfect examples of a non-reflexive Banach space satisfying
the weak Banach-Saks property. The aim of this note is to address the weak Banach Saks property of L' —spaces in
the general context. From now on, we write LP(X), 1 < p < oo in the sequel to tacitly denote the usual Lebesgue
spaces associated with on a measure space (X, A, u), i.e., A is a o-algebra on a set X and p is a positive measure
on A. We say that a sequence (uy), C L'(X) converges weakly to u in L*(X) and we write u,, — u if

(’U, Uy, — u)(L1(X))/7L1(X) 17, 0 forallve (Ll(X))/,
where (-,-)(L1(x)y,L1(x) is the dual paring between L'(X) and its dual (L'(X))". In passing, we recall the well-
known fact from the Riesz representation for L*(X) (see for instance [FLO7, Corollary 2.41 & Remark 2.42] or the
more recent proof in [Shil8)), viz., if u is o-finite then we can identify (L'(X))’ = L>°(X). In the latter case, the
aforementioned weak convergence L!(X) boils down to the following condition

/ U (z)o(z)dp(z) 2222 | w(x)v(z)du(z) for all v € L¥(X).
X X

Theorem 1.1. The space L'(X) enjoys the weak Banach-Saks property, i.e., for any sequence u, — u weakly in

LY(X), there is a subsequence (uy,); such that [T, — ul|11(x) EmENy

Interestingly, Theorem 1.1 is reminiscent of the renowned result by W. Szlenk [Sz165], who originally established
Theorem 1.1 for the space L (0, 1) endowed with the Lebesgue measure. Notably, the argument of W. Szlenk [Sz165]
carries out to the space L'(X) when the measure p is finite, i.e., u(X) < oo. It is worth emphasizing, however,
that we do not impose any restrictions on the measure p. In fact, Theorem 1.1 is a straightforward consequence of
the following Theorem 1.2 which is more general.
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Theorem 1.2. Assume u, — u weakly in L'(X). There is a subsequence (uy,); such that

1 J Jj—o0
sup H - U — u‘ 0.
0:N—N, s.t. J I; nock) L1(X)
0(T)<0(T+1) -

The supremum s performed over all strictly increasing mapping 6 : N — N.

Our proof of the theorem 1.2 is based on the Dunford-Pettis characterization of the weak convergence in L(X)
and a refinement of the arguments of Szlenk’s proof [Sz165]. Let us comment on some related works in the
literature. The Banach-Saks phenomenon was first established by S. Banach and S. Saks [BS30] for the space
L?(0,1), 1 < p < oo. For the convenience of the reader, we present their proof for LP(X), 1 < p < oo, in Appendix
A (Theorem A.3). This result was subsequently extended to a uniform convex space by S. Kakutani [Kak39]
(see the proof in [Die84, P.124]) and N. Okada [Oka84] who proved that a Banach space whose dual is uniformly
convex also features the Banach-Saks property (see Theorem A.2 and its proof below). As mentioned earlier, due
to the lack of reflexivity, the Banach-Saks property fails in general' for the space L'(X), but it was shown by
W. Szlenk [Sz165] that L1(0,1) rather satisfies the weak Banach-Saks property. As a matter of fact, an intriguing
anecdote concerning the Banach-Saks phenomenon is related to the original work of Banach and Saks [BS30].
Indeed, Banach and Saks claimed the failure of the weak Banach property for L'(0,1) and also claimed to have
generated a weakly null sequence in L!(0,1) without any subsequences having strongly converging in the Ceséro
sense. Later, the proof of W. Szlenk [Sz165] however, revealed the error in the assertion of Banach and Saks [BS30].
For the sake of completeness, it is important to mention that in the case p = oo, even the weak Banach-Saks
property fails in general for the space L°(X) and especially for the space C[0,1]. This was first established by J.
Schreier in [Sch30] and later extended by N. Farnum in [Far74] for general spaces C(S) where S is a metric space.
The result by W. Szlenk [Sz165] sparkled significant interests in the area of probability theory, where one sometime
wishes to have the pointwise convergence almost everywhere of random variables instead of strong convergence.
The first step in this direction, attributed to J. Komlés [Kom67] (see a recent proof in [Bog07, Theorem 4.7.24])
infers that if (X)) < oo, then a bounded sequence (un)n in L'(X) admits a subsequence (un,); and u € L'(X) such
that for all strictly increasing mapping 0 : N — N, the sequence (une<j>)j converges to u almost everywhere in the
Cesaro sense, that is, Un,;, — u almost everywhere in X. This result was improved by D. Aldous in [Ald77]. Much
later, I. Berkes [Ber90] extended the result of J. Komlés [Kom67] and D. Aldous in [Ald77] to the space LP(X),
1 < p < oo with u(X) < oo; see [Woj91, Theorem 29, P. 102] for a detailed proof. Last but certainly not least, the
weak Banach-Saks property represents an enhancement of the sequential Mazu’s lemma [ET76, P. 6], which asserts
that any weakly convergent sequence in a normed space admits a sequence of convex combinations of its members
that converges strongly to the same limit. However, the major limitation of this result is that, because it uses the
Hahn-Banach theorem, the convex combinations are not explicitly determined.

2. PROOF OF THE MAIN RESULT

Analogously to Theorem 1.2, Hilbert spaces satisfy a stronger notion called the uniform Banach-Saks property.
The proof is adapted from those of [Sz165, RSN90].

Theorem 2.1. A Hilbert space (H, (-,-)u) satisfies the uniform Banach-Saks property, i.e., every bounded sequence
(Tn)n C H admits a subsequence (xn,); and x € H such that

J
) 1
lim sup - E Tngyy — 2|l =0.
J=o0 g sr. ] 1= H
0(1)<0(r+1) -
. _ Jj—o0
In particular, we have ||Zy, — x| g —— 0.

Proof. A bounded sequence (), C H say sup,,>; ||zn||# < 7, for some r > 0, has a weak converging subsequence.
Without loss of generality, we assume that (x,), C H weakly converges to « in H and that x = 0. Put z,, = z1
assume &, , is given, j > 2. Since (x,), converges weakly to 2 = 0, we choose n; > n;_; such that

1
Jj+1
A strictly increasing 6 : N — N satisfies 6(j) > j. By construction, the sequence (T ); satisfies

|(@nys Tn, ) H] < for every k =1,2,---,7 — 1.

In some pathological cases L!(X) might be reflexive and enjoy the Banach-Saks property as well. A blatant instance is obtained
by considering L' (X4, ) = R? where p is the counting measure on X4 = {1,2,--- ,d} and obviously llullprx gy, = Z?:l |u(?)].
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J -1
Z ”Ine(k) HH +2 Z Z Lrgry» Ine(l)

1=2 k=1

2; 9(2)+1

H Z I”G(k)

< jr® +2j.
Finally, the sought result follows since we obtain

T2 + 2 j—oo
- E—

1< 2
T prIpo
oNoN, st 1] 1 H J
0(T)<0(T+1)

O

Next, we need the Dunford-Pettis criterion for weak compactness in L!(X). This criterion was originally established
by N. Dunford and B. Pettis in [Dun39, DP40]. A more contemporary version of the Dunford-Pettis theorem,
credited to L. Ambrosio, N. Fusco and D. Pallara [AFP00] with a meticulous proof can be found in [FL07, Theorem
2.54]; see also the versions in [Bog07, Theorem 4.7.18 & 4.7.20]. To facilitate the statement of the result, it is
convenient to recall the notions of tightness and uniform integrability. Let F C L'(X) be a subset. The set F is
uniformly integrable (or equiintegrable) if

lim su / u(z)|du(x) =
i sup [ ()] due)

That is, to be strict, for every e > 0 there is § > 0 such that for a measurable set F € A with u(E) < 4,
/ lu(z)|dp(z) < e for all e F.
E

The set F is tight if
inf sup/ |u(z)|du(x) = 0.
wE)<ocoueF JX\E

That is, for every € > 0 there exists a measurable set F such that 0 < u(E) < co and
/ lu(z)|dp(z) < e for all we F.
X\E

Theorem 2.2 (Dunford-Pettis). For sequence (uy), C LY(X), the following assertions are equivalent.
(i) The sequence (un)y, is relatively weakly compact in L'(X).
(ii) The sequence (up)y, is bounded in L'(X), uniformly integrable and tight.

A fundamental consequence of Theorem 2.2 is that (see [FL0O7, Corollary 2.58]) a bounded sequence (uy, ), C L(X)
weakly converges to u € L*(X) if and only if

/ Uy (@)dp(z) 2222 | w(z)du(z) for every measurable set A € A.
A A

In order to proof the main Theorem 1.2 we need the following ancillary result.
Theorem 2.3. Let u, — 0 in L'(X) then for € > 0 there is a subsequence (n. ;); = (n;); such that

1J
limsup  sup H— ZU"M)

j—o0 0:N—N, s.t. Wi 1
0(T)<0(T+1) =

LX)~

Proof. The weak convergence (uy, ), is bounded say sup,,~; ||un|z1(x) < 7. By tightness and uniform-integrability(see
Theorem 2.2), consider Xo C X with u(Xo) < oo and ¢ > 0 so that we have

sup / ()| dpa(z) <
n>1J X\ Xo

s /A i () da(z) <

[0

whenever u(A) < 0.

™
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Define A, = {2 € X0 : |un(x)| > m} so that

m—o00
— 0.

1 r
sup |An,m| < Esglfl) ||un||L1(X) < E
nz

n>1
Next, choose mg such that sup,,>1 [An,m| < 0 whenever m > mg so that

sup /A Jun (o)) < =

n>1

n,mg

Consider the sequence (vy,),, defined as follows

() un(x) T € Apme UX \ Xo,
’Un xTr) =
0 z € Xp \ An,mo-

On the one hand, the sequence (v,,), verifies the estimate

g
sup [onllpic) <sup [ fon@)ldnte) +swp [ Jon(o)ldute) < 5.
n>1 n>1J X\ Xo n>1JA

= n,mg

On the other hand, it follows from the definition of A, ,,,, that

sup /X i () — v () Pdpa(z) = sup /X o @) < X0\ An

n>1 n>1

That is the sequence (u, — v,), is bounded in L?(X). In view of Theorem 2.1, there is a subsequence (n;); and
such that (un, — vy,); converges in the weak sense in L?(X) to some w and we also have

= 0.
L3(X)

. 1
lim sup - g (Unem - ”ne<k>) —w
J700 9NN, st J 1

0(T)<0(r+1) =

From the latter we find that (., — Vng,) =w =0 a.e. on X \ Xp and we deduce

1y 1
Note that w € L*(X) since [|w||r1(x) < (X0)'/?||w] z2(x). Therefore, there is jo > 1 such that
1 €
e:Nililes.t. HE Z(une(m — Unggey) — w} 1) < 3 for every j > jo. (2)

o(r)<0(r+1) =~ k=1
Furthermore, for g € L*>°(X) (in particular g = 14, A € A) we have ||11XOg||2L2(X) < u(X0)||g||%oo(X) < 00 so that
1x,9 € L?(X). The weak convergence of the sequence (un, — vp,); in L?(X) implies
[t = 00, = ) @)g(a)ds) = [ G, =, ~ )@y (o))
X Xo
Jj—o0

= [, =0, = )@y )dr) 2 0.

Therefore, ty, — vn, — w and u,, — 0 weakly in L'(X) and hence v,, — —w weakly in L'(X). The weak
convergence in L!(X) and the estimate (1) yield

. . g
lwllzrxy = llwllLrx) < 11Jnl>g}f||vnj||Ll(X) <3

Altogether with the estimate (2), for every j > jo we arrive at the following estimate

1< 1<
e HEZU"G““) LX) S HEZ(U"”’”_v"”’“))_w}pw)
0(r)<0(r+1) = k=1 0(r)<0(r+1) =~ k=

1 J
+  sup 35 ([ongeuy L2 ) + [wllrx)) < e
0:N—N, s.t.
o(r)<6(r+1) " k=1
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We finally obtain the sought estimate

jooo 0NN, s.t. LI(X) —

1 J
limsup  sup H - Z Ung
0(7)<6(r+1) 7=

O

Proof of Theorem 1.2. We can assume u = 0. By Theorem 2.3, one can iteratively find a nested family of subse-
quences (n; ;);, ¢ > 1 with the property that (n;1+1,,); is a subsequence of (n; ;); and there holds

1 J
su =S,
P HJZ "o || 1 x)

0:N—N, s.t. _
0(r)<0(r+1) = k=1

S|

IN

3)

In particular if we fix £ > 1 and a map 6 : N — N strictly increasing, it is clear that for each k > 1, (ng(k40),0(j)); 18
a subsequence of (ng(y), ;j)j» namely there is 94 N — N strictly increasing such that ng),0¢) = T (6),0¢ (5) ,7>1.
Observing that

P07 1 (5) = TO(k+e+1),6() = To(k+0),051(0(5)) = "e,08005 ()

we can legitimately identify 6}, (j) = 0% (0774(5)). We have 01.1(j) = 0L (07T4(5)) > 04(j), since OFT4(5) > ;.
Hence, taking j = k + £ + 1 then as 6% is strictly increasing, we get

O (k+L+1)>0p(k+L+1)> 0 (k+0)

In other words the mapping 0* : N — N with 6*(k) = 0% (k + £) is strictly increasing. As a result, taking into
account ng(k4.0),6(k+6) = Mo(e),0¢ (k) = 10(£),0% (k) and the estimate (3) one deduces the following

hmsupH g U —hmsupH g U .
NG (k+2),0(k+20) LX) Mg (e),0* (k)

j—00 j—o0 LY(X)
<tmswp sup | 3 <<
im su u U — < -
= j%oop QNHNP Mg(0),0(k) Li(X) 6‘([) =7
6(r)<6(r+1) =
where recall that 6(j) > j, 7 > 1. On the other hand, we have
1< 1<
OIS BT 5
Hj ; nﬂ(k),ﬂ(k) LI(X) —_ ] ; ne(k),e(k) Ll(X j _ g k;;{ ne(k) 0(k) LI(X)
l j—L
= lzu"wk),e(k) L _ Z“”MH) ok +0) || 14
J iz LY i LX)
Using this and the fact that Zi:l (g o0 121 (x) < €8UDy,>1 [[unr(x) < €r we get
hjnisip 9:NS:1];1,35¢ H ;une(k) 5 || L1 x) < hjnisip 9Ni11];1ps . H Zune(k+£) 00+ || 13y
0(T)<0(r+1) 0(7’)<0(T+1)
=limsup  sup H Z U < 1
jooo emon e MJ MOGEO.0GEO I 1 xy T 4
0(1)<0(r+1)
Given that ¢ > 1 is arbitrary, letting ¢ — oo yields
lim su H U = limsu su H U =0.
Pel QNHNP ; Ng(k),0(k) LX) j—»oop Q:NHNPS* ; N9 (k),0(k) L1(X)
0(T)<0(‘r+1) 0(T)<0(r+1)
Finally the desired subsequence (uy,;); is obtained by taking that diagonal sequence t,; = Uy, ;- O
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APPENDIX A.
Theorem A.1 (S. Kakutani [Kak39]). A uniformly convexr Banach space X has Banach-Saks property.

The result by P. Enflo [Enf72, Corollary 4] implies that a Banach space is uniformly convexfiable? if and only if its
dual is uniformly convexifiable. Thus Theorem A.1 can be recast as the following Theorem A.2.

Theorem A.2 (N. Okada [Oka84]). A Banach space X whose dual X' is uniformly convex has the Banach-Saks
property.

We present an elegant proof of Theorem A.2 due to N. Okada [Oka84] based on the duality mapping of X, viz.,
the map ¢ : X — X’ verifying ¢(0) = 0 and

(p(2),2) = [l2llxlle(@)llx = 2],

where (-,-) is the dual pairing of X and X’. The existence of p(x) € X’ is a consequence of the Hahn-Banach
theorem, whereas since X' is uniformly convex, it can be readily shown that the uniqueness follows from the strict
convexity of X’. Furthermore, the uniqueness implies that p(Az) = A¢(x), A € R, while uniform convexity of X’
implies that ¢ : X — X' is uniformly continuous on bounded sets; see for instance [Chi09, Section 5.4] or [Kat67].

Proof. As X' uniform convex implies X’ is reflexive which is equivalent to says X. I t suffices to prove the weak
Banach-Saks property. A sequence (x,), C weakly converging to z in X is bounded, say (z,), C Bx(0,7) :=
{zx € X : |z||x < r} for some r > 0. Without loss of generality, assume x = 0. Put z,,, = x1 assume z,,;_, is
given, j > 2, and put S;_1 = 7@;11 T, Since p(S;—1) € X’ and (z,,), converges weakly to z = 0, we choose
nj > n;_1 and hence construct the sequence (z,,,); such that [(¢(S;-1),2n;)| < 1. Since ¢ is uniformly continuous
on Bx(0,r) for € > 0 there is 6 > 0 such that ||¢(z) — ¢(y)| x: < &/r wherever z,y € Bx(0,7) and ||z — y||x <.
Fix j > jo with jo > r/d, then %HSj = Sj-1llx < & < 6. Whence, we have

Siyv_ Sty o o Siy _ (i1 re _
!(w(j) o( ; ), S; Sa—l)léllwnjllew(j) o( ; Ny ===

That is, using the formula (Az) = Ap(z) we obtain

|(#(S5) = ¢(Sj-1), 8 = Sj-1)| < je.
The relations (¢(z), ) = [lz]x[l¢(z)|x and |z x = [[¢(z)]x yield

2
(p(z) = o),z —y) = (lzllx = lyllx)y + [zl xlyllx = (@), )] + [lzlxlylx = (o), 2)].
Taking into account the fact that, (p(z),y) < |le(@)|lx|lyllx = |l=|l x|yl x, it follows that
(@) =),z —y) > [lzlxlylx — (e(y), z)] > 0.
Accordingly, since S; — S;_1 = x,; we find that
0 < [18jlIx[18j-1llx = [1Sj-1l% = (©(Sj-1), 2n;) < (#(S;) = ©(Sj-1), 85 = Sj-1) < je.
Given that (¢(Sj-1),2n;) < 1, by definition of z,,, we get
1851 x11Sj=1llx = I1Sj=1ll% < je + (2(Sj=1), n,) < je + 1.
It follows that, for all j > jo we have
2
185115 = 1S5-1l% = (I1S;llx = 1Sj=1llx)” + 2(IS;llx /11l x = 1S5-111%)

<, 1% + 202 +1) < 7% +2(je + 1).

Whence, summing both side gives
J

1S 0% = 1013 = > I1Selk = 1Sk—1ll% < 57 + 2 (e + 1).
k=jo+1

This implies that
1 1 r2 2
limsup — |5} % < limsup — ||, |5 + — +2e 4+ = < 2e.
j—oo J j—oo J J J

2A Banach space is uniformly convexifiable if it can be equipped with an equivalent norm that renders it uniformly convex.
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Finally, as € > 0 is arbitrarily chosen we get

S;
lim || ||X = lim sup || ||X =0.
j—>00 j—o0 .]

O

It is well-known that [Cla36] both LP(X) and its dual space (LP(X))' = L? (X)) with p/ = 55 are uniformly convex

when 1 < p < 00. A proof of the uniform convexity of LP(X), 1 < p < co can be found in [\7\/11137 Theorem 5.4.2.]
or see also [Shil8] for a short proof. Hence both Theorem A.1 and Theorem A.2 imply that LP(X), 1 < p < oo
satisfies the Banach-Saks property. However we present here a simple proof due to Banach and Saks.

Theorem A.3 (Banach-Saks [BS30]). The space LP(X), 1 < p < oo satisfies the Banach-Saks property.
Proof. Since LP(X) is reflexive, it suffices to prove the weak Banach-Saks property. Let (u,), C LP(X) a bounded
sequence, say sup, > |[unllzr(x) <7, 7 > 0, weakly converging to v € LP(X) that is

/X (un(z) — u(@))v(z)du(z) 22250 for all v € L (X).

Without loss of generality, assume v = 0. Put u,, = x; assume Un;_, 18 given, j > 2. Define S;_; = ZJ 1 Un, €

LP(X) so that |S;_1[P~28;_; € L (X). Since (uy), converges weakly to u = 0, we choose n; > n;_; and hence
construct the sequence (uy;); such that

[ 185285 s, () duta) <1
X
Next, consider the continuous function ¢ : R — R,

1+t — S ()¢
HE

() =

where |p] = max{m € N : m < p} and (}) = %. Note that, if [p] < p then ((¢) 10722, 1 and if p=|p|

then ((t) 1tzree, 0, whereas, using Taylor’s expansion for |¢| < 1 we deduce

SR ¥ (A LD D PR (3 Lt 0
|t |t

(1) =

Therefore, the map t — ((t) is bounded say |¢(¢)| < C for some C > 1, yielding

Lp)
Pk
1+¢tP < CRPP t
e <cir+ > (7)

k=0
This implies that for all a,b € R, we have
a4 ppp < J1al” + PolalP 20k CIP + 55,7 (Pl ifp > 2
= |lal? + pblaP~2a + ClblP if1<p<2.

The foregoing inequality with a = S;_1 and b = u,, yields

1S5l xy = 18511170y < P/X |81 ()P Sj1 (@)un, (@)dp(@) + Cllun, 175 + R
<p+Cr? +Rj,
where we define the remainder
R, = { £ () L 1851 @I un, (2) () if p > 2
0 ifl<p<2.
In such a way that
J

1512 x \slanX)—ZHskn S,y < (G = Dp+Cr?) + 37 Ry (4)

k=2



Using ||un||zr(x) < r and Holder inequality, we obtain for 2 < k < p,

< PP,

LP(X

/X 151 () Pty (@) Fa() < [ty 1) | Zum

Summing up both sides gives, for p > 2,

L] Lp]

1= (1) [ 18l Hun ) aute) < 3 (§) -2 = mire

k=2 k=2

wherefrom we deduce that > _, Ry, < BrPj?~! with B = Zm ®). Inserting this in (4) gives

j—1
|| S|| X)<|| sl|| 0+ T (p+CrP) +ZRk
k=2

o1 P 1
Ftw r(p+CrP) + sBrP ifp>2

;—§+Jp1(p+0rp) if1<p<2.
Whence, this implies that lim;_, ||%Sj||Lp(X) =0. 0
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