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Abstract

In this paper, we consider an initial boundary value problem for Maxwell’s equa-
tions. For this hyperbolic type problem, we derive guaranteed and computable upper
bounds for the difference between the exact solution and any pair of vector fields in
the space-time cylinder that belongs to the corresponding admissible energy class.
For this purpose, we use a method suggested in [20] for the wave equation.
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1 Introduction
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In this paper, we derive computable upper bounds for the distance between the exact
solution (F, H) of an initial boundary value problem for Maxwell’s equations, which
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have in their second order form a hyperbolic nature, and any pair of vector fields (E JH )
belonging to the admissible energy class of the considered problem. As our techniques rely
on second order methods and the Maxwell system decouples in its second order version
for the electric field F and the magnetic field H, we focus on F in our analysis. The
vector field E can be considered as an approximation of E computed with the help of
a numerical method. In other words, we deduce nonnegative functionals B (also called
error majorants or upper bounds) that depend only on E and known data (coefficients,
domain, right hand side and boundary data) and satisfy the following properties:

1. £(E — F) < B(E) for all admissible E.
2. B(E)=0iff E=F.
3. B(E) = 0if E(E — E) — 0.

Here, £ is a suitable error measure of the energy of the system defined on a space-time
cylinder (e.g., a L*-energy norm).

Such Functionals B provide an explicit verification of the accuracy of approximations.
Indeed, we see that B(E) is small then E belongs to a certain neighborhood of the
exact solution. Moreover, B vanishes only at the exact solution E. The third property
shows that the majorant B possesses the continuity property with respect to all sequences
converging in the topology induced by the energy norm &.

Estimates of such a type (often called functional a posteriori estimates) can be derived
by at least two methods. The first method is based on variational techniques and appli-
cable for problems that admit a variational statement. By this method a posteriori error
estimates were derived in [I4] [15] and many other publications (see [5] for a systematic
overview). Another method is based upon the analysis of the integral identity (varia-
tional formulation) that defines the corresponding generalized solution. This method was
suggested in [16], where it was also shown that for linear elliptic equations both meth-
ods (variational and nonvariational) lead to the same estimates. Later the nonvariational
method was also applied to nonlinear elliptic problems and to certain classes of nonlin-
ear problems in continuum mechanics (e.g., for variational inequalities [T}, 2, [18]) and to
initial boundary value problems associated with parabolic type equations [I7]. A conse-
quent exposition of the 'nonvariational’ a posteriori error estimation method is presented
in the book [19]. Analogous estimates have been derived for elliptic problems in exterior
domains as well [10].

In this paper, we are concerned with an initial boundary value problem for Maxwell’s
equations. For the stationary version of this problem, functional a posteriori estimates
have been derived earlier in [I1] for bounded domains. However, the hyperbolic Maxwell
problem essentially differs from the stationary case and the estimates are derived by a
new technique. The derivation method is also based on the analysis of a basic integral
relation but uses a rather different modus operandi. The reason for this lies in the specific
properties of the respective differential operator involving second order time and spatial
derivatives with opposite signs. We overcome the difficulties arising due to this fact with
the help of a method suggested in [20] for the wave equation, which is closely related,
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and deduce computable upper bounds for the distance to the exact solution measured in
a canonical L*-energy norm.

Our main results are presented in Section B by Theorems [ and [, which provide
computable and guaranteed majorants for the error measures (3.2)) and ([3.3)) of the electric
field E. These first (and simplest) majorants are derived under stronger assumptions on
the approximation. They can be used if the approximation E possesses extra regularity,
which sometimes may be difficult to guarantee in many numerical schemes. In Section 4l
we prove corresponding results under weaker assumption on the approximation E, which
are free of these drawbacks, but have a more complicated structure. Finally, in section
we estimate the error for the approximation of the magnetic field H as well and thus the
error of the approximation of the full solution (E, H).

We note that the respective functionals generate new variational problems, where exact
lower bounds vanish and are attained only on the exact solution. In applied analysis, the
functionals can be used for a posteriori control of errors of approximate solutions obtained
by various numerical methods.

2 Basic problem

Let  be a domainf in R?® with Lipschitz continuous boundary I' := 0€) and correspond-
ing outward unit normal vector by v. Furthermore, let 7" > 0, I := (0,7) as well as
Q= (0,t) x Qand I'; ;= (0,¢) x I" for all ¢ > 0 the space-time cylinder and cylinder bar-
rel, respectively. We consider the classical initial boundary value problem for Maxwell’s
equation: Find vector fields £ and H (electric and magnetic field), such that

OWE—e¢tewl H=F in Qr, (2.1)
OH+p tewlE =G in Qrp, (2.2)
vx Elr=0 on I'p, (2.3)
E0)=FE(, )= Ey in €, (2.4)
H(0)=H(0, -) = Hy in Q. (2.5)

Here € and p denote time-independent, real, symmetric and positive definite matrices with
measurable, bounded coefficients that describe properties of the media (dielectricity and
permeability, respectively). For the sake of brevity, matrices (matrix-valued functions)
with such properties are called ’admissible’.  We note that the corresponding inverse
matrices are admissible as well.

Remark 1 The underlying domain €2 may be bounded or unbounded. Contrary to the
stationary cases, i.e., static or time-harmonic equations, the Sobolev spaces used for the
solution theory of the Cauchy problem do not differ whether the domain is bounded or not.
For instance, in exterior domains one has to work with polynomially weighted Sobolev
spaces what naturally would lead to weighted error estimates as well. See [3, 16} [7, (8, (9]
for a detailed description.

*

, i.e., a connected open set,
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By L*(Q) we denote the usual scalar L*-Hilbert space of square integrable functions
on © and by H™(£2), m € N, the usual Sobolev spaces. H(£2) denotes the Hilbert space
of real-valued L*-vector fields, i.e., L*(Q2,R?). For the sake of simplicity, we restrict our
analysis to the case of real-valued functions and vector fields. The generalization to
complex-valued spaces is straight forward. Moreover, we define

H(curl, Q) := {cb cH(Q) | curl® € H(Q)}, H(curl®, Q) := Co(Q),

where the closure is taken in the natural norm of H(curl, 2). The homogeneous tangential
boundary condition (2.3)) is generalized in H(curl®,2) by GauB’ theorem. Equipped with
their natural scalar products all these spaces are Hilbert spaces.

To formulate and obtain a proper Hilbert space solution theory for the latter Cauchy
problem, we need some more suitable Hilbert spaces. We set

H(Q) :=H(Q2) x H(Q)
as a set and equip this space with the weighted scalar product

<(E>H)a ((I)a W))H(Q) = <A(Ev H)> ((ba \I/)>H(Q)><H(Q) = <€E> (I)>H(Q) + <:uH> \I/>H(Q) )

S

For the sake of a short notation, we will write for domains = C R¥

where

I-lz =1 ”L?(E,Rf) o)== '>L2(E,RZ)

and for suitable matrices A

:<A~,.)é/2.

= =

|- HA,E = HA1/2 :

Furthermore, we introduce the linear operator
My : D(My) CH(Q) = H(Q), (®,0)—iA T M(D,0T)

putting

D(My) = H(curl®, Q) x H(curl,Q), M := [ 0 —curl] .

curl 0
Then, a solution of the Cauchy problem (ZI))-(21) is to be understood as a solution of
the Cauchy problem

(0 —iMp)(E, H) = (F,G), (2.6)
(B, H)(0) = (Eo, Ho).
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Utilizing a slight and obvious modification (variation of constant formula) of [4, The-
orem 8.5], the Cauchy problem (2.0)-(27) has unique solution for all 7' (we may also
replace the interval I by R) by spectral theory since M, is self-adjoint. The spectral
theorem suggests

t
(E,H)(t) = exp(itMy)(FEo, Ho) +/ exp(i(t — s)Ma)(F,G)(s)ds, tel
0
as solution. We get:

Theorem 2 Let (F,G) € L'(I,H(2)) and (Eo, Hy) € H(SY). Then, the Cauchy problem
Z0)-@7) is uniquely solvable in

(i) C°(1, H());

(ii) C°(I,D(My)) N CH(I, H(R)), if additionally
(F,G) € L"(I,D(My)) N CoUT, H()) and (Ey, Ho) € D(My);

(iii) C°(I, D(MR)) N CH(I,D(My)) N C3 (1, H(K)), if additionally
(F,G) € L"(I,D(M?)) N CUT,D(My)) N CHI, H(Q)) and (Ey, Hy) € D(M3).

Here, (E, H) € D(M3}), if and only if
(B, H), (e curl H, p ' curl E) € D(My) = H(curl®, Q) x H(curl, Q).
Remark 3

(i) Theorem [2 holds if we replace the spaces C* by spaces of vector fields having such
reqularity only piecewise, i.e., Cf), where ® € Cf), if and only if ® € C*~1 and ® is

piecewise C’.

(ii) To obtain the second order regularity in Theorem [ (iii) and in view of numerical
applications it is sufficient to assume that (Ey, Hy) has H*(Q)-components and that
(F,G) has C*(Qr)-components with bounded derivatives.

If (E, H) admits the second order regularity of Theorem [ (iii) then we can apply
0; +1M, to (2.6) and obtain

(07 +M3)(E, H) = (F,G),
where (F,G) := (9, +1M,)(F,G). Equivalently, we have
(0, A0, —MA'M)(E,H) = A(F,G).
Since

curl p~t curl 0

i -1 —
MA=M 0 curl e~ 1 curl
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the latter equation decouples for the electric field £ and magnetic field H.
In this paper, we intend to discuss the second order system for the electric field F,
which reads in classical terms

(Oredp+curlpteur)E = K = cF in Qr, (2.8)
vx Elr=0 on I'p, (2.9)

E(0) = E, in Q, (2.10)

0; E(0) = E}) := ¢ ' curl Hy + F(0) in Q. (2.11)

Moreover, we assume throughout this paper that the second order regularity of Theorem
(iii) holds.

Remark 4 A solution of the second order problem ([2.8))-(2ZI1]) provides also a solution
of the original first order problem 21))-(ZX). In particular, under proper regqularity as-
sumptions on the data the system (Z.8)-2.I1)) is uniquely solvable as well. To show this
it sufficies to set

H(t) = /0 (G(s) — p ' curl E(s))ds + H.

Then, 23) and 24) hold and 22) and (ZX) follow directly. Furthermore, to prove
1) we use (2.8) and the above definition of H and obtain

¢ t t
o E(t) = / 0> E(s)ds + E) = —¢* Curl/ pteurl E(s)ds + / F(s)ds + E}
0 0 0

F(s) —e teurl G(s))ds + By — e curl Hy .

(.

=c teurl H(t) + /Ot(

-~ ~~

=05 F(s) =F(0)

Hence, our further analysis is based on (2.8)-2.11).

3 First form of the deviation majorant

Let E be an approximation of E. In this section, we assume that

E € Cy(I,H(curl, Q) N CA(I, H(). (3.1)
Our goal is to find a computable upper bound of the error
e:=E—F
associated with E. For all t € T and p € R, we define two nonnegative quantities

nap(t) = @12 o1 0 (1) = [0: @)L (1) + pllewrl D] ;- g (1), (3.2)
Noo(t) = @121 0, = 100 P2, + p lew] -1, (3.3)
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which generate natural energy norms for the accuracy evaluation. We note that by Fubini’s
theorem th = fot fQ and thus

¢
e, = Nc/hp, No ,(t) :/0 N, ,(s)ds.

Theorem 5 Let p € (0,1) and E be an approzimation satisfying [B.1). Moreover, let
Ore € H(curl®, Q) for allt € 1. Then, for allt € I

n@p(t) S 1}?’5 bE,p;Y;\/(t)7 Ne,P(t) S 1Yr7l£ BE,p;Y;y(t)7 (34)

where
t
bEp;Y,’y(t) = /ye,ﬂ/ e_’yst,Y;%p(S)ds + fE,Y;y7p(t)7
0
t
Bipra0) =& [ €% f5 (s
0
and the infima are taken over v € Ry and Y € C},(T, H(curl,Q2)). Here,
fE~,Y,'y,p = gE,Y;y,p + ZE',Y’

R 2
KE,YH€_1 o + (vp)

Zpy = Ne1(0) +2 <I~(E,Y7 curle>Q (0),

2 2

0 Ky

(1),

+(1-p7" o

ﬂ,Qt

gE,Y;y,p(t) = 771 EY

where

KEyy = KB? E,curlY = 58? E + curlY — K’

KE,Y =Konpy = pteurl E—Y.

C

Remark 6 We outline that the functionals fgy. . bi v, and Bg .. depend only on

known data, the approzimation E, the free variable Y and the free parameters P, v, and do
not involve the unknown exact solution E. Thus, these quantities are explicitly computable
once the approzimate solution E has been constructed. We note that the “zero term’ Zhy
represents the error in the initial conditions. In particular, zgy mainly consists of first

order deriwatives of the initial error e(0) = Ey — E(0). Furthermore, Y may even be
chosen from the larger space

7 2
Czl,(], H(Q)) N L*(1,H(curl, 2)).
Remark 7 The absolute value of the zero term

2y = 10uel o (0) + Jewl el  (0) +2 (K gy curle) (0)
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may be estimated from above by the quantities
Zpy = ne1(0) + 2| <I~(E,Y7 curle>Q (0)]
= 10l g (0) + leurl el -, o (0) + 2/ (R, curle) (0)
< 2oy = 10rellq (0) + 2eurlef o (0) + Rz | (0)

which are nonnegative and easily computable. Furthermore,

(i) zzy =0, if 9:e(0) = 0 and curle(0) = 0.

(ii) Zzy =0, if any only if 0;e(0) = 0 and curle(0) = 0.
(iii) 25y =0, if any only if 9;e(0) = 0 and curle(0) = 0 and pY (0) = curl £(0).
(iv) 9iy~, =0, if and only if pY = curl E and curlY = K — £0; E.

Therefore, choosing the functional fgy.., , with Zg . or Zgy we see that for allt € T the
functional by, v (t) vanishes, if and only if

O E0)=E), culE(0)=culEy,, pY=culE, culY=K-cd?E.  (3.5)

Thus, 0;e and curle vanish, if and only if n., = 0, which is implied by bi py, =0. The
latter condition is equivalent to [B.5). The same holds for the energy norm N, , and the
Junctional Bg, ..

Proof of Theorem [5] We start with deriving first order ordinary differential inequalities,
which then lead to the estimates by Gronwall’s lemma (see appendix). Since d; e belongs
to H(curl®, Q), we have

Omeq(t) =2(e0; e, 0, e>Q (t) 4+ 2(p " curle, curl 9, e>Q (1)
=2 <K —cd?’E, 0, e>Q (t) —2 <u’1 curl E —Y +Y, curl 9, e>Q (1)

= -2 <IA(Evy, Oy e>ﬂ (t) —20, <KE73,, Curle>Q (1) +2 <8t f(}iw curle>Q (1).

Thus, by integration

nea(t) = zpy — 2( <I~(E7y, curle>

(.

Q(t) — <8t [N(E,Y, curle>gt - <IA(E7y, Oy e>Qt ). (3.6)

N J/ N S/

e ) S5 (1)

We estimate the scalar products Sy by

(1),

1,82
, (3.7)

2
/JﬂQt

2[81(t)] < arfeurlefl o (t) +a™!

KE,Y

2185(1)] < Blewrlel} g, + B |0 Kpy

R 2
KE,Y

;o
21501 < 1101 el + 7 | Ky,
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where a, 3,7 € R, are arbitrary. For p € (0,1) we choose o :=1 — p € (0,1). Then, for
arbiratry v € R, we put 5 := vp € R,. Inserting (8.7) into (B.6]), we achieve

S ANew + oy

which may be written in two ways

t
nevp(t) S /y/(] n&p(s)d‘s + fE7Y,'y,p(t)’ Né,p(t) S 7N€7p(t) + fE7Y,'y,p(t)’

Gronwall’s inequalities, i.e., (A.2)) and (A.4]), complete the proof. O

Since 0; e = 0 implies e(t) = e(0) = Ey — E(0) constantly for all ¢ we obtain:

Theorem 8 Let an approzimation E and Y as in Theorem @ be given. Then, the
following two statements are equivalent:

(i) £(0) = Eo and by .y, = 0.
(ii) E = E and pY = curl E.

In words: Let the approzimation E satisfy the first initial condition E:'(O) = Fy exactly.
Then, the functional by . vanishes if and only if the approzimation E equals £ and pY
equals curl .

Remark 9 The assertions of the latter theorem remain valid if we replace bg .. by

BEWY,’Y'

Remark 10 The latter theorem provides a new variational formulation for the second
order problem (2.8)-(211) and thus, in view of Remark [4, for the original first order

problem 2.1))-(2.5) as well.

3.1 Refinement of the estimate

We can derive sharper estimates if p and + in Theorem [l depend on time. Then, we
replace

t t
na,p(1), N¢,p(t):/0 ncp,p(s)ds:/o (10: @12, (5) + p leurl @] 1 () ds

fia,p(t) = 10: @12 g (1) + p(t) feurl @[ o (¢),

)

N (t) = / +(5)7ig ) ds = / A(5) ([0: B2 o (5) + p(s) [eurl B2, o (s))ds,
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respectively. In this case, N}

. = Ve, and we modify (3.7) in an obvious manner, i.e.,

(1),

2181(0)] < alt) fewl e} g (6) + a7 (0) | Ky

2
JTRY;
2

(s)ds, (3.8)

0 Kpy
1,82

2155(1)] < / "B(s) leurl el o (s)ds + / )|

t

t
2154(1)] < / +(5) 10, el (3)ds + / 2 1(s)
0 0
By (0) and (3.8) we find that

flep(t) < /0 V()i (5)ds + Fry (s Nepn(t) S VO Ny (8) + (1) F (D),

[ o

where fEY,%p = gEY,%p + 2hy with
- 2
Gvap® = (1= ) 0) By | @

+/0t7_1(s) I (s)d8+/0t(%0)‘1(8)

We apply (AJ) and ([A.3)), respectively, and arrive at the following result:

2 2

Oy f(ﬁiY (s)ds.
JTRY

’KE‘,Y

e 1,0

Theorem 11 Let p: 1 — (0,1) and E be an approzimation satisfying [B.1). Moreover,
let 0y e € H(curl®, Q) for allt € I. Then, for allt € I

ﬁevp(t) S 1;;15 IN)E,p;Y;\/(t)’ Ne,p,v(t) S 1Yr7l£ BE,p;Y;y(t)7 (39)
where
N t N N t
N —I'(s
sy (1) = O / e O (8) oy (8)ds 1 fay. (B, T(t) = / +(s)ds,
t
By (1) 1= " / e Oy (s) fiy (3)ds

and the infima are taken over v : I — Ry and Y € C)(I, H(curl, Q)).
Remark 12

(1) The corresponding other assertions hold like in Theorem [3.

(ii) If 7y is constant we get the same formulas as in Theorem[d, i.e.,

t
bEp;Y,’y(t) = /ye,ﬂ A e_’yst,Y;%p(S)ds + fE,Y;y7p(t)’

t
By () = 76 / ey (5)ds.

We note that in this case Ne,m = nye’pJ. If v and p are both constant the estimates
coincide with those of Theorem [3.
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(iii) Since the latter estimates are stronger it is clear that Theorem|[8 and Remarks[9 and

hold as well.
4 Second form of the deviation majorant

The estimates presented in Theorems [ and [l are derived for approximations E
having second order time derivatives. This requirement may be difficult to satisfy in
practice because typical approximate solutions possess only first order time derivatives.
In this section, we derive estimates applicable for approximations of such a type.

As above, F is an approximation of E, but now we also introduce a vector field E,
considered as an approximation of 0; . Hence, we define both the error and the error of
the time derivative separately by

e=E—FE, e:=0FE—E,.
We note that in general E;, # 9; E and therefore e, # 9, e. Henceforth, we assume that

E, Et € C;I)(Tv H(CUI’I, Q))a

(4.1)
e; € H(curl®, Q) for all t € 1,

where it would be sufficient to assume that
. L~
E e C,(I,H(curl, Q)),
E, € C(I,H(Q)) NL*(I, H(cul, Q)),
E, € H(curl®, Q) for all t € 1.

With two nonnegative, real functions p and v on I we define two energy norms

now (1) = 1820 (£) + p(t) el T2, o (1),
Nowpa(t) 1= / (5)1200.p(5)ds = / 2(5) (1812 (5) + p(5) [P2 1 o (5)) ds.

/ _
Then, Nq),\hpﬁ = YNe,w,p-

Theorem 13 Let p: 1 — (0,1) and E be an approzimation satisfying @&I). Then, for
allt €1

net,e,p(t) < 11;1£ bE7Et,p;Y7'y(t)7 Net,e,p,y(t) < 1};15 BE,Ehp;y/y(t)a (42)

. t
TN () i 5y ()5 + f5.5, v, T(D) ::/0 v(s)ds,

eir(S)fY(S)fE,Et,Y;y,p<8)dS
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and the infima are taken over v : T — Ry and Y € C.(I,H(curl,Q)). Here,

nyEth"/vp = gEkw?Etvyvyvp _'_ zEthY’

9.pp®) = (1= p) ()| Ky
+ [0
+ /Ot(yp)_l(s) H,u_l curl £, — 0, YHiQ (s)ds,

2B By = Neyen(0) + 2 <I~(E,Y, curle>Q (0),

(1) +2 <KEY curl(E; — 8, E)>

2
M?Q Qt

Kpy |l g (5)ds

where IV(EMY = Kat Browly ‘= e, B, +curlY — K.

Remark 14 If E, = 8, E then the estimates coincide with those of Theorem [I1. Fur-
thermore, Remarkl@ holds in a similar way. Particularly, Y may be chosen from the larger
space
17 2
C,(1,H(2)) N L*(1, H(curl, 2)).

If v > 0 is constant then

t
Netvevpv’y(t) = /yNetvevpvl(t) = /y/ netyevp(s)d$7 P(t) = ’Yt
0

and the upper bounds simplyfy, i.e.,

t
b iy iy (1) = 7E" /0 e P fam v, (8)ds + [ v (1),

If both v and p are constant we have
Now,py = VNowp, Nowp = Nowpi.
In this case,

na,w,(t) = |2 g (1) + pllewrl U5 g (1),
2 2
Now,o(t) = |9 g, + pleurl Wl o,

and

t
n(I),\Ij7p = N<:/I>,\Il,p7 N<1>,\p7p<t) = / nq>7\p,p<8)d8.
0
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Theorem 15 Let p € (0,1) and E be an approzimation satisfying @I). Then, for all
tel

neme,p(t) S 1le£ bE,Etp;Y;y(t)? Net,€7P<t) S 1}9,5 BE,Et,p;Y;y<t>7 (43)
where

t
bE,Et,p;Y;y<t> = fyefﬁ/o eifyst,Eﬂt,Y,'y,p(S)dS + fE,Et,Y,’y,p(t)7
t

B n®) 1= € | €y gy (510

and the infima are taken over v € Ry andY € CL(I,H(curl,Q)). Here,

nyEP"thyPYyp = gE7E~'t7Y777p + ZEyEt7Y’

~ 2
Koy o0 +2(Kpy.cnl(B -0, B))

gE~'7Et,Y7'\/7p(t) = (]‘ - p)_l

-1

pteurl E,—8,Y

+

VEt,YHZ—l,Qt + (%0) 1,82

Remark 16 If E, = 0, E then the estimates coincide with those of Theorem[d. Again,
Remark @ holds in a similar way. In particular, Y can be chosen from

CL(I,H(Q)) NL*(Z, H(curl, Q)).

Remark 17 The absolute value of the zero term

2.5y = Il (0) + leurl el -1 o (0) + 2 (K curle) (0)

can be estimated from above by the two quantities

2y = Meea(0) + 2 (Kpy cule) (0)

= leulZ o (0) + lewrl e} (0) + 2| (& Ey,curle> 0)

(0),

~ 2 2 [
< ey = el ) + 2feurtell g 0+ Ry |

which are nonnegative and easily computable. The same manipulation can be done with
the term 2 <I~(E v curl(Et — 0 E)> , taking, e.g., it’s absolute value, which leads to some
: Q

t

nonnegative gp g, Moreover,

Yov.p°

(i) 25y =0, if e(0) = 0 and curle(0) = 0.

(ii) Zz 5,y =0, if any only if €;(0) = 0 and curle(0) = 0.
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. if any only if e,(0) = 0 and curle(0) = 0 and pY (0) = curl E(0).

(iii) 255,y =0
(iv) 9z5,v~, =0, if and only if pY" = curl E,d,uY =cwrl E, and curlY = K —¢ 9, E,.

Therefore, choosing the functional fz g,y , with Zgy or Zgpy and §i g,y , we see that

for all t € T the functional bi &, py~(t) vanishes, if and only if

E,(0) = E, curl E(0) = curl Ey, (4.4)
uY = curl E, Oy pY = curl £y, curlY = K — 9, E,. (4.5)

Thus, e; and curle vanish, if and only if ne, ., = 0, which is implied by by f, v, = 0.
The latter constraint is equivalent to (L4]) and (&XH). The same holds true for the energy
norms Ne,ep, Ney e,y and the functionals B g, v B gy pyq-

Proof of Theorem [I3] We follow in close lines the proofs of Theorems [l and 1l Since
e; € H(curl®, Q) and 0y e = ¢, + E; — 0; E, we have

Dy Neye1(t) =2(e0pe, er)q (1) +2(u " curle = Y + Y, curley) , (t)
4—2<u_1cuﬂe,mHKEl——0tE)>Q(ﬂ
:2<A¢—mnnf—g@E;eQQ@)—2<R5y¢mﬂq>9@)
+2@mu — 9. E), mﬂQQ@
= —2(Kp,y, 1), (1) =20, < EYaCUT1€> (t)

0
+2 <[~(E7y, curl(E; — 0, E)>Q (1)

+2<,u curl(E, — 8, E) + 0, Ey,curle> (t).

=p—1 Cu;lrEt—at Y Q
Thus, by integration
net e,l(t)
= 2p.gy +2(Kpy curl(B; - 0, B)) (4.6)
t

_ ( <[~(E,Y’ curle>g(t) — </f1 curl B, — 9, Y, curle>Q + <Iv(Et7y, €t>ﬂt )
— 2 N ~— L ——
=8 —:Sa(1) =:53(1)

If £, = 9, F then (@) coincides with ([38). As before, we choose o := 1 — p and 8 := ~p
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and estimate the scalar products S, as follows:

~ 2
msmw\Sa@>kw14?49@>+a*%wkay

(t)

1,

. 2
2|S5(t) / ||Curle|| S (8)ds + / Bt “lewlE, - 0,Y 0 (s)ds  (4.7)
My
t
_ . 2
2154 (1 /’ o s+ [ 276) [y [ (51
Inserting (4.7) into (4.6]) yields
¢
el < [ A1+ Fi v 10
0
Neyepry(8) < V() Neve o () + () f5. 5, v, (E)-
Finally, Gronwall’s inequalities, i.e., (A1) and (A.3]), prove the assertions. O

Since e; = 0 implies
t
e(t) = / (Ey — 0y E)(s)ds + e(0)
0

we obtain:

Theorem 18 Let approzimations E, E, and Y as in Theorem or Theorem be
giwen. Then, the following two statements are equivalent:

(i) E(0) = Ey and E, = 0, E and bi iy pyy = 0
(ii) E=FE and E, = 0, E and pY = curl E.
In words: Let the approzimations E, E, satisfy E, = 0, E and the first initial condition

E(O) = Ly exactly. Then, the functional by , ., vanishes if and only if the approzima-
tion E equals E and nY equals curl .

Remark 19 The assertions of the latter theorem remain valid if we replace by g, .y, by

BEvEtvp;Yv’y or BEvEtvp;Yv’y‘

Remark 20 The latter theorems provide new variational formulations for the second
order problem (2.8)-(211) and thus, in view of Remark [4, for the original first order

problem 2.1)-(2.5) as well.
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5 Estimates for the approximation of the whole so-
lution

By ([.6) (or the basic equations (2.I), ([2.2))) we also get estimates for the errors h,
hi of the magnetic fields H, d; H and their approximations H, H;. E.g., by adding
—(Ey, Hy) +1MA(E, H) to (2.6) we obtain

(e, he) — 1 Ma(e, h) = (f,9) = (F.G) = (Ey, Hy) +1 My (E, H),
which reads explicitly
e, —e teurlh = f=F— Et +et curlﬁ,
he+ptewrle=g=G—H, —p teurl E.
Therefore, we can estimate

~ 2 2
e np(t) 7= p(t) [hell, o (1) + Jewrl A o (2)
2 2
< 2nepep(t) + 2| [0 (1) + 29[, 0 ()
. 2 2
< 2infbg g, pivs (1) + 21 lcn (8) + 21gl,0 ().

which yields

Negep(t) + ongnp(t)

= ledlZg (1) + p(t) Jeurlel s o (8) + p(t) [l o (1) + lewrl A2 g (1)
. 2 2

< 3fbg 5 vy () + 2 flen () +2gl0 ().

Of course, similar estimates hold for the other norms and functionals and the estimates
simplify in an obvious way if p or -y are positive constants. The vector fields (f, g) measure
the error in the original first order equation (2.6)). Moreover, (e;, h;) may be replaced by
Oi(e, h) if for the approximations sufficient regularity is available. In this case, the error
in the first order equation is

(fag) = (F> G) - (at _iMA)(E’ FI) = (&t _iMA)(ea h)
A Appendix: Gronwall inequalities

Gronwall inequalities can be found in almost any book about ordinary differential
equations. Since these estimates differ in small details, we present here two estimates,
which meet our needs. With

Ci(T):= CY(T,R), C°(T):=C(I,R)

P

we have
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Lemma 21 (differential form) Let u € CL(I) and o, € CO(I) with ¢ > 0. If in I
v < ou+

then for allt € T
u(t) §exp(¢(t))(u(0)+/0 exp(—®(s))Y(s)ds), @(t) ::/0 p(s)ds. (A.1)

If ¢ is a nonnegative constant then for allt € T
t
u(t) < exp(pt) (u(0) +/ exp(—ps)(s)ds). (A.2)
0

If{) < ceR then forallt € T
u(t) < (u(0) + ct) exp(P(2)).

Proof Since
(exp(—®@)u)" = exp(—®) (v — pu) < exp(—P)y
we have

exp(—@(8))u(t) < u(0) + / exp(—(s))i(s)ds,

which proves the first part. The other assertions are trivial. O

Using the notations of the latter lemma, we have

Lemma 22 (integral form) Let u, p, 1 € CO(I) with ¢ > 0. If for allt € T
)< [ ptslutsds + it
then for allt € T
ult) < expl@(6) [ exp(—0(s))els)0(s)ds + (1) (A.3)
If ¢ is a nonnegative constant then for allt € T
ult) < pespliet) [ explops)ils)ds + 000 (A.4)

If¢ < c€R then forallt € T

u(t) < cexp(®(t)).
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¢
Proof Set a(t) := / p(s)u(s)ds and ¥ := @y. Then @' = pu < pu + . Lemma 2]
yields "

u(t) < a(t) +¥(t) < exp(®(t))(@(0) +/0 exp(—P(s))¢b(s)ds) +(t),

which proves the first assertion since @(0) = 0. The second assertion is trivial. To prove
the last part we compute with exp(—®) = —exp(—P)p

u(t) < cexp(@(t))/o exp(—®(s))p(s)ds + ¢ = cexp(P(t)).

Remark 23 The differential and integral form are equivalent.
Proof Let the assumptions of Lemma [21] be satisfied. Then,
t t
u(t) §/ go(s)u(s)ds—i—/ ¥(t)ds + u(0)
0 0

v~

=1)(t)

and by Lemma

ut) < exp(®(0) | exp(—(s))p(s) F(s) s+ ()
T 4

= exp(@(0)( | exp(—0(s)) (5] ds = exp(~B()i()

=(s) =exp(—®(2))% (t)—(0)

)+ (t),

J

which completes the proof since 1(0) = u(0). O

Corollary 24

(1) Let the assumptions of Lemma [21] by satisfied. Then, u(0) < 0 and ¢ < 0 imply
u < 0. Hence, if u> 0 then u(0) <0 and ) <0 imply u = 0.

(ii) Let the assumptions of Lemmal22 by satisfied. Then, 1» < 0 implies u < 0. Hence,
if u>0 then ¢ <0 implies u = 0.
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