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GRADIENT FLOW SOLUTIONS FOR POROUS MEDIUM EQUATIONS WITH
NONLOCAL LEVY-TYPE PRESSURE

GUY FOGHEM, DAVID PADILLA-GARZA, AND MARKUS SCHMIDTCHEN

ABsTRACT. We study a porous medium-type equation whose pressure is given by a nonlocal Lévy
operator associated to a symmetric jump Lévy kernel. The class of nonlocal operators under
consideration appears as a generalization of the classical fractional Laplace operator. For the class
of Lévy-operators, we construct weak solutions using a variational minimizing movement scheme.
The lack of interpolation techniques is ensued by technical challenges that render our setting more
challenging than the one known for fractional operators.
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1. INTRODUCTION

This paper is dedicated to studying the nonlocal continuity equation

Oru + div(uVov) = 0 in R?x(0,00),
Lv=u in R?x(0,00), (1.1)
u(0) = ug in R?x{0},

for some initial data ug € Pa(R?), where Po(RR?) is space of probability measures with finite second
moment where u = u(z,t) denotes the density at a point x € R? at time ¢ > 0. Here, the pressure,
v =wv(z,t), is coupled to the density via a linear, nonlocal, pseudo-differential operator

Lv =u. (1.2)

This includes the fractional Laplace operator, L = (—A)?®, which has been receiving a lot of attention
in the last decade. Yet, in all generality, little attention has been paid to the study of more general
pseudo-differential operators. In this paper, we want to address this dearth in the literature and
assume the operator L be a symmetric integrodifferential operator of Lévy type, i.e.,

Lu(z) :==2p.v. /d(u(:v) —u(y))v(z —y)dy, (1.3)

R
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where the kernel v > 0 is assumed to be the Lebesgue density of a symmetric Lévy measure, v,
defined by

v(h) = v(—h),  and /Rd(l A B2 (R)dh < oo. (L)

Lévy operators as in Eq. (1.3) arise naturally in probability theory as the generator of Lévy processes
with pure jumps, whose jumps interactions are regulated by the measure v(h)dh, cf. [Sat13, App09,
Ber96] for more details on Lévy processes. Recently, the study of nonlocal problems driven by
Lévy operators has gained increasing popularity and we refer to [FK22, DFK22, BE23, Fog23b,
Rut18, FG20|, and references therein, for very recent results in the study of problems involving
pseudodifferential operators of Lévy type.

Allowing for Lévy operators in Eq. (1.2) comes at the price of losing interpolation inequalities
which used to play a crucial role in known results. In this work, we remedy the lack of interpolation
techniques by obtaining surrogate estimates from the energy and its associated energy-dissipation
functional as well as the study of fine properties of the symbol of the nonlocal operator L. Then,
in order to construct solutions to Eq. (1.1), we employ a minimizing movement scheme & la De
Giorgi [DG93).

In fact, in the last two decades, this topic has experienced a renaissance due to the intimate link
between the continuity equation,

Oyu + div(uv) =0, (1.4a)
governing the evolution of the density, u, and absolutely continuous curves in the set of probability
measures, [AGS08],. At least formally, when

o0&
v=-V S0 (1.4b)
solutions to the continuity equation can be understood as gradient flows in the set of probability
measures, [AGS08, JKO98, Ott01]. In the subsequent discussion, three choices of functionals, £ €
{F,G,H}, will play a prominent role:

Go(1) = — / WMd
Rd

m—1

which gives rise to the porous medium equation [Vaz07, Ott01], as well as the entropy

H(u) ::/ ulog udz
Rd

which gives rise to the linear diffusion equation [Ott01,JKO98|, and the nonlocal interaction energy
1
Flu) = 3 /uK « udz, (1.5)

for some kernel K. In our work, formally the kernel K can be related to a symmetric Lévy measure,
v, mentioned above, denoted by K. In the case of the inverse fractional Laplacian, K, , coincides
with the Riesz kernel (for instance, see [Ste70]) and the resulting equation reads

Ou =V - (uVp),

with p = K, xu = (—A) %u, and is referred to as porous medium equation with fractional pressure
in the literature. It has been been proposed and studied in [CV11] as a generalization of the classical
porous medium equation, where the pressure-density closure relation is local and given by p = u7,
for some v > 1. More precisely, the existence of weak solutions in the sense

T
/ / u(Op — V- VK x u)dzdt + / o(x,0)ug(z)dx = 0,
0o Ja Q
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where K is the Riesz kernel. The argument hinges on a sophisticated approximation argument
that consists of adding small viscosity, mollifying the Riesz kernel, and removing the degeneracy in
the mobility. Subsequently, the authors show Holder-regularity and boundedness of weak solutions
in [CSV13] and extended the existence result to a wider class of initial data [SV14]. The limit
s — 1, in which case K becomes the Newtonian potential, has been considered in [LZ00,SV14].
The other limit case, s — 0, corresponding to the local porous medium equation as the limit of a
porous medium equation with fractional pressure has been established in [LMS18]. We also refer to
[LMGO1,BE22, HDPP23] to nonlocal approximation of the porous medium equation with exponent
two, and [CEW23] for arbitrary exponent. In these works, however, the nonlocal approximation
is smooth and integrable unlike the Riesz kernel. Similarly, [DDMS23, ES23|, consider a system of
porous medium type with the pseudodifferential operator is K, = (id —sA)~!. In this vein, it worth
mentioning that the works [Fog23b, FK22 FG20, FKV20, Voil7| discuss the nonlocal-to-local limit
for ‘elliptic’ problems in the context of Lévy kernels.

Returning to Eq. (1.1), let us recall that the operator L is a pseudo-differential operator, and we
can associate the a symbol to it, which is given by

P(§) = 2/ (1 —cos(& - h))v(h)dh,
Rd
that is, in other words,
Lu(&) = $(©)a(e),

for any &€ € R?, and any Schwartz function, v € S (Rd). Here, we have used the common notation,
U, to denote the Fourier transform of u, i.e.,

= 1 —i€-x
u(§) = W/Rde “Pu(z) de,

for any ¢ € R?. Therefore, formally, we may choose v = L™ u = K, * u, ~where K, is the potential
(defining a tempered distribution) whose Fourier transform is given by K, = ™!, motivating the
interest in the nonlocal energy functional, Eq. (1.5). In light of this formal link, we can cast Eq.
(1.1) into the form of a formal 2-Wasserstein gradient flow, ¢f. Eq. (1.4), for the nonlocal energy

given in Eq. (1.5), i.e.,
Oyu = div (uvéi> .
ou

1.1. Relation to Fractional Laplacian. The epitome of a Lévy operator is obtained by setting

o Cd,s
2

for s € (0,1) and operator resulting from this choice is the well-known fractional Laplace operator,

(-AVu(e) = Cagpev. [ D=2

g o -y

v(h) ||~

(1.6)

for any z € R? one of the most widely studied integrodifferential operators, see, for instance,
[BV16,CS07, Kwal7,FG20, CLM20, Gar19]|. Here, the constant Cy s guaranties the relation

(—A)*u(€) = [¢*u(€),
for all w in C2°(RY), and it can be shown that the it is given by
o, - PT(E) _ sr(is
“ T w20 (—s)|  wiPT(1 - )
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see [FG20,Bucl6,ST10, AS61]. Interestingly, the constant Cyj_, guarantees a similar relation for
the inverse of the fractional Laplacian (—A)~*, also known for the general range s € (0,d/2) as the
Riesz potential. Namely, for s € (0,d/2), we have

(B)=5u(€) = ¢ >a(e), (1.7)

in the distributional sense for all u € S(R?) if and only if

_ u(y)
—A)"¢ =K =Cy4_ —=—d 1.8
(-8 “ula) = Koxulo) = Cacs [ =y, (19
for any z € RY, see, for instance, [Rie38, Ste70, Put04, AS61]. Here K (z) = Cq_4|z|>* % is the
Riesz kernel. Let us foreshadow that, below, we shall provide further, non-trivial, examples of Lévy
operators to which our existence results apply.

1.2. Our contribution. In this article, we focus on problems of the form (1.1), for radial Lévy
kernels, v. Our interest in this equation was sparked by the recent work [LMS18|, in which the
special case of Eq. (1.1), with L = (—A)?, referred to as ‘porous medium equation with fractional
pressure’ was investigated. Upon casting the problem into a gradient-flow setting, the authors prove
an existence result of weak solutions and furnish decay estimates for LP-norms of solutions to the
evolution problem, Eq. (1.1), which was first studied in [SDTV19] for the general porous medium
equation with fractional pressure. Following the strategy of [LMS18|, we construct weak solutions
to Eq. (1.1) employing the minimizing movement scheme

u¥ = argmin {LW2 <u,uf_1> —I—]:(u)} ,
uePy(RY) LT

see Definition 3.3, below. In our work, we prove existence of solutions for a much wider class of
Lévy kernels which comes at the price of losing the homogeneity of the Riesz kernel associated to
the fractional Laplacian. Mainly, there are two main difficulties. The first one lies in the derivation
of the Euler-Lagrange equations which is significantly more challenging for more general kernels.
The second challenge is to obtain the appropriate compactness of the sequence obtained from the
minimizing movement scheme which is needed to identify its limit as a weak solution. Specifically,
interpolation inequalities break down in the nonlocal energy spaces that act as surrogates of the
usual fractional Sobolev spaces. A drawback of our new methodology is that we are currently
unable to establish decay estimates similar to those in [LMS18]. Indeed, [LMS18| makes heavy use
of interpolation inequalities and Sobolev inequalities. We point out that a Sobolev-type inequality
associated to Lévy kernels was established in [Fog21|. Therein, the Sobolev exponent is obtained in
terms of a Young function, giving rise to embeddings into Orlicz-type spaces. However, the resulting
Young function lacks sufficient regularity to use it as a generalized entropy. Such inequalities for
Lévy kernels are interesting in their own right, would have several other applications, and they are
the object of ongoing investigations. In particular, for special (not necessarily Riesz-type) kernels,
the resulting Young function may have sufficient regularity already. This is kept as another future
avenue to explore.

1.3. Main result and additional comment. Before stating the main result of this paper, let us
first briefly introduce some necessary notation. Throughout, we consider spaces

H?(RY) = {u e §'(RY) : up'/? € L*(RY)},
and .
HP(RY) = H*(R") N L*(RY),
which act as generalizations of the usual (homogeneous) fractional Sobolev spaces. Here, ¢ :
R4\{0} — (0,00) is a symmetric and continuous function which we refer to as ‘symbol’, and

we point the reader to Section 2, for further details on their construction. Specifically, the special
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symbol (or regularizing symbol) (&) = [£|?¢~1 (&) will play a prominent role as it determines the
regularity of the weak solution to Eq. (1.1). We shall assume on the symbol that there exists a
constant ¢, > 0 such that, for all £ € R? there holds the lower-bound condition

V() = (LA, (@)

which is required to establish the convergence of the velocity, point (7i7), in the main theorem,
Theorem 1.1. We show in Theorem 2.3 that Condition (C),) holds whenever v is unimodal, radial,
and nontrivial. Here, we call a Lévy kernel v unimodal if there is constant ¢ > 0 such that

v(z) < cv(y), whenever |z| > |y|. (1.9)

Having introduced all necessary notations, we can now present the main result of this paper.

Theorem 1.1. Assume ug € HY ' (R?) N Po(RY). Consider the special symbol (&) = |€]2~1(€).
The following hold.

(i) Existence of discrete solutions. There is a unique sequence (uk)y with u¥ € H{E(Rd) N
HY ' (RY) N Py(RY) satisfying the minimization problem (3.1).
[t/7] 0

(7i) Convergence and regularity. Define the discrete curve u,(t) = urs' ' with u;(0) = us.

There exists a curve u € AC?([0,00), (Po(RY),W)) and a subsequence (), tending to 0,
such that

Ur, (t) = u(t) narrowly as n — oo for each t € R.
Let H be the standard Boltzmann entropy. If ug € D(H) then
Uy, (t) — u(t) weakly in L*((0,T), HIZ(]Rd)) as n — oo.
In addition, if we assume that

1. .
sup —— e — 112 = sup Ki)ka’f'h —1)? =0, 0, (1.10)
ger? Y(§) ¢eRrd [3

then we have
Uy, (t) — u(t) strongly in L*((0,T), L2 . (R%)) as n — oc.

(iii) Convergence of the velocity Define v, (t) = L™ u,(t) and v(t) = L™ u(t). Assume that
condition (C,) holds and that ug € D(H). Then we have Vv € L*((0,T), L*(R%)), and

Vo, (t) = Vo(t) weakly in L*((0,T), L*(R?)) as n — co.

(iv) Solution of the limiting equation. Assume that v ¢ L*(R?) and satisfies the condition

(C). Assume also that uy € D(H). Moreover, assume the symbol 1) is associated with a
unimodal Lévy kernel U satisfying the following condition

For any 0 < A < 1 there is ¢y > 0 such that v(Ah) < e xv(h), whenever |h| < 1. (1.11)

Then the limiting curve u is a weak solution of the Eq. (1.1), viz., the functions u,v defined
by items (i1) and (iii) satisfy

/ /d(atgo — V- Vo)udzdt =0, VYo e CP(RYx(0,00)). (1.12)
0o JR

(v) Energy dissipation inequality. Let u satisfy the weak formulation from point (iv), there
holds

T
F(u(T)) + /0 /Rd u(t)!Vv(t)‘zda; dt < F(uyp),

where F(u) = %HuH%w,l(Rd).



(vi) Entropy and L? Boundedness. If ug € D(H) then
H(u(t)) < H(uo)

If in addition, QZ is the symbol associated with a Lévy-integrable kernel v then for 1 < p < oo
and ug € LP(R? we have

)l gy < Mol o e

For the readers’ convenience, we give a short overview of where to find the individual statements.
Item (i) follows from Theorem 3.2, which establishes the lower semi-continuity of the Yosida-
penalization. The narrow convergence in (ii) is a consequence of Theorem 3.6, and the weak and
strong convergence is proven in Theorem 5.2. In Theorem 6.2, we identify the limit curve as a weak
solution, thereby establishing point (iv). The dissipation of the energy, (v), is proven in Theorem
6.5, and finally, the control of convex entropies, (vi), is established in Theorem 4.10 and Theorem
4.11.

The rest of this paper is organized as follows. In Section 2, we introduce fundamental results on
Lévy operators, different formulations thereof, and their link to stochastic jump processes. Further-
more, we introduce energy spaces associated to this class of kernels and discuss compactness criteria
in these spaces. We conclude Section 2, with a look at these kernels through the Fourier lens, which
will play a crucial ingredient in the subsequent analysis. Section 3 is dedicated to introducing the
variational framework in the set of probability measures seminally introduced by Jordan, Kinder-
lehrer & Otto [JKO98]. Using this minimizing movement scheme, we will construct a sequence of
probability measures and show its narrow compactness. The limit curve is a candidate of a weak
solution to our main Eq. (1.1). In order to identify the limit curve as a weak solution, we employ
the flow-interchange technique a la Matthes, McCann & Savaré [MMS09] in Section 4. Using the
Boltzmann-Shannon entropy and LP-norms as auxiliary functionals, we obtain additional regularity,
which we exploit in Section 5, to obtain convergence in better spaces. Indeed, this is sufficient to
pass to the limit in the Euler-Lagrange equations derived in Section 6, which concludes the existence
result.

Acknowledgment: GF and DP were supported by the Deutsche Forschungsgemeinschaft / German
Research Foundation (DFG) wvia the Research Group 3013: “Vector-and Tensor-Valued Surface
PDFEs.” Moreover, the authors would like to thank Juan Luis Vizquez for his helpful comments
on the proof of Theorem /.8.

2. SYMMETRIC LEVY OPERATORS AND NONLOCAL FUNCTION SPACES

This section is dedicated to acquainting the reader with certain fundamental properties of symmetric
Lévy operators, L, and the nonlocal Sobolev-type space associated to them. We refer the reader to
[FG20,Fog23c,Fog23b|, which contain a comprehensive summary of recent findings concerning these
spaces. Moreover, Gagliardo-Nirenberg-Sobolev-type inequalities were recently obtained in [Fog21]
and the notion of nonlocal trace spaces are discussed in [FK22, Fog23b].

2.1. Lévy operator. There are several possible ways to characterize a Lévy operator. Here we
point out the most common ones and refer to [FG20] for further characterizations.

Second order difference. First of all, the change of variables, y = x £ h, in (1.3), yields

Lu(z) = 2p.v. /[R (ula) — (& ) () b,
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which, upon summing up the the two expressions, yields
Lu(z) = / (2u() — u(x + h) — u(z — h))w(h) dh. (2.1)
R4

It is worth noting that the expression on the right-hand side of (2.1) is well-defined if u € LOO(Rd) N
C?(Bs(z)) for some ¢ > 0. In this case, the principal value may be dropped in the definition.

Pseudo-differential operator. Next, we show that the integrodifferential operator L can be re-
alized as a pseudo-differential operator, as foreshadowed in the introduction, indeed its definition
using the Fourier symbol can be justified rigorously.

Theorem 2.1. For u € S(RY) and & € R? the following relation holds:
Lu(§) = $(&)a(e).
Here 1 is the Fourier symbol of L, which is given by
P(&) = Z/Rd(l —cos (& h))v(h)dh.

Proof. Observe that for each h € R?, we have

y lu(z 4+ h) + u(z — h) — 2u(z)|dz = /Rd

< |h|2/ |D2u(:17)‘d:17,
Rd

proving that the integral is finite. On the other hand, we have

1 rl
/ / 2t [D*u(z — th + 2sth) - h] - hdsdt|d
0 JO

lu(z 4+ h) + u(z — h) — 2u(z)|dz < 4/ lu(z)]| dz < oo.
R4 Rd

Combining the two preceding estimates, we readily find that

9 lu(z 4 h) + u(xz — h) — 2u(z)|dz < C(AA |hJ?),

with C' = 4f|ul| 11 ey + |HD2u\HL1(Rd). Setting
Az, h) = |u(z + h) +u(x — h) — 2u(zx)|v(h),
we note that A € L'(R? x RY) since

// Az, h)dzv(h)dh < C/Rd(l A B2 v (h)dh.

RAR4
—_—

Therefore, using the identity u(- + h)(£) = u(£)e’* ", along with Fubini’s Theorem we get the desired
result as follows

/ —zsw/ u(z + h) +u(z — h) — 2u(@))v(h) dhdz

R4 R4

__/ y(h)/ ~€% (y(z + h) + u(z — h) — 2u(z)) dedh
Rd Rd

= —7(¢) /Rd(eiﬁ'h +e % —2)y(h)dh

— 21(¢) /R (1= cos (¢ - h))w(h) dh = AENHE),

which concludes the proof. O



Throughout this work, we shall write, by an abuse of notation, v = L~'u to refer to ©(¢) =
PH(E)a(E).
Proposition 2.2 (Upper bound on the symbol). There exists a constant, C > 0 such that

w(© <2 [ (AR < C+ ), (22)
for any € € R The constant can be chosen as C' = k,k where
Ky 1= 2|V| L1 e 1A ppj2)-
Proof. From the elementary inequality |sint| < 1 A [¢], for all ¢ € R, we readily obtain

-h 1
|1 — cos (¢ - h)| = |2sin? %| <2A 5|5|2|h|2 < 2(1 A €)% |n)?).
The desired estimates follow from the fact that (1 A [£]?|h]?) < (1 + |€2)(1 A |h]?). O
In the case of a radial Lévy kernel, a lower bound counterpart for the symbol can be obtained.

Theorem 2.3 (Lower bound on the symbol). Assume v is radial. Then there exists a constant,
c > 0, such that

[ AP < (e <2 [ (1A BRI,
R R

for all € € RY. Moreover, using k, = 2||I/||L1(Rd 1AR[2)s WE have

CKy

- (LAEP) < 0(6) < m(1+[€), (2.3)

for all £ € RY.

Proof. The upper bounds follow from Proposition 2.2. We only prove the lower bound. The
Riemann-Lebesgue lemma implies

/Sd1(1 — cos(& - w))dog_ (w) =[S — /Sdl cos([¢|wy)dog—1(w) LG |S9-1).
Using this fact in conjunction with the estimate
2
1 — cos(t) = 2sin? <%> > %7
for any 0 < ¢ < 7, we can find a constant ¢ > 0 such that
[, (1= cosle - wdous(w) = s 1 A eP)
for all £ € R?. Switching to polar coordinates and using the above estimate we get
0(©) = [ (1= cos(€ - M)t
= /Oo rd_lu(r)/ (1 —cos(§ - rw))dog_1(w)dr
0 Sd-1
> c|S¢ /000(1 A €122 rd =ty (r)dr

e / (LA LEPIBP)v(R)ah.
R
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Furthermore, since (1 A a)(1 Ab) < 1A ab, for any a,b > 0, we get

CKy

0O = [ IR mIn = G0N ),
with k, defined as above. O

Remark 2.4 (Comparable growth). The symbols 1 and ¢ (€) := [€]2¢~2(£) have a similar growth.
Indeed it is not difficult to check that there exists ¢1,co > 0 such that

(LA ) < w(€) < a1+ [,
for all £ € R?, if and only if there exists ¢s,cq > 0 such that

es(LAJE2) < 9(€) < eall + [,
for all £ € R?

Remark 2.5. Assume that v is radial, in which case we write v(h) = v(|h|), then 1) is also a radial
function. Indeed, by the rotation invariance of the Lebesgue measure we get that

w(©) =2 [ (1= cos (€ R)w(lhl) dn
2 [ (1= cos iefe .h/>>u<rh'\>dh'
2 [ (1= cos (/€D g

= ¢([&ler)-
In particular, if v(h) = $Cy|h| 74725, s € (0,1) then ¢ (&) = |€|*.

(€ #0) (2.4)

Iéld

Generator of a symmetric Lévy process and of a semigroup. According to Bochner’s Theo-
rem for the Fourier transform (see [BF75]), for each ¢t > 0, there exists a function p; > 0 continuous

on R\ {0} such that

~ 1 it _
lE) = s [, mia)de = ),

for any € € R%. The convolution rule implies that prs = e~ 9% = 55, = Py * ps, whence, we
have pyys = pt % ps = ps * py, for all t,s > 0. Therefore, the family of operators (F;); defined by

Paa) = s ple) = [ ulwmle =),

t+s)

with z € R? is a strongly continuous semigroup on L2(Rd), i.e., Py = Pbo P, = Pso P, for

all s,¢ > 0, and [|[Pru — ul| ;2 (ga) 207, . As we shall see next, it turns out that the generator of

semigroup (P,); is the operator —L. To this end, let u € S(R?), whence Lu(ﬁ) = U(€)(€) € LA(RY),
by (2.2). The Plancherel Theorem implies,
e~ — 1+t ‘

[#5 - aa = [ —

having used the definition of p;. Finally, we observe that the rightmost term goes to zero, as t — 0,
due to the fact that the function ¢ : s — % with ¢(0) = 0 is continuous and bounded on
[0,00). Indeed, an application of the Dominated Convergence Theorem suffices to establish
W14 W‘
t

[

L2(R9) L2(R9) L2(RY)’

t—0 0
L2(RY) '

Je”



The Kolmogorov Extension Theorem (see [Sat13]) implies the existence of a stochastic process (X;);
with the transition density is pi(z,y) = pi(x —y), namely P*(X; € A) = E*[1 4(X;)]. More generally

Eu(X0)] = [ | ulmCe.0)dy.

Here P* (resp. E7?) is the probability (resp. the expectation) corresponding to a process (X;);
starting from the position z, i.e. P*(Xy = z) = 1. The generator of such a stochastic process turns
out to be —L. Indeed for a smooth function wu,

Pou(r) — u(x)

lim Efu(X)] = u(w) = lim ———— = —Lu(x).
t—0 t t—0 t

In fact, (X;); is a pure-jump isotropic unimodal Lévy process in R?, i.e., a stochastic process with
stationary and independent increments and cadlag paths whose transition function p;(x) is isotropic
and unimodal. We refer to [Sat13] for a more extensive study on Lévy processes.

Remark 2.6 (Particular cases). The above applies to the case where ¥(¢) = |¢]2, in which case,
L = —A and the process (X}); is the well-known Brownian motion. If ¢(§) = |{], the corresponding
process is a Cauchy process whose generator is L = (—A)'/2. More generally if ¢(£) = |£]?*, the
corresponding process is a 2s-stable process whose generator is L = (—A)?*.

Energy form. We now show that the integrodifferential operator L is intimately related to a
Hilbert space of great interest in its own right. Let H,(R?Y) be the space of functions u € L?(R¢)
such that &, (u,u) < co where the bilinear form &, is defined as

&y(u,v) = // (u(z) = u(y))(v(z) = v(y))v(z —y)dy da. (2.5)
RAR4
As we shall see below, H,(R%) is a Hilbert space.
Theorem 2.7. If £, (u,u) < oo then

) = [ (€ Pue) de.

Moreover, if £, (u,u) < oo and &,(v,v) < oo then (u,v)y = E(u,v) which can be characterized as
(), = [ BT de.
Rd

Proof. The second claim follows by applying the first one on u + v and u — v. Therefore, we only
prove the first claim. Note that |1 — e™%|? = 2(1 — cost) for every t € R. Plancherel’s Theorem
yields,

&, (u,u) = //(u($)—u(y))2u( ) dy da /Rdu (h) /Rd ) — u(z + b)) de dh

RIR4

= v Q)P — e 02 = a(&)? —cos (§-h))v
= [ v [P - S Pagan=2 [ @OP [ (1 cos(¢-m)w(h) ahag
S MEGIRIGES

which concludes the proof. O

Based on this, let us next argue that L can be extended to a continuous linear operator, To this
end, let u,v € S(R?) and observe that

&) = [ EOPu© & = [ Tueaeas
10



since ﬂ(g) = ¥(§)u(€). Another application of Plancherel’s Theorem to the last expression gives
the relation

E(u,u) = /Rd u(z)Lu(x) dz.

Replacing u by v + v leads to the relation

£, (u,v) = /R () L) do = /R () Lo() do.

Therefore, due to the density of S(RY) in H,(RY), see [FG20, Chapter 3], Lu can extended to a
continuous linear form on H,(R?). Moreover, through the dual pairing we have

(Lu,v) = &, (u,v),

for all v € H,(R?). The integrodifferential operator L can be extended to functions u in H, (R?).
Thereupon, L can legitimately be regarded as a linear bounded operator from H,,(Rd) into its dual,
ie. L: H,(RY) — (H,,(]Rd))/ where (H,,(]Rd))/ is the dual of H,(R?). Treating the operator L this
way, i.e., derived from an associated energy form, we observe that H,(R?) is a fairly large domain
for L compared to the definition second-order differences or as pseudo-differential operators. Of
course, it is worthwhile stressing that L may not always be evaluated in the classical sense if defined
through the correspondence L : H,(R%) — (HI,(Rd)),.

2.2. Sobolev-Slobodeckij-like spaces. In the last subsection, we have tied the operator L to an
associated nonlocal energy form. In doing so, we already got a glimpse at a bilinear form that can
be derived from the quadratic from &,. Motivated by our treatise of the operator L derived from
the energy form, we shall now pursue a closer investigation of the associated spaces, HI,(Rd) and

H,(R%), given by
H,(RY) = {ue L (RY) & (u,u) < 00}, (2.6)
and
H,(RY) = {ue LARY) : &, (u,u) < 00} (2.7)
We equip the space H,(R?) with the seminorm
oy = Eolat) = [T62)2, g

and, respectively, the space H, ,,(}Rd) with the norm

Hu”?qy(Rd) = HUHiQ(Rd) + ‘u’?{V(Rd) = ”uH%z(Rd) + &y (u, u).

Remark 2.8 (Comparison with L?). We claim that, if v € L'(R?) then L*(R%) ¢ H,(R?) and
H,(R%) = L2(R%). To prove this claim, we write
2
// (u(z) —u(y))” v(z - y)dyds < 4 // lu(@)Pv(z — y)dy do = 4]Vl 1 gallull 7 ga) -
Re RY R4 RY
Now, we finally show that the space H,(R?) is a Hilbert space.

Theorem 2.9 (H, is a Hilbert space). The couple (H,(R?), |- ||HV(Rd)) is a separable Hilbert space
with the scalar product

(’LL, U)Hl, (Rd) =— (’LL, U)LZ (]Rd) =+ 51/ (’LL, U)'
11



Proof. Clearly, (-,)y, ®e) is a scalar product on H,(RY) associated with the norm || - || H, (R~ Let

(un)n be a Cauchy sequence in H,(R?), then a subsequence (uy, ) converges to some u in L%(R9)
and a.e. in R?. Fix k large enough, the Fatou’s lemma implies

U, — U’%{,,(Rd) < ligggf // [, — tn, ) (%) = [t — une](y)|2 v(z—y)dydx.
R4 R4
Since (uy, )i is a Cauchy sequence, the right-hand side is finite for any k and tends to 0 as k — oc.
This implies u € H,(R?) and |uy, _u@{V(Rd) LEL N} Finally, u,, — u in H,(R?) and hence H,(R?)
is a Hilbert space. The map Z : H,(R%) — L*(R?) x L?(R? x RY) with

Z(u) = (u(@), (u(@) - u(y)v*(@ ~ y))

is an isometry. Hence, identifying H,(R?) with the closed subspace Z(H,(R%)) of L*(R?) x
L2(R? x RY) implies that H, (R%) is separable. O

Albeit not pertinent to the arguments in the proof of this paper’s main result, the following prop-
erties highlight the importance of the Lévy condition (L) by providing its analytic interpretation.
This characterization is also true in the nonlinear setting; see [Fog23c, Fog23b|.

Theorem 2.10. Let v : R¥\{0} — [0,00). The following assertions are equivalent.
(i) The Lévy condition (L) holds.
(i1) The embedding H'(R?) < H,(R?) is continuous.
(ii3) E,(u,u) < oo for all u € HY(R?).
(iv) E,(u,u) < oo for all u € C2(RY).
(v) H,(RY) # {0} (if in addition v is radial).

For a proof we refer to [Fog23b, Section 4| and [FK22, Section 2.1].

We will also need the following result inferring the stability of the space H,(R%) under a push-
forward. This is a centrepiece in the establishment of the Euler-Lagrange equation which ultimately
leads to the identification of the limit obtained from the minimising movement scheme as a weak
solution of (1.1).

Theorem 2.11. Assume v is a unimodal Lévy kernel, i.e., there exists ¢ € (0,1) such that
v(w) < enly), (25)

whenever |x| > |y|, and such that the following scaling condition near the origin holds:

For every XA > 0 there is ¢y > 0 s.t. v(Ah) < exv(h), whenever |h| < 1. (2.9)
Finally, let  : R? = R be a bi-Lipschitz diffeomorphism on RY, i.e., there exists o > 0 such that

ole =y <[¢(z) = C(y)| < o7z —yl.
Then, for v € H,(R?), we have uo ¢ € H,(R?) and the following estimate holds
w0 €I, (ray < Ao (1 + || det Dc_lHLOO(Rd))z”uH?{V(Rd)a
for some constant A,, > 0 only depending on o and v.
Proof. Note that [¢~!(x) — (~(y)| > ol — y| so that unimodality of v, see (2.8), implies
v(¢He) = CTHy)) < ev(o(z —y)).

12



By a change of variables and the unimodality of v we get

£, (w0 uo() = /|uo< ) — wo ((y)Pr(z — y)dydz

RIRd
- // () — u(y) | det D¢ ()| det DC () (¢ () — ¢ (y))dyda
Rde
< el det D ey [ fule) — ulw) Pl - )y

RARd

Furthermore, using the scaling condition near the origin, (2.9), we find that

/ () — u(y) 2oz — y))dydz

R R4
— [ 1) - stwPriot - s+ [ jute) - uw)Prlotz - v

lz—y|>1 lz—y|<1

< 4||u||%2(Rd) / v(o h)dh + ¢, /d / lu(z) — u(z + h)|*v(h)dhdz
|h|>1 R? J|h|<1

<4 dHuHLQ(Rd) /hl v(h)dh + ¢, &, (u,u)
>0

< <40_d/ V(h)dh+ca> ||u||§{,,(Rd)'
|h|>0

On the other hand, we have

29 2 -1 -1 2
[ o ctade = [ Juta)ldet D @lde < [1det DE oyl
Hence, combining the last two estimates, we obtain the desired estimate

_ 2
[|luo CH?{V(Rd) < Acr,l/(l + || det D¢ 1||Loo(Rd)) ||u||§{u(]1gd)-
O

2.3. Compact embedding. In this section, we establish the compact embedding of H,(R%) into
L2 (RY). We recall that L%OC(Rd) is equipped with the topology of L2-convergence on compact

loc
sets. Namely, a sequence (uy,), converges in L2 (Rd) if for every compact set K C R? there is

ug € L*>(K) such that ||u, — url[z2(xy — 0 as n — co. In this case, we say that (u,), converges
in L2 (RY) to the function u defined by u|g = ug for every compact set.

Remark 2.12 (L'-Lévy kernels). Let us observe that if v € L'(R%), then H,(R?) = L?(R%) which
is not locally compactly embedded into LfOC(Rd). Thus, imposing v satisfy the Lévy condition, (L),
as well as the non-integrability condition, v ¢ Ll(Rd), is paramount.

Let us start with the following lemma on the compactness of convolution operators.

Lemma 2.13. Let w € LY(RY) and K C R? be compact. The convolution operator Ty, : L>(RY) —
L*(K), with u v+ Ty, = w * u, is compact.

Proof. In virtue of Young’s inequality, for very u € L?(R%)
w * ull 2@ey < Nl L1 ey lull L2 way- (2.10)
13



Let B be a bounded subset of L?(R?%) and set M = sup [|ull £2(rey- Then, (2.10) implies that T3, (B)
ueB

is a bounded subset of L?(R%), too, and we can control the shifts

|h|—0

sup/d | Twu(z + h) — Twu(x)|2d$ < M?||w(- + h) — w(')”%l(Rd) 1h=0,
R

ueB
The Riesz-Fréchet-Kolmogorov Theorem implies that T, (B)|x is relatively compact in L?(K) and
the desired result follows. O

Theorem 2.14 (Characterization of compact embeddings). Any symmetric Lévy kernel v satisfies
v & LN(RY) if and only if the embedding H,(R?) — L2 _(R?) is compact.

loc

Proof. Assume v € L'(R?). Then, by Remarks 2.8 and 2.12, H,(R%) = L*(R%). Of course,
L2(R?) — L2 (R?) is not compact, which proves the first direction.

Next, we prove the converse, namely that any Lévy kernel lacking integrability at the origin gives
rise to an energy space that compactly embeds into L? — which is perhaps more surprising. To prove
the claim, we assume v ¢ Ll(Rd) and show the embedding is compact, indeed. To this end, let
d > 0 be sufficiently small such that, upon removing the singularity close to the origin by introducing
Vs 1= Vlpe(p), the resulting measure has finite mass, i.e., 0 < V5| 11 ey < o0. Rescaling its mass

to unity, we introduce
ws(h) == V(S(h)HV(SHle(Rd)v

which we shall use as a convolution kernel.
For fixed u € L?(R%), by evenness of v for all z € R? we have

Topute) = [ wstyyute ~ay = |

ws(y)u(z + y)dy .
R4

Thus, by Jensen’s inequality
ot = Tgeul s gy = / | / fu(z) — ulz + h)ws (h)dh|*de
R4 R4

< Il ey ] o) = ula + 0P dhds
R4R4
< ”V(s”ZII(Rd)Hu”%(V(Rd) :

For a compact set K C RY, we put Rxu = u|g. Since v ¢ L'(R?) it follows that

— 0—0
|Ric = RicTosll (11, ey, L2iey) < W7ol ey = 0-

Thus the operator Ry : H,(R%) — L%(K), is compact since by Lemma 2.13, the operator R o T,
is also compact for every §. O

As a straightforward consequence of Theorem 2.14 we have the following.

Corollary 2.15. Let v ¢ Ll(Rd) be a symmetric, non-integrable Lévy kernel and (uy)y be a bounded
sequence in H,(RY). Then, there exist u € H,(R?) and a subsequence (un;)j converging to u in
d

LE (RY).

It is worth mentioning that Theorem 2.14 was first proved in [JW20, Theorem 1.1]. However, earlier
results using similar techniques also appeared in [PZ17, Proposition 6] for periodic functions on the
torus. The technique of removing the singularity is also used in [BJ13, Lemma 3.1] and [BJ17,
Proposition 1].
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2.4. Switching to Fourier notations. In the remainder of this section, we shall switch to the
Fourier side setting up similar nonlocal spaces as above defined for a general Fourier symbol, ¢ :
R4\ {0} — (0, 00), which is assumed to be continuous and symmetric, i.e., ¢(&) = ¢(—£).

Definition 2.16 (Nonlocal Spaces). We define the space
HPRY) = {u e §'(RY) : 0p'/? € LAHRY)},
and H?(R?) := L2(R%) N H?(RY) as
HORY) = {u € L*R?) : 0p'/? € L2(RY)}.
The two spaces H?(R?) and H?(R?) are respectively equipped with the following (semi)norms

e MGG

as well as
2 _ - 2 - 2
e M E IR CGIICES
It is an casy observation that, || - || ¢ ga) is the seminorm associated with the symmetric bilinear
form (-, -)¢ given by

(w0), = [ WETEH(E)dE.
T
In the same vein, we define the space H? ' (R%) as the dual space (H?(R%))’ endowed with the norm

, N _ 1/2
sy = st ([ aere @ae)

veH®(RY), v£0 ”UHH¢>(Rd)

where (u,v) := (ﬂ¢_1/2,@¢1/2)L2(Rd for any u € H?" ' (R%) and v € H?(R?).

Let us recall that

)

0(©) =2 [ (1= cos(é - mw()an.

for a Lévy kernel v € L'(RY, 1 A |h|?). It is apparent that the symbol v, respectively =1, will
play a prominent role throughout the paper. Moreover, we stress the importance of the associated
symbols 9, and ¥* given by

V) = [€P0TH€),  and (&) = [P TE) = v OP(E).
In particular, note that we have H,(R?%) = HY(RY).

Remark 2.17 (Relation to fractional Sobolev spaces). For the standard fractional case v(h) =

%\h[‘d_zs, s € (0,1), the aforementioned symbols read

&) =[¢f*, and  @THE) = €7,
i.e., the symbol of the fractional Laplacian and the associated Riesz kernel, respectively. Moreover,
VO =PI = 1€, and (€ = [EPYTRE) = (¢
The nonlocal spaces associated to these symbols simply become
H,(RY) = HY(RY) = H5(RY), and HY  (RY) = (HY(R?Y) = H*(R%).
as well as

HY(RY) = H1=5(RY),  and  HY (RY) = HI"2(RY).
15



Let us now mention the compactness result with respect to the H ¢(]Rd).

Theorem 2.18. The embedding H?(RY) < L?

loc

(Rd) is compact, provided that ¢ satisfies

sup ——|e€h — 12 2% (2.11)

1
gg[ggd @b(g)

Proof. Let B ¢ H?(R%) be a bounded subset, and let M := sup,cp l[ull o gay < co. For u € B,
using Plancherel we have

e+ 1) =l ey = [ O ~ 1

L ien 112 ~ N2 d
< sup gyl <17 [ ePoeas
1
<M ieh 112,
e

Hence B is a bounded subset L?(R?) and we have

|h|—0
sup ||u(- +h) —u < M sup eCh 12 25 0.
sup -+ ) =~ s < M gl -1
The sought compactness thus follows from the Riesz-Fréchet-Kolmogorov. O

3. EXISTENCE OF SOLUTION TO THE MINIMIZING MOVEMENT SCHEME

As foreshadowed in the introduction, the construction of solutions to (1.1) is achieved by em-
ploying a minimizing movement scheme in the set of probability measures equipped with the 2-
Wasserstein distance; we refer the reader to [Vil09, ABS21] for more details on the Wasserstein
distance. Throughout, let us denote by P(Rd) the set of Borel probability measures on RY. We say
that a sequence (uy,), C P(RY) converges narrowly to u € P(Rd) if

lim o(x)duy, (z / o(z)du(z

n—oo Rd

for all ¢ € Cy(R?), where Cy,(R?) is the space of continuous and bounded function on R%. Addition-
ally, the space of Borel probability measures with finite second moment is defined as

Po(R?) := {u € P(RY) : /]Rd lz[2du(z) < oo}.

It is well-known that this set is a complete, separable metric space when equipped with the 2-
Wasserstein distance, W, defined by

1/2
W(up,u1) = min {// |z —y| dvy(z, y)} ,
~vel (uo,u1) RY x R4

where I'(ug, u1) denotes the set of all transport plans between ug and u1, that is, the set of probability
measures on the product space R? x R? with marginals ug and uy, i.e., (m3) 47y = up and (my) gy =
ui. Moreover [ABS21, Theorem 5.2, if ug is absolutely continuous with respect to the Lebesgue
measure, then v = (I xT1)4u is the minimizer for W (ug, u1) where T is the transport map such
that (T71)#uo = u1, i.e., up is the push forward of ug through Tj;1. Moreover we have

1/2 1/2
_ : 2 - uQ 2
W (uo, u1) —S#Igolgul{/w |S(z) — | duO(w)} : {/Rd Ty () — duo(iﬂ)} :
Now, if both up and u; have densities then

T)oT, =1 wug-ae. and Ty oT/0 =1 wuj-ae.
16



Remark 3.1. Let us point out that the space H dfl(]Rd) is naturally associated to the operator
F : Po(RY) — RU{00},

~ 1 ~ _
s Flu) = 51072y = 5 [ RO P = Sl

Clearly, F(u) < oo if and only if u € HY" " (RY) N Py(RY), i.e., D(F) = HY ' (RY) N Py(RY).

Theorem 3.2. Let u, € Po(RY) and 7 > 0 be given. Then, the mapping
1
u— —W?2(u,uy) + Flu),
2T

is lower semi-continuous with respect to the narrow convergence in Po(R%). Moreover, there ezists
a unique minimizer, u € Po(RY).

Proof. We begin by establishing the lower semi-continuity and show the existence and uniqueness of
a minimizer later. By the lower semi-continuity of the Wasserstein distance, cf. [AGS08, Proposition
7.1.3|, it is sufficient to prove the lower semi-continuity of u — F(u), as the sum of two lower semi-
continuous functions is lower semi-continuous. Now, let (u,), C P2(R?) be narrowly convergent
to u € Po(R?). Without loss of generality, we assume that F(u,) < oo, uniformly in n € N, as,
otherwise, the liminf-inequality is trivially satisfied. Next, let us set U,, := ¥~ /2%, and observe, that
the bound on (F(uy,)), implies the uniform L2-bound sup,, |U,|| 2(rd) < 00. Consequently, up to

a subsequence, U,, — U, weakly converges in L?(R?%). Next we show that U(€) = o~ Y2(€)u(€). By
the Banach-Saks Theorem, see [Fog23a] or [MR12, Appendix A], there exists a further subsequence
still denoted (Up,), whose Cesaro mean converges strongly in L*(R?), i.e.,

1 n
:E;Ui—m.

Passing to another subsequence, we have V,, — U, almost everywhere in R?. Simultaneously, this
narrow convergence implies the pointwise convergence of @,: i, (&) — G(€) for all € € R, as n — co.
Therefore, we get

o s 2 e ey e 1/2 o
U() = lim V,(6) = ;le ;= lim v~ () = v 2E©)u(e),
for almost every ¢ € R%. The weak lower semi-continuity of || - || L2(RY) with respect to pointwise a.e.
convergence implies that

Flu) = HUHL2 Rd) < hmmf Uy HL2 ray = liminf F(uy),
( ( n—o0

)
which proves the lower semi-continuity of the Moreau-Yosida penalization, as claimed. Now, the
existence of a unique minimizer is a straightforward consequence of the direct method. Indeed,
u > 5=W2(u,u,) + F(u) is lower semicontinuous. Moreover, it is coercive on P2(R?) with respect
to the narrow convergence — each sublevel set {u € Py(R?) : EW2(u,us) + F(u) < M}, M € Ris
cither empty or bounded in Py(RY). It is well-known that any bounded set in Py(R?) is relatively
compact with respect to the narrow convergence. The uniqueness of the minimizer follows from the
strict convexity of the functional u — =W2(u,u,) + F(u). O

3.1. Minimizing movement scheme. The minimizing movements scheme in the set of probability
measures, originally introduced in [JKO98| (see also [AGS08, Definition 2.0.2|), is defined as follows.
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Definition 3.3. Given 7 > 0 and ug € D(F), we consider the sequence of discrete approxima-

tions {u*}ren uniquely defined through the recursive scheme: ul := Go(ry * uo, Where Gi(z) =
12
) 7? e~ is the standard Gaussian heat kernel and w(r) = —1/log(r) if 7 € (0,1/2) and
w(T) =1/log(2) if 7 € [1/2,00) and for k > 1,
1
ub € argmin { W2 (w7 + Fu)}. (3.1)
uG'Pz(Rd) 27

In other words u” is the unique element such that

%W2 (u'j, ulﬁ_l) + F(uk) = uer;zi(llle) {%W2 (u, u'j_l) + f(u)} (3.2)

We introduce the piecewise constant interpolation associated with the sequence of minimizers defined
as follows u, : [0, 00) — Pa(R%),

ur(0) :=u? and u,(t) == ul’/Tl fort > 0.

Recall that the existence and uniqueness of each u* are guaranteed by Theorem 3.2. Keep in mind
that given a € R we denote |a] = max{m € Z : m < a} and [a] = min{m € Z : a < m} so that
[a] = |a] +1, |a] <a<|a] +1and [a] =1 < a < Jal.

The next result follows the idea from |[LMS18, Theorem 3.3].

Proposition 3.4. Let ug € P2(RY), 7> 0 and (uk)y be the sequence defined as in Eq. (3.1).
(i) For all k > 1 we have

T » T

WA k) < Pk - Fub),

and therefore F(uF) < F(ub=1) < - < F(ug).
(i) For all N > 1 we have

2yN —Sd T u .Z'2 U\ x
[ el (@)de < o (14 ) + [ lafduta) ) (33

Proof. (i) Testing Eq. (3.2) with u = u*~1 implies W2(uf~1, u¥) < 27(F(uF~1)) — F(uF), whereas
the estimate F(u?) < F(ug) is an obvious consequence of the fact that 0 < éw(T) <1
(i7) The triangle inequality and the estimates 5= W?2(uF=1, uF) < F(uF=1) — F(u¥) imply
N 2
/Rd lz2ul (z)da = W2 (i, 60) < 2W2(u2, 60) + 2<Z W(uf‘l,ulﬁ)>
k=1

N
1
2/, 0 2/, k=1 |k

<2 (UT, 50) + 4TNkZ_1 EW (ur 7u7-)
N

<2W3(u, 8o) + 47N D Flub™") — F(uf)
k=1

= 2W2(u2, &) + 47N (F(u?) — F(ul))

< 2W2(GW(T) % U, 00) + 4TN./."(U,OF)

A standard computation reveals that
W2(Gr % 1, 60) < 2W2(u,80) + 202G, 00) = 2 / [ePdu() + 4rd. (3.4)
R
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We deduce from this, and the fact that w(r) < ; L > that

og(2

/ |z 2ul (z)dz = W2, 60) < 47N F(ug) + 4/ |22 dug(z) + 8dw(T)
R4 R4

8d
~ log(2)

(1 + TN F(ug) + /Rd \deuo(x)).

Next, we give the definition of an absolutely continuous curve.

Definition 3.5 (JAGS08, Definition 1.1.1], [ABS21, Definition 9.1]). We say that a curve u :
[0, 00) — Pa(R%) belongs to AC2([0, ), (P2 (RY), W)) if there exist m € L?((0,00)) such that
t2
W (), u(ts)) < / m(t)dt,  for every 0 < ) < ty < oo, (3.5)
t1
It is worth mentioning that, if u € ACZ([0,00), (P2(R%), W)) then (see [AGS08, Theorem 1.1.2]
or [ABS21, Theorem 9.2|) u has a metric derivative |u/| almost everywhere, that is, the following
limit exists

[u/|(t) := lim

for almost all ¢ > 0. Accordingly, the Lebesgue Differentiation Theorem implies |u'[(t) < m(t) for
almost all ¢ > 0. Furthermore, ¢ — |u/|(t) turns out to be the minimal (smallest) among functions
m in L?((0,00)) satisfying Eq. (3.5).

The next result establishes the existence of an absolute continuous curve u : [0,00) — (P2 (R%), W),

limit of the piecewise constant curves (u;); as 7 — 0 and representing the minimizing movement
(see [AGS08, Definition 2.0.6]) for the main Eq. (1.1).

Theorem 3.6 (Convergence of the Minimizing Movement Scheme). Let ug € D(F) = HY" (RN
Po(RY). Let u (t) = uy [t/7] defined as in Definition 3.5. Then, there holds

111%1+ Ful) = F(ug), and limsup W (u2,uy) < oo,
T—

T—0t

as well as

ud — ug, narrowly as T — 07,

Moreover, there is a curve u € AC%([0,00), (P2(RY), W)) and a subsequence 7, — 0%, as n — oo,
such that u(0%) = ug and

ur, (t) = u(t) narrowly as n — oo,

for allt > 0.

9 = Gyu(r) * ug (recall that we denote by Gy(z) the heat kernel at time

Proof. First of all, since U
t, Ge(z) = We T) by definition, we have that W2(u?,ug) < 2dw(r) — 0 as 7 — 07. This

nnphes on the one hand that limsup,_,o+ W (u2,ug) = 0, and a standard | computation shows that

u? — ug narrowly as 7 — 0F. Secondly, given that Gw(T) — land 0 < Gw(T) < 1 the Dominated
Convergence Theorem implies

/IuO WGy ()2~ d5—>/ o (&) 2~ (€)dE, as T — 0T
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Equivalently we get that F(u?) — F(ug) as 7 — 0. Lastly, we want to show the existence of
u € AC?([0,00), (P2(R%), W)) which is a narrow limit of a subsequence (uy,),. Accordingly, for
t > 0 we define m.(t) by

W (ur(t), ur(t — 7))

T
W (ur(t), ur(0))
T

The estimate W?2(uf~1, u¥) < 27(F(ub=1) — F(uF¥)) (see Proposition 3.4) implies

k"‘rl W2 ’Z,L—,-(t) uT t W2 k-l—l )
/ m2(t)dt = Z/Tk p dt_2z

<23 () - P — 2 Jim ) - R

N—oo

, t—7>0

mr(t) =
, t—7<0.

< 2F(u?).

Due to the uniform boundedness of the family (m.), in L%((0,00)), it converges weakly, up to a
subsequence, to some m € L?([0,00)), as 7 — 0F. Moreover, the weak lower semicontinuity of the
L?-norm implies

T—0t

/ m?(t)dt < hmlnf/ m2(t)dt < 2F (ug).

Now, for 0 < t; < to we set N;(7) := [t;/7] so that 7N;(7) < t; < 7(N;(7) + 1). Taking into
account the fact that, u,(t;) = ui or u,(t;) = uli*t! depending whether ¢;/7 is an integer or not,

the triangle inequality yields

Na(r)
W (ur(t1), ur(t2)) < W(UT(tl)auzer(THl) + Z W(uf_l,uf) + W(u,]er(T),uT(tg))
k—Nl( )+1
NQ(T +1 NQ(T +1

< Y W) = Z /TUH1 fT(t_T))dt

k= N1 +1 k= Nl

TN2(T)+7
= / m(t)dt.
TN1(T)+7

Since 7N;(1) — t;, the weak convergence of (m;), entails
TN2( ) to
lim sup W (u-(t1), ur(t2)) < lim mT(t)dt:/ m(t)dt, (3.6)
=0t T—0F TN1 (T) t1

Combining this with the Cauchy-Schwartz inequality yields
lim sup W (ur (t1), ur (t2)) < [[ml z2((0,00)) [t2 — 11"/, (3.7)

7—0
Next, let us fix 7" > 0. Estimate (3.3) (see Proposition 3.4) and the fact that 7|t/7] <t yield
W2l 55) = / 2 2ult/™) (2)de < Ry,
Rd

for all 0 <t < T, where

Ry = 8d <1+T}"(uo)+/Rd ya;Pduo(a;)).
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Consider K1 = {u € Po(R?) : W2(u,dp) < Rr} which is a bounded closed subset of Po(R?), and
recall that u,(t) = w™) . Note that

K7 is narrowly compact in Po(RY), and wu,(t) € Ky, forall0 <t < T. (3.8)

In light of Eq. (3.7) and Eq. (3.8) and the refined version of the Arzela-Ascoli Theorem (cf. [AGS08,
Proposition 3.3.1]) there is subsequence 7, — 0 and a curve u : [0,00) — (P2(R%), W) such that
ur, (t) — u(t) for almost all ¢ > 0. Estimate (3.6) in conjunction with the narrow convergence of
(ur(t)) and the lower semicontinuity of W, see [AGS08, Proposition 7.1.3], yield

W (u(t1),u(tz)) < liminf W (u,, (t1), ur, (t2)) < /t2 m(t)dt.

n—oo t
1

It follows that u € AC?([0,00), (Po(R%), W)) since m € L?((0,00)). In particular, since u? =
ur(0) = ug narrowly as 7 — 07 up to a modification of u at t = 0 we get ug = u(0"). O

4. IMPROVED REGULARITY OF DISCRETE SOLUTIONS

In this section, we aim to establish better regularity properties of the solutions to minimization
problem, Eq. (3.1), using the flow interchange technique introduced by Matthes, McCann, and
Savaré [MMS09]. Let us first recall some basics of this technique.

Definition 4.1 (Displacement convex entropy). Let V' € C1((0,00)) N C([0,00)) with V(0) = 0 be
a convex function such that

. V(x)
lim > —o0, for some a > ——,
z—0t T d—+2

and the McCann displacement convexity condition holds [McC97], i.e.,
s V() is convex and decreasing on (0, 00).

In this case, the displacement convex entropy associated to V is the functional V : Pg(Rd) —
R U{oo} defined as follows

V(u) = { Jga V (u(z))dz, if du(x) = u(z)dx

00, otherwise.

The effective domain of V is denoted by D(V) = {u € Pa(R?) : V(u) < oo}. Tt is worth mentioning
that V is lower semicontinuous with respect to the narrow convergence.

According to [AGS08, Theorem 11.1.4] see also [MS20], the displacement convex entropy V generates
a continuous semigroup Sy : D(V) — D(V) satisfying the following evolution variational inequality
(EVI):

1 1
§W2(Stu,v) - §W2(u,v) <t(V(v) = V(Su)), for all u,v € D(V), t >0, (4.1)
where, by definition, Syu is the unique distributional (with respect to the narrow topology) solution
of the Cauchy problem
Ow = ALy (w), w(0) = u, (4.2)
with Ly (u) := uV’(u) — V(u). The flow associated to V, (St)¢, is a semigroup of contractions with
respect to the Wasserstein distance W and extends to D(V) = Pq(R?).

Remark 4.2. It is worth emphasizing that the regularizing effect of the semigroup implies that
Syu € D(V) for all u € Py(RY). Analogously, if ug € Po(R?) then the boundedness of u? = G(r)*Uo

implies that we also have u? € D(V) for any displacement convex entropy.
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Example 4.3. The standard example of a displacement convex entropy is obtained by considering
the convex function H(z) = xlogxz — x, x > 0 and H(0) = 0, giving rise to the usual Boltzmann-
Shannon entropy

00, otherwise.

H(w) {fRdu x)logu(z) — u(x)dz, if du(x) = u(z)dx

Indeed it is clear that H € C*((0,00)) N C([0,00)), and it can be shown that lim, o+ = @) — 0, for

all a € (d+2, 1). We also find that, r?H(r=¢) = —dlog(r) — 1 is convex and decreasmg on (0,00).
For completeness, let us point out the well-known fact that Ly (u) = uH'(u) — uH (u) = w, which,
according to Eq. (4.2), gives rise to heat semigroup since, here, Syu is the distributional solution to
the heat equation dyw = Aw and w(0) = w.

Definition 4.4 (Dissipation along the flow). The dissipation of F along the flow S; associated to
V at the point u € D(F) is defined as

Zv [F|(u) := limsup M
t—0t

Theorem 4.5 (Flow interchange). Let (u¥)y be a sequence solving Eq. (3.1) and V be a displacement
convex entropy. If, for all k € N, 2y[F|(uF) > —oco, then uk € D(V) and

)
V(h) - Viuk)

T

Dy [Fl(uf) < for all k> 1.

T

The statement and proof can be found, for example, in [MMS09]. The next result infers that
Dy (uF) > —o0, for any k € N, that is, we consider the flow interchange for the particular case

V=H.
Lemma 4.6. Let ug € D(F) and (uF) be defined as in Eq. (3.1). For any k > 0 we have

T

uk € HJ(Rd) N D(H), (recalling that HY (RY) = HY(RY) N L*(RY)). Moreover we have

% < DulFl(ul),  for any k > 0.

Hu Hzp Rd) —

Proof. First, we need to show that t + F(w;) belongs to C'((0,00)) N C(]0,00)). By definition
ul = G (7)*up, and therefore u? € D(F). Recall that the flow associated to H is the heat semigroup,

viz., wy := Syuf = Gy x uk. In the Fourier variables, we have @;(€) = Gy (€)ak (&) = a%(€)e . In
particular, we have @w; € C*((0,00)) N C([0,00)) and 9w (€) = —[€]2w;(€). It is not difficult to see
that

0@ ()] ™€) = 2|@e(&)PIE1PY () = 21e(€) P ().

For fixed € > 0 and all ¢t > ¢, we can estimate

(@) (€) < marre™ [ (€) Py ()

= SO

Lokeyi2,—1
< — .
> 2€e| O (©)
We know that F(uk) < F(uk!) < ... < F(ud) < oo, i.e., ||[ak|>y~ 1|’L1(Rd = 2F(uF) < 0. In

particular, we get wy; = Stulﬁ e ’Z(}Rd) since the previous estimate implies

2 o 1
HY (Rd) = 2t H HHuﬁl(Rd) - E
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Next, again for ¢ > 0 fixed, we find that |[a¥|?y~1 € Ll(]Rd) and, by combining the two preceding
estimates, we have

21D.€)P|v(€) = 1@OPTE) < s lak©Pv ' €), (4.3

forallt >¢, £ € R? On the one hand, Leibniz rule together with the estimate in Eq. (4.3) implies
that t — F(wy) is differentiable on (e, 00) and we have

F(wy) 2dt/ |y (€ \ ¢ §)dé = / Re( wt (&) Opwy (€)™ l(f)df
i@m«maw&>—+mmm@

On the other hand, by the dominated convergence theorem, Eq. (4.3) also implies that t —

)
4 r
dt

—[|wy = 4 F(w;) is continuous on (,00). Since € > 0 is arbitrarily chosen we deduce
Hw(Rd) dt
that ¢ — F(w;) belongs to C1((0,00)) with
d
E‘F(wt) ”wt”Hw (Rd) — _”StuT”Hw(Rd)

On the other side, |@,(€)|2 = e 2617 [@k(€)|2 — [a%(€)|2 as t — 0F and |@,(€)[2 < [@F(€)[2. The
dominated convergence theorem implies F(w;) — F(u¥) as t — 0F; which proves the continuity of
t + F(wy) at t = 0. Therefore, t — F(w;) belongs to C1((0,00)) N C ([0, 00)).

Next, the fundamental theorem of calculus implies

t o " Hw Rd
Additionally, by Fatou’s Lemma there holds

l|lu < hmmf || we ||

THHU’(Rd) Hzp Rd)

Combining the two estimates, it follows that

Fluk) — F(Sub)

D[ F)(uF) = limsup

t—0t t

We deduce from Theorem 4.5 that, for any k& > 1, we have u* € D(H) and

H(uy™ ') — H(uf)
k T T
15 gy < PralFI(uE) < ),

k
> |luzl?

HY (R)’

Therefore, we may deduce u¥ € H ¢ (R¥) N D(H). Finally, it remains to show that «* € L*(R%). For
|€] > 1, it follows from Proposition 2.2 that ¥(€) < k, (1 + £]?) < 2k, |€]2. Then, using Plancherel,

we find
d d + ﬁk 2 1 d

gmwmbm+m4\mwwa%

< [B1(0)1@5 )17 s (ray +2fsu|!uTHHw(Rd)

where we also used the fact that u¥ is a probability density. Hence, we deduce u* € L?(R%), and
therefore u* € HY(RY) = HY(RY) N L2(RY). O

The following result is an immediate consequence of Theorem 4.5 and Lemma 4.6.
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Corollary 4.7. Let ug € D(F) and (uF);, be defined as in Eq. (3.1). Then u* € H’Z(Rd) N D(H)
for any k > 0. Moreover, we have
=1y k
”ukH2 _ < H(UT ) H(u7)7
TUHY (RY) T
In particular H(uk) < H(uk™1).

for any k > 1.

Next, we use the lifting (perturbation) of the entropy technique introduced in [MMS09] to show
that u* is in the domain of every displacement convex entropy.

Theorem 4.8. Assume that i(f) = €21 (€) is the symbol associated with a radial Lévy kernel
U. Let (uF),. be the sequence of Definition 5.3. Let G be a displacement convex entropy with density
function G. Then, for any k >0, u¥ € D(G) and we have

0 < (uf, La(ur)) 5 < DglF(uf) <

Proof. Note that u) = G (r) * u clearly belongs to D(G). For fixed € > 0, consider the perturbed
displacement convex entropy

V(u) = G(u) + eH(u).

Let us denote by S; the flow associated to V. For fixed £k > 1,7 > 0, and € > 0 we set w; = Stulﬁ
which is the unique solution to the generalized porous medium equation

Oywy = AP (wy) = div(®'(w;)Vw), and wg = ulﬁ,

where ®(v) = Lg(v) + ev, and Lg(v) = vG'(v) — G(v) as before. Since G is convex we have
®'(r) =rG"(r)+e > e, for r > 0, that is ® is monotone increasing, and the above equation non-
degenerate. Note that since u’ﬁ € Ll(Rd) and uf > 0, each wy is strictly positive, see [Vaz07, Chapter
3] and bounded since ®'(r) > ¢ > 0, see for instance [Bén78, V79, BB85, V4z06, Vaz05]. The facts
that wy > 0, ®'(w¢) > 0, and dyw; = AP(w;) imply that

c ’ - = - we(x 2 "(wy(x))dx
E/Rdhl)t(l‘” dx—Z/Rdwt(:E)Aé(wt(:n))dx— 2/Rd|V (@) [2® (wy(2))dz < 0.

Since wy = u¥ € L2(RY) N H’Z(Rd), by Lemma 4.6, we find that w; € L?(R?) and
well r2 ey < Ikl g2 rey-

Note that the narrow convergence of w; to u¥ implies that @;(¢) — u*(¢) as t — 0 for all &.

Furthermore, Fatou’s Lemma yields [wi[| 2 gay — | uk]| 2 (rd) as t = 0. These two results together

with the pointwise convergence w; — u¥, as t — 0, yield
. k N
lim flwe — uzl] 2 gay = 0.

Therefore, a subsequence (not relabeled) satisfies that w; — uf, a.e. ast — 0. According to
Theorem 2.7, for u,v € HY(R?) we have

(wo)5 = [ AT € = [ (ule) ) (v(o) ~ )i o — ) dyd,
RAR4
Since L¢ increases, (u(x) — u(y))(Lg o u(z) — Lg ou(y)) > 0, so that Fatou’s Lemma yields

lirtri)iéﬁ (LG 0 Wy, wt)i + s(wt, wt)qZ > (LG o u’ﬁ, uf)a + 5(u’ﬁ, ]ﬁ)qz

Recall that L¢ is locally Lipschitz and increasing. For every function u € L™ (Rd),

0 < (Lg o u(z) — Lg o u(y))® < Cr(u(z) — u(y))(Le o u(x) — Lg o u(y)) < CL(u(z) — u(y))?,
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where C7, > 0 is a Lipschitz constant of Lg depending on w. This immediately implies
0< (Lgou,Lgou); < Cr(Leou,u) ;< Cf(u,u). (4.4)

Next, we exploit these estimates with u = w; € L*(R?). Differentiating ¢ — F(w;) = %‘|wt”i[w71(]1§d)

gives

T /Rd (L o wi(©)@i() + el@r(§)I?) ¢y (€)de

= —(Leowswy) ;- €(wt,wt);; <0.

P

Accordingly, we have F(w;) < F(u¥) and hence w, € HY ' (R%). Let us recall that the narrow

convergence implies @y (&) — uF(£), as t — 0 for all ¢, and that by Fatou’s Lemma we deduce

”wt”Hd,—l(Rd) — HufHHWl(Rd) as t — 0, that is ¢t — F(w;) is continuous at ¢ = 0. Then, the
fundamental theorem of calculus yields

F(ub) — Fw) 1 [t e [
ft = Z/O (LG OwT,’wr){E—i-E(wr,wr){[;dT 2 Z/O (U)r,wr)lzdr.

Without loss of generality, we can assume that w; € H J(Rd) and hence by the estimates given in
Eq. (4.4) that Lg o w; € HY(R?). By definition we have

ky _ k
Qv[f](ulﬁ) = lim sup F(u?) — F(Spus)
t—0 t

In particular, Zg[F](u¥) > 0. Furthermore, if S} is the flow associated to G then

kY 1,k t
-F(u—r) f(Stu'r) _ 1/ (LG o S uk Sluk)adr > 0.
0

t t Ty r T

By Theorem 4.5, we have that u¥ € D(V) = D(#) N D(G) for any k > 1 and
V(up~") — V(ul)

> (LGouk uk)lz—ka(uk u’f)~

T T T T w'

0 < (Lgouf,uf) 5 < y[F(ur) <

_ G = G(up) | A = H(ug)

and also

0 < Zg[F)(uf) <

Thus, we get 0 < (LG ouk uk) ~ < oo and, upon letting € — 0, we obtain

T T'll}
Guk=1) - (uk)
- |

0 < (Lgouf,uf)y < [F](uf) <

T

O

In particular, for the specific class of functionals G(u) = %= we have Lg(u) = uP, which we will

p—1
use to get LP-control.

Corollary 4.9. Assume ug € LP(RY) and let (uF);, be the sequence of Definition 3.5. Assume that

P(€) = €271 (€) is the symbol associated with a Lévy kernel v. Then u® € LP(RY) for any k > 0
and for all k > 1 we have

k k—
HU‘THLP(Rd) < luz 1HLp(Rd)-
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As a consequence, we are able to prove Theorem 1.1, item (vi).

Theorem 4.10. Assume ug € D(H) and let u € AC?([0,00), (P2, W)) be the limit curve obtained
in Theorem 3.6. Then, for allt > 0, we have

H(u(t)) < H(uo)-

Proof. Recalling that u? = G w(r) * up and ur(t) = uL /7] , by Corollary 4.7 we have

H(ur (1)) < H(ud) < H(up).
The lower semicontinuity of H with respect to the narrow convergence implies
H(u(t)) < lim ing(uS) < H(ug).
T—
0

Theorem 4.11. Assume that (&) = |€[20~1(€) is the symbol associated with a Lévy kernel v,
Assume ug € LP(R?) and let u € AC?([0,00), (Pa, W)) be the limit curve obtained in Theorem 3.6.
Then, for allt > 0, we have

Hu(t)HLp(Rd) < ||u0HLP(Rd)‘
Proof. Recalling that u? = Gy * uo and u, (t) = uit/ ﬂ, by Corollary 4.9 we have
”uT(t)”LP(Rd) < ”U(T)HLP(Rd) < HU’OHLP(Rd)’
The lower semicontinuity of || - || Lp(RY) with respect to the narrow convergence implies
() gty < i e ()] oty < ol o

O

Corollary 4.12. Letug € D(F) and (uF) defined as in Eq. (3.1) and consider the piecewise constant

approzimation u,(t) = W71 For every t > 0, ur(t) € HY(RY) . Moreover, for T > Ty > 7 > 0,
we have

T 8dk
No(1) 2
/TO [lur (¢ )HHw (R4) dt < H(u; )+ Tog(2) <1 + 2T F (ug) + /Rd || duo(x)> .

where No(T) = |To/7] and k is a constant only depending on d.
Proof. Set N = |T/7| and Ny = No(7) = |Tp/7] so that (Ty,T) C (7No,7(N + 1)). Thus,

T T(N+1)
[l s gadt < [ T Ol g
To T

No
7(k+1) N .

Z / ‘UT Hw Rd Z T”U * ”Hw Rd)

k=Np k=Np
N

< D0 (M) = Hup™) = Hu®) = Hu ™).
k=Ng
The Carleman’s type inequality implies that
—H(uNT) < /{(1 + /d |:E|2u]TV+1(:E)d:E>. (4.5)
R
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This, together with the estimate in Eq. (3.3) gives

~H(WN ) < 155( )(1+7'(N—|-1)]-'( )+/Rd |x|2du0(:1:))
8dr
< @ (1+2T]-"(u0) +/Rd ya;quo(x)).

We need to prove Inequality (4.5) to complete the proof. To this end, let us proceed as follows

/duT logur ™ de = /d“T log ur ™ L {y )15 exp a2 4
R R
N+1 N+1
—/||<1UT logur ™ L N41 cop(— o2} 4T
T|>

- N+1 N+1
\/|x|>1’l,L7' logu'r ]l{qu—\r+1§exp(—|x|2)}dx'

First of all, we note that if u¥ ™! > exp(—|z|?) then —logul¥*! < |z|2, so that

N+1 N+1 N+1y,.12
_/RduT log u ]l{ui\r+1>exp(_|x|2)}dx§/RduT |z|“da.

For the second term we have

N+1 N+1

— U logu: "1 dx < |B1(0)] max t|logt| < C.
/I<1 r o logur UL v o fof2) 47 < 1B ”te[m] [log ] <
Last, the monotonicity of ¢ — tlogt implies

N+1 N+1 N+1 N+1
_/ log ™ g1 coxp(— a2y 47 < / ur 108 ur L v cocp a2y 47
|z|>1 |lz[>1

< [ ol expl-[of)dz < C.
R4

Hence, we obtain the desired bound for uN 1.

5. CONVERGENCE OF DISCRETE APPROXIMATIONS

In this section, we establish the convergence of the piecewise constant interpolations of the approx-
imate solutions (u,), and the associated discrete pressures (v, ), (recalling v, = L™ u,, i.e., v, is
defined so that U, (&) = ¥~ 1(&)u,(€)) in appropriate spaces. In Section 6, we prove that the limit
curve obtained in Theorem 3.6 satisfies Eq. (1.1) in the sense of Eq. (1.12). Let us start with the
following observation.

Theorem 5.1. Let u € HY ' (R%) N HJ(Rd) then we have

= 1 [ ey B
If, in addition, Condition (C) is satisfied, then we have
ol gy < 5 (Il gy + N0t o)

In particular, the embedding HY ™" (R) N H’Z(Rd) — HY"(RY) is continuous.
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Proof. Note that ¥(£) < 2k,[€|? for [£] > 1, and (&) < 2k, for |¢] < 1. Using this observation, we
find

=
=
M)
=
=
I
—
i
G

A(6) P (©)w (€)de + / O (€)de

1€]<1

~ren2T ~reni2 -1
< 2%, /|  [OPHEE + 25, / O ¥l (€)de

|€1<1
2
< 26 (15 gy + 101 )
which proves the first statement. Concerning the second statement, let us use Condition (C)), i.e.,
—1
Pp(¢) < W Again, decomposing the domain of integration into high and low frequencies, we
may estimate both regimes separately and obtain

2 . gy = ~ 2,/ % d ~ 2 % d
e ey = [ OPW e+ [ ao)Pur€)as

- / () o (€ (€)de + / e Pl (€) v (€)de
|£]>1 |€]<1

PRl (3] G NI
i [ P e [P s

=c! IRN el ()12 w1
= /£>1\ (O (§)dE + ¢, /|£|<1’ ©)P v (€)de

< & (I gy + N0t ey ) -

From the two estimates the continuity of the embedding H¥ ' (R%) N H J(]Rd) — HY"(RY) follows.
O

IN

Theorem 5.2. Let ug € HY ' (RY) N Py(RY), (ur), be the piecewise constant approzimations in
Definition 3.3 and w its limit curve obtained in Theorem 3.6. Define vy = L™ u; and v = L™u.
Then, there is a subsequence (not relabeled) (1,,)n, such that following hold:

(i) We have u € L*(0,T; HJ(]Rd)) and
Ur, — U, weakly in L*(0,T; HJ(]Rd)).
If, in addition, Condition (1.10) is met, i.e., there holds

sup —— " — 1> = sup ¥E) S h — 1)2 =0, 0, ((1.10))
gerd Y(§) ¢eRr? 15‘2
then, for any 0 < Ty < T, we have
Ur, — U, strongly in L*(Ty, T L%OC(Rd)).
(i3) If Condition (C,) is met, we have Vv € L*(0,T; L*(R%)), and
Vo, — Vv, weakly in L(0,T; L?(R%)).

Proof. By Plancherel’s Theorem, we deduce that

[VrlIZ2 gy = /R Lo (©)71glPde = /R (P EPY™(€)dE = NurlFyye gay-
Moreover, by Theorem 5.1, we know that

< C (lur 5 gy + N3

HuTHLz(Rd) sz;(Rd 1(Rd)> ’
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and, using Condition (C)), we also have

e o gty < € (It 15y + Tirl o1 gy )
Note that the narrow convergence u,, — u implies the pointwise convergence of the Fourier trans-
forms, i.e., U, — u. Similarly, o, (&) — 9(€), for all € € R% Therefore, all claimed weak

convergences are true once the boundedness of (u;), in H¥(RY) N H wil(}Rd) is established. By
Proposition 3.4, it follows that F(u,) < F(up). That is, for any Ty € (0,7)

T
/ s g (7 = Ty s

By Corollary 4.12, we know that for "> Ty > 7 > 0,

T 8dr
< 2/ (4No(7) / 2 '
/To llur(t )HHw (') dt < H(u;°'") + 02 <1 + 2T F(uo) + y || duo(m)>

where Ny(7) = |To/7] and k is a constant only depending on d.
Since ug € D(H) we have H(ur No(r )) < H(up) < co. Moreover, under Condition (1.10), the embed-

ding H v (Rd) — Lloc(Rd) is compact in virtue of Theorem 2.18. Thence, the strong convergence of
(U, ) in L2(Tp, T; L2 (R?)) follows. -

6. WEAK SOLUTION OF THE EQUATION AND ENERGY DISSIPATION INEQUALITY

This section is dedicated to establishing the energy dissipation inequality, item (v) of Theorem 1.1.
Moreover, we identify the limit curve as a weak solution of Eq. (1.1), Theorem 1.1 (iv), in the sense
of Eq. (1.12). To this end, let us begin by deriving the associated Euler-Lagrange equations.

Theorem 6.1. Assume that v ¢ L'(R?) and satisfies Condition (C,). Moreover, assume the symbol
1 1s associated with a unimodal Lévy kernel U satisfying the following condition:

For any 0 < A < 1 there is ¢y > 0 s.t. v(Ah) < cxv(h) whenever |h| < 1. (6.1)

Let ug € Hwil(Rd) N Pg(]Rd) and let ( ) be the associated solution to the minimizing movement
scheme, Eq. (3.1). Define (vF)y by v := L='ur. Then, for any k > 0, we have

uk=t k d nd
/ Vol - quf dz = —/ (Thr  —1)-nuide, for all n e C(RY R?). (6.2)
Moreover, we have
D RGeSy
/]Rd |Voy|“uy do = ﬁw (ug,u;™"). (6.3)

Proof. Step 1. — Perturbation of minimizers.
For ease of notation, throughout the proof we shall simply write u := u’ﬁ and v 1= vlﬁ. Given 6 > 0,
we define ¢5 : R — R? as ¢5(x) := x + dn(z). Clearly, for §y > 0 small enough, we have

1 < det(Dgs(z)) < g (6.4)

forall z € R%, § € [0,00]. Define us := ¢5#u = det(D¢s) " ul o ¢5 and 75 := v~ a3. Since u is
optimal in Eq. (3.1), there holds

Ogé[f(u(;)—f(u)—F%(WQ(u(;, WYY — W2, u 1))]

The second term is classical which is known to satisfy

171 1 e
lim ~ [ (Wz(u(;, =1y 2 (g, uh- 1))] :—/Rd (1% 1) -t da,

5—0 0 T T
29



which can be adapted from [Vil03, Theorem 8.13], see also [Sanl5, Section 7.2.2]. The rest of the
proof focuses on the treating the limit

lim ~ [F(us) — F(w)].

6—0 0
Switching to Fourier, let us rewrite the energy
1 1 . ~ _
§Fs) - F)] = o5 [ (8P - [a(©)P)v ©)de. (65)
5 2(5 Rd

Using the identity

@5 (§)F = [U(&)* = (@s(€) = T(&)) (@s(&) + U(E)) + Us(&)(8) — s(§)u(),
)

in conjunction with 7(¢) = ¢~ 1(&)u(€) and v5(€) = ¥~ 1(€)us(€), the variation of the energy can be
simplified such that

§1F ) = 7] =5 [ G0 +3-0) - 5l @) ~ae) ds. 69

Next, let R > 1 be sufficiently large such that suppn C B(0, R). By definition of us, we have

s(€) ~(€) = | expl=i - (@ +on(a))ua) do = | exp(—i€ - )u(a) da

R
= / exp(—i - x) (exp(—i& - on(z)) — 1) u(z)dz.
B(0,R)

Then, the dominated convergence theorem implies the pointwise convergence us(§) — u(§), as
d — 0. Therefore, we also have [£|05(—¢) — [£|0(—€) as § — 0, pointwise.

Step 2. — Boundedness of (us)s in HIZ(Rfl).
Note that by Corollary 4.7 we have v € HY(R?). According to Theorem 2.7, the existence of ¥
implies that Hz(R?) = HY(RY), and we have to estimate

sy =[] Tusle) — us )P~ y)dyda
R RY
< // [2lu0 65 (x) — wo g5 (y) P |hs (2)” + 2lhs(x) — hs(y)|?|us(y) ] P(z — y)dyda,
RIR?
having used us = hsu o 5", where hs := det(D¢s)~L. Since hg(z) = det((I + & D)~ (z)) is at

least W1°(RY), there exists A > 0 independent of § > 0 (once ¢ is sufficiently small) such that
175l .00 (rey < A. Hence, for all @,y € R? we have

|hs(x)| < A, aswell as |hs(x) — hs(y)| < 2A(1 A |z —y)).
Therefore,
sl gy <24° [ oo 65 (@) = wo 67 () Poe — y)dyda
R4 R4
Al // (LA Je = yP)luo 652 () P(e — y)dyde,

R? R4

(6.7)

Now, by Theorem 2.11, we find

0 6512 5 ay < C(1+ 1| det Dgl e ) 0l oy < Clltl (6.8)
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where C' > 0 is independent of § by Eq. (6.4). Using Eq. (6.8) in Eq. (6.7), we finally have

ol oy < 44 (14 42 [ 1A EB0)OR) 0 057 1y e
< Ofull?

(6.9)
HY (R
where C' > 0 is independent of §.

Step 3. — Strong convergence Vuvs; — Vv in LlOC(}Rd).

The goal is to apply the compactness Theorem 2.14. Therefore, it is sufficient to establish the
boundedness of V(vs — v) in H,(RY) = H¥(R?), see Remark 2.17. Under Condition (C,) and by
proceeding as in the proof of Theorem 5.1, we obtain

”VU5 VUHLZ ®Y) ”U5 _u”%{w*(ﬂgd)

_ (6.10)
<t / B5(E) — AE)PHE)AE + ¢ / B5(6) — a(e)? ¢ 2de
| |€]<1

< 5 (lhs =l gy + s = ully 4 g ) -

Next, let us show that ||us — u||%[71 < us — ul|? which then implies

L2(R?)’
05— Vol gy S s — g g
Let us recall that the Riesz kernel

K( ) %].Og‘x’, d:27
1) =
Cd,—l‘xlz_d7 d > 37

satisfies I/(\l(f) = |¢|72, see for instance Eq. (1.7)-(1.8). As the one-dimensional case is particular,
we will treat it separately below and focus on d > 2. Now, we may estimate

s = ully sy = [ 1656) — O i) = | o (18 W@ (05— ) @)

In the last equality, we exploited the fact that supp(us —u) C B(0,R) and R > 1 independent of
0 > 0. Moreover, we have

Ko (s = u)la) = | (us(y) = u)Lno,m (1) 2 = )iy

whence, for z € B(0, R), we obtain

K (05— (@) < [ lus(o) = )L moam (@ = 0)Ka(o = 9)dy.
This combined with Young’s convolution inequality gives

1K1 * (us — w)l|r2(o.r)) < 1K1z (B0,2R)) lUs — ull f2(Ra)-

By Cauchy-Schwartz inequality,

lus = ullFy 1 gay < llus = ull p2gay | (us = u) * Killr2(s00,m)) 6.11)
, .
< MKl so2ry lus = wllfs gay:
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Now, let us address the one-dimensional case and begin by introducing the anti-derivative of u — ug,
which is given by

U@ =5 [0 —pay=3 [ @ w@me -y 61)

Here, the notation sgn(a) = a/|a| denotes the sign of a # 0. Since supp(u — us) C B(0, R) and
Jgu — usdz = 0, it follows that suppU C B(0, R) and U(£) = —i& (U — ) (€), € € R. Moreover,
we have

U(@)[2 < Rlju— us 22z,

Hence we get
o=l = [ 0@ = [ W@ <Rl (613

which established the control of ||u — U5“H71(R) in terms of |lu — u(;H%Q.
Substituting Eq. (6.11) (resp. Eq. (6.13) for d = 1) into Eq. (6.10), we obtain

190 = Vol gy < 5t (Ilus =l 5 gy + s = ul s gy ) < Cllts =l g
In particular, Estimate (6.9) implies

IVvs = Vol 2 gay < Cllull g (6.14)

R4)"
Since [Vos(€)] = [€]=1(€)[as(€)], it is readily seen that

1905 = Vo1l gty = l1us = w25 g

By the boundedness of (us)s in Hw(Rd) from Step 2., we find that
[V = Vol gty = 905 — Follgo gy < Clls — ull g gy < Cllel g g

Taking into account the pointwise convergence, |{[v5(—¢§) — [[0(=€) as § — 0, the compactness
Theorem 2.14 implies that Vvs — Vo in L2 (R?).

Step 4. — Weak convergence of +|¢|71 (4s(€) — u(€)).
This step is dedicated to showing

SIE @5(9) ~ 7€) — —ilel ¢ - e,

weakly in L2(Rd), as § — 0. To prove this claim, note that, by the dominated convergence theorem,
we get

fim 5 3(6) (€)= iy [ S(expl—iE -on(w) 1) expliE -a)utz) da
= —if- / exp(—i& - z)n(x)u(z) dx (6.15)
= it ()¢

In other words, for all £ € RY, letting § — 0 gives

SIEl™ @s(6) — ae)) — —ile] e - 7).
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Now, for fixed & € RY, let us define the function g¢ : [0,00) — R, g¢ : § = g¢(9) = (&) and
(nu)s := ¢s4(nu). Once again, by the dominated convergence theorem, we obtain

(0) = Jim 3 (5:(€) — Ts(€))

= fllin% %(eXp (—i&-hn(x)) — 1) exp (—i& - (z + on(x)))u(z) dz
—0./B(0,R)
=it [ exp (=i (o + dn(o))nfe)uta) da

= _ié : (UU)5(5)
Moreover, note that also by dominated convergence theorem, gg is continuous, and therefore ge is
of class C'. Therefore by the intermediate value theorem, there is some & € (0,d) such that
1, ~
S(@5(6) — 1(©)) = g4,

Furthermore, for 6 € (0, dp),

—

1) sll L2 ray = 11wl L2 (ray < 2lnull 2 (gay-
Therefore }|¢|~!(@s — @) is bounded in L? (R%) uniformly in 4, i.e.,
Loci—1n 1
SIIE 5 — ) 2qeay = 2lhus — w1 gy < €. (6.16)
for some constant C' > 0 independent of § > 0. In combination with the pointwise convergence, we
have that, as § — 0, |¢|7(Us(€) — U(€)) converges to —i|¢|1¢ - u(€) weakly in L2(RY).
Step 5. — Variations of F. ~
We claim that, for any probability density v € HY(R%) N H ’l’fl(Rd),
o1
(%1_% 5 [F(us) — F(u)] = . Vou(zx) - nu(z) de. (6.17)

This step is divided into 2 parts, where the first part is dedicated to smooth densities and the second
part less regular densities, respectively.

Substep 5.1 — Smooth densities. First, we prove Eq. (6.17) for a probability density u € C’l(Rd) N
L>*(R%). By Plancherel’s Theorem and Eq. (6.6), we have, for any p > 0

1 1 N N 1. 9/~ ~
§(Flus) = Fw) = 5 [ ~i€(@(=6) + 7(-9) - Fielel (@s(e) ) de
1 1
= —/ V(v+vs) (@) =VEK; * (u—us)(z)dx
2 R 5
1 1
- —/ V(v + v5)(x) - LV * (1 — u)(x) da
2 Jri\B(0,p) 0
1 1
+ —/ V(v +vs)(z) =VK7 * (u — ug)(z) dz.
2 I, 0
Since suppn C B(0, R), by weak-strong lemma and the previous steps, for any p > R,
1 1
lim — Vv+uvs)(xz) VK1 * (u—u :de:/ Vou(z) - nu(z) dz
s [ V)@ VK ()@= [ o)

= Vou(zx) - nu(z)de.
Rd
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Therefore, it is sufficient to prove that the term over R? \B(0, p) goes to 0 uniformly in ¢ as p — oo.
Since u € C*(R?) N L>®(R?), for some constant C' depending on [ullor ray and [l o1 (gay, We get

u(z) = us(2)] < u(z) —u(es())] + |u(¢s(z)) (det Vs — )| < C9,

Since supp(u — us) C B(0, R), for |x| > p with p > 2R we get

M

Thus, since |z| < 2|z — y| for y € B(0, R) we have

|VE * (u—ug)(z)| < 05/ dy

_ 1-d
B(0,R) ||4=1 Ol

and therefore, for d > 2, we obtain

sup
6€(0,d0)

1
/ V(0 + v)(2) - VK % (1 — ) (x) da
R4\ B(0,0) 0

1/2
1
< sup {V(U + 05)[| £2(Re) (/ ‘EVKl * (u — up) (x)|2dx) }
8€(0,00) RI\B(0,p)

cof ot
R\ B(0,p) |z| (d=1)

In the one-dimensional case d = 1, observing that i¢|¢|72 = i¢ 71, € € R, we can legitimately identify
VK * (u— us)(z) = U(x) where U(z) is given in Eq. (6.12), that is,

VK # (u— us)(x) = l/R(U —us)(y)sgn(x — y)dy = %/B(O . (w—u)y)w - y)dy.

2 |z =y
Note that |z| > R and y € B(0, R) we have sgn(x — y) = sgn(z). So that

VK * (u — us)(z) = sgn(z) /B(O o (u—wus)(y)dy = 0.

Substep 5.2 — General case. Let probability density u € H’Z(Rd) N wal(Rd) be given and let u® €
CHRHNL®(R?) be such that lim. Hu—uEHH@(Rd) + HU_'UFHHw—l(Rd) = 0, see for instance [FG20,
Chapter 3]. We define the push forward u§ := ¢;54u°, and the associated pressure v§ by v§ := L_lﬂf;.
Using Cauchy-Schwartz and Eq. (6.6), we may write

| (Flug) - Fw) — (Fug) - Fu)|
~ 5| [ (@ =59 + 0 - 9)(-0) (ase) — a(e) de

(@5 —15)(€) — (@ —u)(€)) dg

| =

- [, @9+ (-9)
R

1
< O (s = w5 gy + 1 = 0¥l o ey ) 5 05 = ll g1

. 1
+ Ol e gy 5 | 05— w0) = " =),
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Proceeding as in Step 3, Eq. (6.10), we have that
lets = w5110 ety < € (Ilts = 6511 gy + 1t = 51y

< C (lhw =l gy gy + 1 = 0l 1)) -
where C' > 0 is independent of § > 0. Let us stress that the first term vanishes, i.e., HU_UEHHJ(Rd) —
0, as ¢ — 0, by definition. Next, by the continuous embedding of Theorem 2.10 (ii), we have
ul| ;-1 < Clluf| z4-1, which is bounded by assumption, whence we conclude that u € H'(RY).
Moreover, we have that [[u — u®|[y—1gey = 0, as € = 0. By Eq. (6.16) in Step 3, we have that
Hlus — ull g (rd) is bounded uniformly in 6. Furthermore, proceeding as in Step 3, we obtain a
bound on |lus + u§||Hw*(Rd), uniform in ¢ and €, see Eq. (6.14) and, additionally, we obtain that
H(w — ) — (us — us)ll -1 gay < Cllu — vl f2(gay, see Eq. (6.9).
Finally, since [[u — u®|| j2ga) + [[Vv = VU| 2 (gay — 0, as € = 0, we have that

) Vot (x) - nuf(z) de — ) Vou(z) - nu(z) dz.
R R

Putting everything together, we have that, for every ¢ > 0,

%i_l)% ‘%(]—"(u(g) - f(u)) - /]Rd Vo(x) - nu(z) dx‘

< lim ‘%(}"(UJ) - F(w) - %(ﬂu?) - F))|

+ %im - %(]—'(ug) - ]:(ua)) - /Rd Vot (z) - nut(z) d:z:‘

-0 (6.18)
+ Vot (x) - nu®(z) dz — / Vo(z) - nu(z) dx‘
R4 R4
< Ol = g5 gy + = 0 gy oy + s = ] )
+ Vot (z) - nut(z) dz — Vo(z) - nu(z)dz| .
R? R4
Since Eq. (6.18) is valid for any £ > 0, we have shown claim of the second part.
Step 6. — Conclusion.
Combining all pieces of the jigsaw, we obtain
1 uk—1 k
0< / Vou(z) - nu(z)dz — —/ (T —1) - nu; da. (6.19)
R4 T Jrd * YT
Replacing n by —n in Eq. (6.19), we have that
1 k1 k
0= Vo(z) - nu(z)dz — —/ (T —1) - nuy de. (6.20)
R4 T Jrd * YT

We have thus proven Eq. (6.2). Taking a sequence n converging to Vv, and using the fact that
/Rd ‘T;fﬁl - I|2u'j dz = W2 (u, uf1),

we obtain Eq. (6.3). O

Finally, we show that the limiting curve w is a weak solution, i.e., u satisfies Eq. (1.1), hence giving

the proof of Theorem 1.1 (iv).
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Theorem 6.2 (Weak solution). Assume that v ¢ L'(R?) and satisfies Condition (C,). Moreover,
assume the symbol v is associated with a unimodal Lévy kernel U satisfying the following condition

For any 0 < A < 1 there is ¢y > 0 s.t. v(Ah) < cxv(h) whenever |h| < 1. (6.21)

Let ug € HY"'(R%) N Po(RY). Let v = L~ u where u is the limiting curve defined by Theorem 3.6
and v its associated pressure. Then, u is a weak solution to Eq. (1.1) in the following sense

/ /d((‘)tgp — Ve - Vo)udzdt =0, Yo e CP(RYx(0,00)). (6.22)
o Jr

Proof. Given ¢ € C°(R% x(0,00)), we use 7 = V¢ in the Euler-Lagrange equation, Eq. (6.2), in
Theorem 6.1, and integrate in time to get

kT
1 _
Z/(k ) { y Vok - puk — ;(ng . I) nuk d:z:} dt = 0. (6.23)
keN -

Using the definition of the piecewise constant interpolation, Theorem 5.2 allows us to pass of the
limit in the first term of Eq. (6.23), which converges to

+0o0
/ Vv - Vypudedt.
0 R4

The convergence of the second term associated to the time derivative is classical, and its limit is

+00
/ / Orpudx dt,
0 R4

see, for example, [AGS05, Theorem 11.1.6], which concludes the proof. O

Finally, let us address the remaining outstanding item, Theorem 1.1, (iv), that is, the energy dissi-
pation inequality. To this end, we follow the usual argument relying on the De Giorgi interpolation.

Definition 6.3 (De Giorgi variational interpolation). We define the De Giorgi interpolant u, €
AC2([0,T), (P2 (R, W)) as Ur(k7) := ur(k7) for k=1,2,..., and
1

g+ A (6.24)

U, := argmin {
u

for t € ((k —1)7,k7) and k € N. We observe that Eq. (6.24) has a unique solution @ € HJ(Rd)
which can be established as in the proof of Theorem 1.1 (i) and (ii). Moreover, the De Giorgi
interpolation coincides with the discrete minimizers at multiples of 7.

We will now prove a proposition, analog to Proposition 6.3 in [LMS18]|, regarding De Giorgi vari-
ational interpolation, which we will use to prove the energy dissipation inequality, Theorem 1.1,

(iv).

Proposition 6.4. Let v, be given by '17: = L‘la. Then, for all N € N, and 7 > 0,
1 Nt 9 1 Nt e
= Vo, |"ur dzdt + = |V, | "ty dz dt 4+ F (ur(N7)) < Flug). (6.25)
2 0 Rd 2 0 Rd

Moreover, for any t € [0,T], there holds

W2 (W (t), ur () < 87F (up). (6.26)
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Proof. The proof of this energy dissipation inequality is classical and we give it here for completeness.
First, proceeding as in the proof of Theorem 6.1, we show that

k12~ B 1 2~ k-1
/Rd ‘VUT‘ urder = == 1)7_)21/1/ (Ur,uy™). (6.27)
From [AGS05, Lemma 3.2.2], we infer the energy identity
R uk—1)+l/k7 L wra, ) de o+ Fb) < Fah). (6.28)
27 T 2 Jg—1yr (t = (k= 1)7)2 m '
Summing over k € 1,..., N, we obtain
1 N
— Y W(u W (U, uf) dt + F(ul) < F(u).  (6.29
D Z/ V) e ) < Ful). (629

Substituting Eqgs. (6.3, 6.27) into Eq. (6.29), we obtain

N N kT
TZ k|2 k 12 k
Ekzl Rd|va| qux+§k:1/(k /Rd‘vv ‘ Uy dedt + Flur') < Flu2),

which yields the first statement, Eq. (6.25), after replacing the sums over k by integrals. The second
statement, Eq. (6.26), follows from the triangle inequality and Proposition 3.4 (7). O

We now give the brief proof of the energy dissipation inequality, Theorem 1.1 (v).

Theorem 6.5. Let u be a weak solution of Problem (1.1), obtained as the limit of the minimizing
movement scheme. Then, there holds the following energy estimate

T
2
+ /0 /[R ()| Vo(t)[* e dt < Fug) (6.30)

Proof. With the regularity of (u;),; and (Vv,), established above, we may use the lower semiconti-
nuity result [AGS05, Theorem 5.4.4] to the limit in Eq. (6.25), as 7 tends to 0. This way we obtain
the energy dissipation inequality, Eq. (6.30). O

7. EXAMPLES OF KERNELS

Here, we provide various examples of kernels that satisfy the conditions of our main result. Let us
recall the notations

V) = @ Y€)= 071 (€),  and (&) = [€PTE) = P(EvT(E),

where () is the symbol of a Lévy operator L, see Theorem 2.1. We will also denote the Lévy
kernel corresponding to the symbol ¢ by v, whenever the latter exists.

Example 7.1 (Standard example). For s € [0,1] consider 1(¢) = |£]**. As highlighted in the

introduction the corresponding Lévy kernel v(h) %\h[‘d_zs is the standard interaction kernel

of the fraction Laplacian L = (—A)® when s € (0,1). In the two extreme cases, s = 1, 1(£) = |¢|?
corresponds to the symbol of usual Laplacian, and s = 0, ¢(§) = 1 corresponds to the symbol of
the identity operator L = I. In either case, we have the following.

WE) =1E™, v = 1e7, PO =160, and pr(€) = (¢,
The nonlocal spaces associated to 1 are Hw(Rd) = HS(Rd)’ Hw(Rd) _ HS(Rd), and

TN RY) = Bo(RY), HYRY = HSRY), and HY(RY) = H'-2(RY),
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Moreover, we readily see that 1 is the symbol associated with the operator (—A)'* whose kernel
is given by v(h) = %|h|—d—2(l—s).

Example 7.2. Consider the Lévy operator associated with the kernel

() / ety (hydt / Ty
- = 4t dt.
Y o O 0 (dmt)i2°

The corresponding Lévy symbol is given by

) 1 Tawea~ P
W) = Ad<1—cos<s-h>>v<h>dh—1 /0 GO = T g

The symbol v clearly satisfies
1
(1A [€1%) < (&) < (LA,

and we also have
PO =1+, v O =1+ and ¢ (&) =2+ + ¢l
Therefore, we get the following functions spaces
HYRY + L2(RY) ¢ HY(RY), HYRY) = L*(R%Y, and HY '(RY) = H Y(RY) N LA(RY).
as well as
HYRY) = AY(RY) = HY(RY), and HY (RY) = H¥"(RY) = H~1(RY) 0 HY(RY).

Example 7.3. Consider s € (0,1] and 9(¢) = (]¢|? + 1)* — 1. This is the symbol of the Lévy type
denoted L = (—A + I)® — I, usually referred to as fractional Schrédinger operator or the fractional
relativistic operator. According to [FF14], see also [JKS23], it can be shown that

Lu(e) = (A + 1ula) = ule) = S | Wz«_w ~ )y,

where K is the modified Bessel function of the second kind' of order 3 € R [AS61,EMOTS1, Wat95]
given as

o0 7.2
Ks(r) = 2_5_17"5/ e temmt P dt.
0
In the definition of L, the constant

9=+ - HEHI o
S = = 2
d,s Td/2|T(—s)] D(&z)

is a normalizing constant such that EL(S) = (&)a(g), for all u € CP(RY), see, for instance,
[FF14,JKS23,AS61]. One readily checks that

e o (EPF1)T -1 WE) . (R +1) 1
oo JE7°  lelmee €% ’ s [ER  mo [P

That is ¥(&) ~ |€]%%, as |€] — oo and (&) ~ |€[%, as |¢] — 0. Therefore, there exists some ¢ > 0
such that

and

¢t min([¢f, [€%) < ¢ () < emin([¢f?, [€*).
It turns out that,

P(€) =< min(|¢[%,[€]*), and  ¢7'(€) =< max(|¢] 7% 1€7),

IModified Bessel function of the second kind are also called modified Bessel function of the third kind as for
instance in [AS61].
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as well as
D(€) = max(1,|€P19), and  ¥*(€) = max(|¢[ 2, |€7).
Moreover, we have
V() > es(LAJE[Y), with ¢, = min(2° — 1,s2°71).

Indeed, for |€|2 > 1 we have 9(&) > (25 — 1) > (2° — 1)(1 A |¢|?), whereas for [£]? < 1 we get

Y(E) = s/jQ(l +1)" At > 52 > 52T (AP,
The corresponding functions spaces are given by
HY(RY = H'(RY) + H*(RY), HY[R?Y) = H5RY), and HY (RY) = H Y(RY) N H5(RY).
as well as
HY(RY) = A¥(RY) = H'=*(RY), and HY"(RY) = H~H(RY) 0 125 (RY).
Example 7.4. Consider ¢(¢) = log(|¢]?> + 1). This symbol of Lévy type is associated to L =

log(—A + I), usually referred to as the logarithmic Schrondiger operator. More precisely, it can be
shown that

Lu(w) = log(~A -+ Du(e) =Suo [ W@(@ ~ sy,

where the constant S0 = 95+ r=d/2 jg o normalizing constant such that Zﬂ(g) = Y(&)u(&), for
all u € C°(RY). Observe that

PO L log(EPHn) (e log(gP+1)

lim = lim ———————= =1, im —>= = lim
gl log €7 Jeo0  log [ gl=o [€]2 gm0 (€
That is ¥(€) ~ log |£|?, as |€] — oo and (&) ~ |€]?, as |¢| — 0. Therefore, there is ¢ > 0 such that

¢t min(|log |¢[*], [€]%) < ¥(€) < cmin(|log €[], [¢]?).

As in the previous example, we have

=1.

P(€) > co(1 A|€]*)  with ¢g = min(log2,271),
Moreover, for any 0 < n < 1, there exists ¢ = ¢(n) > 0, such that

»(€) = min(|log [€]%], |€]*) < emin(|¢%,[€777), and ¥ (€) = max(log ™" [¢[%, ¢]72),
as well as

$(€) < max(1, ¢ log ™! [¢]3) > ¢ (J€[*" +1), and  ¥*(€) < max(|€] 2, |¢|*log 2 |€[%).
Thus, for any 0 <n < 1, we get

H'"c H*[RY) and HY[RY) = HBY(RY) ¢ H'(RY).
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