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SQUARE TENSOR FIELDS WITH MIXED BOUNDARY CONDITIONS
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ABSTRACT. Let Q C R™, n > 2, be a bounded Lipschitz domain and 1 < ¢ < co. We prove the inequality
17N Lac) < Cop (I1dev T La(qy + | Div Tl L))

being valid for tensor fields T : Q — R™*™ with a normal boundary condition on some open and non-empty
part Iy of the boundary 9. Here devT =T — %tr (T) - Id denotes the deviatoric part of the tensor T" and
Div is the divergence row-wise. Furthermore, we prove

17l 12y < Cpsc (|| devsymT||p2(q) + || CurlT”L2(Q)) ifn >3,

1712 () < Cpspc <|| devsymT||p2(q) + || dev Cur1T||L2(Q)) if n =3,

being valid for tensor fields T with a tangential boundary condition on some open and non-empty part I'-
of 0Q2. Here, symT = %(T + TT) denotes the symmetric part of 7" and Curl is the rotation row-wise.
Keywords: Korn’s inequality, Lie-algebra decomposition, Poincaré’s inequality, Maxwell estimates, relaxed
micromorphic model
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1. INTRODUCTION

‘Every mathematical theorem has an inequality behind it ... In this work we consider (n x n)-tensor fields
T on bounded domains 2 C R™, n > 2, with Lipschitz-continuous boundary 9. Such a tensor field may be
decomposed pointwise orthogonally in its symmetric part and its skew-symmetric part

(1.1) T =symT + skew T,

where sym7 = (T +T") and skewT = 3 (T —T"). In two recent papers [42, 1], it has been shown that
in L?(Q) the skew symmetric part of T is controlled by the symmetric part and the Curl of T, leading to

(1.2) 1T 20y < Cso (lsym T2 (o) + [Curl T 12 (qy))

if a tangential boundary condition is imposed on some non-empty and open part I'; of the boundary 9. In
classical terms T'7|p. = 0 is needed for all tangential-vectors 7 on I';. Here and hereafter all differential oper-
ators on tensor fields are taken row-wise. For exact definitions of operators and function spaces, see Section
2. We shall call this inequality the Sym-Curl-inequality. Since the Curl operator vanishes on gradients,
a certain variant of Korn’s first inequality follows immediately, i.e., with 7' = Gradv and Curl Grad = 0 we
have

(1.3) |Gradv] 120y < Cso [sym Grad v] z2(q)

for all v € HY(Q) with (Gradv)7 |, = 0. Obviously, this boundary condition is a weakening of the usual
Dirichlet boundary condition v |r. = 0, see the discussion in [39].

The tensor T may also be decomposed pointwise orthogonally in its trace-free or deviatoric and its trace
or spherical part

1
(1.4) T =devT + —tx(T) - 1d,
n

where Id denotes the identity matrix in R™ and tr(7) = >.1" | T;.
In Theorem Bl of this contribution, we show that in L(Q2), 1 < ¢ < oo, the trace part of T is controlled
by the deviatoric part and the divergence of T, i.e.,
|7 Loy < Cop (Idev T Loy + [Div T La(y)
if a normal boundary condition is imposed on some non-empty and open part ', of 9). In classical terms
(1.5) Tv|r, =0

is needed for the normal vector v at I',. We shall call this inequality the Dev-Div-inequality.
In case that n = 3 and T" = Curl S is already a Curl of a tensor field S having the proper tangential
boundary condition on I';, we conclude that T is already controlled by its deviatoric part alone, i.e.,

(16) ||Cur1 S”Lq(Q) < CDD ||dev Curl S"LQ(Q) s

since DivCurl = 0 and T inherits the proper normal boundary condition from S. The inequality (L6
may be seen as a Korn-type inequality, cf. ([3]). Both orthogonal decompositions (II]) and (L4]) may be
combined by appealing to the Cartan-decomposition of the Lie-algebra gl(n)

glin) = (sl(n)NSym(n)) ® so(n) @ R-Id

1
T = devsymT + skewT + —tr(7)-Id.
n
Here, sl(n) denotes the Lie-algebra of trace free matrices and so(n) denotes the Lie-algebra of skew-symmetric
matrices in R™*". Now, in a naive manner an estimate of the following kind could be guessed
"T”L2(Q) <C (||dev sym T”L2(Q) + ||Cur1T||L2(Q) + "DIV T"Lz(Q)) s

accompanied by suitable boundary conditions. In fact, in Theorem 5.1l we prove a somewhat stronger result:
For n = 3 we prove the new DevSym-DevCurl-inequality

”T"LQ(Q) S ODSDC (||dev SymT”L2(Q) + ||dev CurlT"Lz(Q)) y
2



where again a tangential boundary condition is imposed on some non-empty and open part I'. of the
boundary. Since the deviatoric part is only defined for quadratic tensors, this estimate does not make sense
for n # 3 . In general, CurlT is a (n(n — 1)/2 X n)-matrix and we prove that for n > 3

(1.7) ||T||L2(Q) S CDSC (||dev Sym T”Lz(g) + ||CU.I“1T||L2(Q))
holds. In order to show (7)) we first prove for n > 3 a Korn type inequality, i.e.
(1.8) |Gradv|z2(q) < C |devsym Grad v 2 ()

for all v € H*(Q) with (Gradv)7|r, = 0. The results of this paper and some of their consequences have
already been sketched in [4] and [3].

Whereas inequalities of Sym-Curl-type are investigated by some of the present authors in a series of papers
for the first time, see [38, [40, (39, 42} [4T], there are already several contributions to Div-Dev-type inequalities
in the literature: In [2 Lemma 3.1] a Div-Dev-estimate is proved for n = 2 replacing the boundary condition
by the average condition fQ tr(T)dz = 0. In the proof of Theorem [B.1] we adopt the idea of proof from this
Lemma.

In [7, Lemma 3.2] for n = 2 and n = 3 the estimate

1 1 .
|7 20 < C (@”deV T|%2(q) + n(+ 20 ltx(T)1%2(0) + ”DlVT”%Il(FT;Q))
is shown by means of a Helmholtz decomposition. In the notation used in this paper H~!(T';; ) denotes
the dual space of H(Grad; I';; Q). This estimate holds uniformly in 0 < p1 < p < g and 0 < A < oo.
Therefore, in the (incompressible) limit A — oo this estimate implies a Dev-Div-estimate.

Korn-type estimates, replacing the symmetric gradient by its trace-free part are given in [14] and [21], i.e.

(1.9) |Grad v|2(q) < C (|devsym Grad v|r2(q) + [v]12(0))

for all v € H(Grad; Q) and n > 3. In [48 Theorem 3.2] a trace-free version of Korn’s first inequality is
shown by means of integral representations. In detail it is shown that for 1 < ¢ < oo and any projector II
from W49 (Grad; Q) onto the finite dimensional kernel of dev sym Grad, there exists a constant C' > 0, such
that for all w € W7 (Grad; Q)

[l — Hul[wae(Grad; ) < C'||[devsym Grad ul|za(q) -

It is well known, that for n = 2 estimate (L9) fails to hold true, since in this case the kernel of
devsym Grad is given by the holomorphic functions and thus is infinite-dimensional. On the other hand,
in [42, Appendix] inequality (L8] is proved for v € H(Grad; 09; ) by simple partial integration and some
elementary estimates. In [I8] it is proved that

|Grad v]a(q) < C|devsym Grad v| zq(q)

holds for v € W1(Grad; 9Q; Q) for n = 2 and 1 < ¢ < oo, and in [I7] this inequality is proved for ¢ = 1,
v € W(Grad; 0Q; Q) and arbitrary space dimensions n. In Section 6 we show that for the case of only a
partial boundary condition, i.e. v € H(Grad; I';; ), the estimate (L) is false by means of a construction
taken from [47].

What about inequalities like DevSym-DevSymCurl or other combinations? In Section 6 we give some
negative results in that direction. It may be quite illuminating to see by some simple arguments, why
the kernel of the operators defining the right hand side of our inequalities are trivial on, say, the space of
smooth compactly supported tensor fields. Some calculations in that direction are also presented in Section
6. In Section 7 applications of the derived inequalities are given. The remaining part of the paper is
organized as follows: In Section 2 we shall give notations and definitions used in this paper. In Section 3 we
provide the proof of the Dev-Div-inequality and in Section 4 and 5 we give the proofs of the DevSym-Curl-
and the DevSym-DevCurl-inequality. In the Appendix we prove a representation formula for the kernel of
devsym Grad in arbitrary space dimensions used in the proof of Theorem [G.1]
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2. DEFINITIONS AND PRELIMINARIES

Throughout the entire paper we assume  C R™, n > 2, to be a bounded domain with boundary 9f2.
Moreover, let T'; be a relatively open subset of OQ and I',, := 9Q \ T';. Here, the subscripts 7 and v refer to
the tangential and normal boundary condition, respectively.

The usual Lebesgue-spaces of g-integrable functions, vector fields and tensor fields on 2 with values in R,
R™ and R™*"™, respectively, will be denoted by L%(2). Moreover, we introduce the standard Sobolev-spaces

Wi(grad; Q) := {uec LYQ)|gradu € LI(Q)} = WH1(Q),
Wi(div; ) = {ue L) |divue LI(Q)},
Wi (curl; Q) = {ue LYN) | curlue LY(N)},

where grad, div and curl are the usual differential operators gradient, divergence and rotabtiodil7 respectively.
All derivatives are understood in the distributional sense. For ¢ = 2 we replace as usual W? by H.
In order to realize certain boundary conditions we make use of the spaces

C™(T, Q) :={ulo |u e CFR"\T)}
for I' = 9Q,I'- or I'), and define
(2.1) Wi(grad; T'7; ), W(div; Tp; Q) and Wi(curl; T'r; Q)

as completion under the respective graph norms of the scalar-valued space C>=(T,, Q) and the vector-
valued spaces C*(T',, Q) and C*°(T';, ), respectively. Therefore, these spaces generalize the homogeneous
Dirichlet boundary conditions

u|p, = 0 (scalar), v-v|p, = 0 (normal) and v X v|p. = 0 (tangential),
respectively.
Now we extend our notations to vector and tensor fields by defining all differential operations on rows.
Thus, for a vector field v = (v1,...,v,)" we define the tensor field Gradv := (grad—rvl, e ,gradTvn)T,

where T denotes the transpose. Note, that Gradv is just the Jacobian of v. For a tensor field T we define
T
the divergence DivT := (div TlT, ..., div T,;'—)—r and the rotation CurlT = (curlTTlT, . ,curlTTJ> , where

T; denote the row-vectors of T, i.e., T = (T1,... ,Tn)T. The corresponding Sobolev-spaces will be denoted
by

W(Grad; Q), H(Grad; Q), W9(Grad; T';; Q), H(Grad; T;; Q)
and so on. Note that the spaces W9(Div; T',; Q) and H(Div; T'y; Q) generalize the normal boundary condi-
tion Tv|r, = 0, while the spaces W?(Curl; T'+; Q) and H(Curl; T'y; Q) generalize the tangential boundary
condition T't|r, = 0.

In general, we only assume fairly weak regularity assumptions on the boundary. To be specific, from the
theory of scalar valued functions we need the compact embedding of W4(Q) into L4(€), i.e. Rellich’s selec-
tion theorem, Korn’s second inequality in L(€2) and the so-called Lions-Lemma (B.8]), which are guaranteed,
if the boundary 0% is locally the graph of a Lipschitz-continuous function, see e.g. [1] and [25]. Moreover,
from the theory of vector fields, we need the so-called Maxwell compactness property for mixed boundary
conditions, i.e., the compact embedding of H(curl; I';; Q) N H(div; T',; Q) into L2(2). This implies also
for tensor fields the Maxwell estimate [@2]) and the Helmholtz decomposition (Z1]), which are also essential
tools in our arguments. These hold for Lipschitz boundaries 02 as well, provided that the interface 'y N T,
is Lipschitz itself. Therefore, throughout this paper we will assume generally the latter regularity.

3. THE DEV-DIV-INEQUALITY
In this section we shall prove the following theorem.

Theorem 3.1. Let Ty, # 0 and 1 < q¢ < oo. Then there exists a constant Cpp, such that the following
estimates hold:

IFor a definition of the rotation for n # 3, see, e.g. [F1].



(i) For all T € W9(Div; T',; Q)
(3.1) ITl a0y < Cop (Idev T Lagq)y + IDiv T Lo(e))
(") and
I T waiv; 0y < Cop (|dev T| pagq) + |Div T | La(a)) -
(ii) If n =3, for all T € W9(Curl; T',; Q)
(32) ||Cur1T||Lq(Q) S CDD ||dev CU.I’lT"Lq(Q) .

We shall prove this Theorem using the following lemma, guaranteeing the existence of some suitable
divergence-potential.

Lemma 3.2. Let T'), # 0 and 1 < ¢ < oco. Then, there exists a constant C' > 0, such that for all real-valued
functions g € L1(QY) there is a vector field v € W1(Grad; T'y; ) with

(3.3) divv=g and |v|woacrad;0) < Cl9]La) -

In the case I', = (), this Lemma has been proved in [50, Lemma 2.1.1] under the additional normalization
assumption fQ gd\ = 0. With minor modifications the same proof also works in the situation under consid-
eration. For the convenience of the reader we shall give it in some detail.

Proof: The linear operator
div : W9Grad; T'r; Q) — LYQ), v +— dive
is bounded, i.e.
(3.4) |div o] Lo(o) < Crlvlwacraa; o)
holds for all v € W4(Grad; T'y; ). Now, we identify L(Q) = L7 (Q), where 1/¢+1/¢' = 1. Further, we
consider the dual operator of div,
div/ = —grad : LY(Q) — W9(Grad; [;; Q) = W17 (Grad; T',; Q) ,

defined by

— (grad u,v) = /Qudivvd)\

for all v € W(Grad; I'y; Q) and all u € L (). Here (-, -) denotes the duality pairing of W9(Grad; T'y; ©2)
and W14 (Grad; I',; Q). Utilizing 4) and the definition of the norm in the dual space we obtain the
continuity of grad, i.e.,

”g@u"W*lxq'(Grad; r,;Q) < "u"Lq/(Q) :
We will show that also the reversed inequality holds true: There exists a constant Co > 0, such that for all
uwe LY (Q)
(3.5) ||U||Lq’(Q) <Oy "g@u”W*l’q/(Grad;Fu;Q) :
To prove ([B.5) we use the usual contradiction argument: Assume the inequality is false, then there exists a
sequence (u;) C L7 () with

(3.6) Ju; "LQ’(Q) = 1for all j and hngo "gmu”W*lvq'(Grad;F,,;Q) =0.

Since (u;) is bounded in L9 (Q), by weak compactness there exists a subsequence of (u;), also called (u;),
and a u € L7 (), such that

u; —u weakly in L9(Q).
Since for all v € W(Grad; I'7; Q)

(3.7) [(gradu,v)| =

/udivvd)\’ = lim
Q

J—00

/ U divvd)\’
Q

= Jli{{.lo |<gm Uy, 'U>| S Jli{{.lo ”g@ Uj "W*l!q/ (Grad; T',; Q) "v”W‘?(Grad Q) — 07
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we conclude grad u = 0, which implies gradu = 0 in the distributional sense and hence by the fundamental
lemma u = const, see also e.g. [B0, II, (1.7.18)]. As I', # 0 is relatively open, there exists a vector field
v € W9(Grad; I'r; Q) such that

/divvd)\;éo.
Q

Employing this, 37) and v = const we conclude u = 0. Remarkably, the operator grad, although being a
kind of differential operator, does not vanish on constant functions.
Following [I, Theorem 6.3] the embedding W%(grad; ) < L9(2) is compact. Hence, of course also
Wi(grad; T'r; Q) — L9(Q) is compact. Using [51], X.4], the dual embedding
Lq/(Q) Wb (grad; T,; Q) := Wi(grad; T'; Q)',
defined by (f,w) = [, f-wdA for all f € L9(Q) and w € W4(grad; T'; Q), is compact as well. Thus,
we can select a subsequence, again denoted by (u;), which converges to some @ € Ww-bd (grad; T'y; Q) in

W14 (grad; T',; Q). As we have seen, (u;) also converges weakly in L7 (€2) to u = 0 and therefore we get
@ = 0. Now we use the so-called Lions-Lemma from [25] (concerning the history of the Lions-Lemma, see
also [I3]): There is a positive constant Cs, such that for all u € L9 (Q)

(3.8) ||U||Lq’(sz) <Cs ("gra‘du"W*Lq'(Grad;Q) + ”u”W*L‘?/(grad; Q)) ;

where we set W14 (grad; Q) := W(grad; 99; Q)" and W24 (Grad; Q) := W9(Grad; Q; Q)’. The norms
of dual spaces W14 (grad; T',; Q) and W4 (Grad; T',,; ) are stronger than the norms of W =14 (grad; Q)
and W14 (Grad; Q). Hence, we can estimate

1= |u, "Lq/(Q) < G (”graduj”W*l’q/(Grad;Q) + sl -1 (grad;sz)>

N

< G (”g@uj ”W*l’q/(Grad;Fu;Q) + "u.] ”W*l’q/ (grad;l—‘u;ﬂ)) —0

for j — oo, in contradiction to ([B6]). Thus ([B.A) is proved.

By (B3), the range R(grad) of the operator grad is a closed subspace of W~14 (Grad; I'y; Q). Since
R(grad) is the range of the dual operator of div, the closed range theorem, see e.g. [51l VIL.5], yields that
the range R(div) is also closed and we have

R(dﬂ)_{feLq(Q) : frud\=0 forall ueN(g@)} )
Q
where N (grad) denotes the kernel of the operator grad. We have already shown above that gradu = 0
implies u = 0, i.e. N(grad) = {0}. Therefore,
(3.9) Ridiv) = L9(%).
In order to get the estimate in ([B.3]), we consider the quotient space
W (Grad; Ty; @) /N(div) = {[v] | v € W9(Grad; T'rs )} ,
with [v] := v+ N(div), v € W9(Grad; I';; Q) and the associated norm

9(Grad; '+ iv) - — inf 9(Grad; .
Iv]lwa(Grad; T, ; Q) /N (div) et v+ wlwarad; @)

Thus, the linear operator

div : W%(Grad; I'y; Q) /N(div) — LY(Q), [v] — divo
is well-defined, bijective and bounded. According to the bounded inverse theorem, see e.g. [51l IL.5], the
inverse operator E_l, mapping L%(Q) to W9(Grad; I'+; Q) /N(div) is bounded. Hence there exists a
constant Cy > 0, such that for all g € L9(Q2) with g = divv and v € W9(Grad; T';; Q)

tnf radi) < C '
Yl To+ wlhvaaraa o) < Calglio)

Choosing now any constant Cs > Cy, then for all g € L9(Q) there exists v € W9(Grad; I';; Q) with dive = ¢
and

lvlwacrad; @) < Cs |9l Lacq) -
6



Thus, Lemma is completely proved. O
Now we are able to prove Theorem Bl utilizing the idea from Lemma 3.1 in [2].

Proof of Theorem 3.1 Let T € W4(Div; T,; ). Since by definition 7' = devT + Ltr(T) - 1d, it is sufficient
to bound [tr(T")|L«(q) by the right hand side of (B.1]). Employing a corollary of the Hahn-Banach-Theorem,
see e.g. |51, IV.6, Corollary 2], for every T' € L9(2) there is a g € L () with l9l e () = 1 and

[6r(T) | gy = / tx(T) g dA.

Due to Lemma32] there exists some vector field v € W9 (Grad; T';; Q), such that dive = g and the estimate
lvlwe (Graas ) < C 19l e ) < C holds, where C' > 0 does not depend on g, v or T'. Thus,

(3.10) l||‘51"(T)||Lq(g) = l/tr(T) divod) = l/(tr(T)-Id,Glraudv)Ran dX\
n Q Q

n n

= /(T—devT,Gradv)Ran d)\z—/DivT-v—l—(devT,Gradv)Ran d\
Q Q

IN

C (IDiv T| a(q) + [dev T La(e)) -

Note that no boundary terms occur since v € W (Grad; I'y; Q) and T € W9(Div; T',; Q). Therefore, (i)
and also (i”) are proved.

Now we prove (ii). Let T' € W9(Curl; I'y; ). For n = 3, CurlT is again a quadratic tensor and the
homogeneous tangential trace is mapped by the Curl operator to the homogeneous normal tracd]. Thus
Curl T belongs to W9(Div; T'y; ) and furthermore Div Curl T = 0. Now (ii) follows immediately by 1))
applied to CurlT. O

4. THE DEVSYM-CURL-INEQUALITY

Sym-Curl-estimates have been established recently in a series of papers by some of the present authors
and have been shown to hold true also for mixed boundary conditions, see [42] for n = 3 and [41] for arbitrary
dimensions. For these results it is crucial that the domain €2 allows for the so-called Maxwell compactness
property, i.e. the compact embedding of H (curl; I',; Q)NH (div; T',; Q) into L?(2), and the so-called Maxwell
approximation property, see [41]. These two properties ensure that the Helmholtz decomposition (also for
tensor fields) holds true, see [42] [41]:

(4.1) L*(Q) = Grad H(Grad; I';; Q) @ H(Q) @ Curl H(Curl; T',; Q)

where H () is the space of harmonic Dirichlet-Neumann-tensors, i.e., the space of tensors T belonging to
H(Curl; Tr; Q)N H(Div; T'; Q) with Curl 7 = 0 and Div T = 0, and @ denotes orthogonality in L?(£2). Due
to the Maxwell compactness property, the unit ball in H () is compact and hence the space H(2) has finite

dimension, the dimension depending on topological properties of the domain. In consequence of the Maxwell
compactness property, a Poincaré-type Maxwell estimate is achieved by a standard indirect argument, i.e.

(4.2) ITN2(2) < Cm (ICUr1 T 20y + |Div T 22(0))

for all T € H(Curl; T'y; Q)N H(Div; T',; Q) perpendicular to H (), see [42]. Both, the Maxwell compactness
property and the Maxwell approximation property have been proved to be satisfied, if the underlying domain

2 For the convenience of the reader we give an illustration of this well known fact assuming a completely smooth setting:
Let E be a row-vector of T, n the outward unit normal of €, x the vector product in R?® and u an arbitrary function with
suppu NI C I'y. Using Gauss Theorem twice we compute

(n - curl E)udo = / div (ucurl E)d\ = / grad u - curl Ed\ = / gradu - curl E — (curl grad u) - EdA
o0 Q Q Q

:/diV(EXgradu)d)\:/ n-(EXgradu)do:/ (n X E)-gradudo = 0.
Q oQ o0

Since w is arbitrary the normal trace of curl E is vanishing on I'y. (Using Stokes’s theorem the same is proved in one line.)
7



Q has a Lipschitz boundary, and in addition the interface between the two kinds of boundaries
(4.3) [, NT, is also Lipschitz,
see [22, 20] and the discussion in [42] 4T].

In order to deal with the influence of possible harmonic Dirichlet-Neumann-tensors, in [42, Definition 10]
a further technical condition on the domain 2 and the topology of €2 is imposed:

Definition 4.1. € is called sliceable, if there exist a natural number J € N and Q; CQ, j=1,...,J, such
that Q\ (L U---UQy) is a null set and for j=1,...,J

(1) Q; are open, (%isjoint and simply connected Lipschitz subdomains of €2,
(ii) Ty = intwer () NT, #0, if Tr #£ 0.

First we prove:

Lemma 4.2. Letn >3 and Ty # () orn =2 and T, = 0Q. Then, there is a constant Cpsg, such that for
all v e H(Grad; T'7; Q)

(4.4) |Gradv| 20y < Cpsg|dev sym Grad v| 2(q).

The proof of Lemma relies only on the estimate (L9l), i.e., an improved version of Korn's second
inequality, Rellich’s selection theorem and the control of the kernel of devsym Grad through the boundary
condition. On this account, a representation formula for elements in this kernel is needed, which is given in
the Appendix of this paper. The case n = 2 with full boundary condition is already proved in the Appendix
of [42] and a counterexample to (£4) for the case n = 2 without the full boundary condition will be given
in Section 6.

Proof: In a first step, we prove
(4.5) (ve H(Grad; T'; Q) A devsymGradv=0) = wv=0.

For the case n = 3 this is already proved e.g. in [2]I]. Here we deal with the case of arbitrary space dimension
n > 3. We utilize the following representation of the kernel which is proved in the Appendix: There are
vectors U, w € R™, a real number @ € R and a skew-symmetric matrix A € so(n), such that

(4.6) v(z) = wulx)x— %|x|2w+[1:v+17 ,

(4.7) gradv(z) = wu(x)Id+ A(x),

holds for all z € Q, where

(48) u(ac) =w-xr+u, Aij(l') = Z dijkwk + Aij
k=1

and

0 if i£jiAk k],
0 if i=j,

w; if k=ii#j

—w; if k=g k#i.

(4.9) Qi =

In particular, A(z) is skew-symmetric and the dimension of the kernel of devsym Grad is (n +1)(n +2)/2.
Due to this formula, v is a smooth vector field on 2. Let x € ' and 7 € R™, 7 # 0, tangential to I'; in z.
Since v € H (Grad; T'y; Q), we have gradv € H (Curl; T';; Q), i.e.

gradv(z) T =0.
Therefore, if z € T';, then gradv(z) does not have full rank. By (£7) and since 7- A(x) 7 =0
(4.10) 0 = |gradv(x) 7> = v?(x)|7)* + |A(2)7|?
holds with w and A from (J]). Hence, u(x) = 0. Therefore, (L) implies necessarily

(4.11) O=wu(z)=w-x+a forall zel,.
8



On the other hand, if u(x) = 0, then gradv(z) has not full rank, since A(z) is skew-symmetric. Thus, for
all z € I'; the matrix gradv(z) does not have full rank, if and only if (ZI1)) holds. If w # 0, then by (@II)
', C E, where E denotes the affine hypersurface defined by equation (II)). On the other hand, for all
x € I'; C E, due to the representation formula (L.6) and (1)), we get

1 _
(4.12) v(x) = —§|CL'|27J)+A,T+T)=0,

describing for w # 0 a quadratic surface and not a hypersurface. This proves w = 0 and hence uv = u = 0.
Consequently, on I'-

(4.13) v(r) =Az+0=0,

yielding A = 0 and © = 0, since otherwise the solution set of ([I3) is an affine surface with co-dimension
codim > 2, recall that A is skew-symmetric. But such a surface cannot contain an open and non-empty
subset of a Lipschitz-continuous boundary. Therefore {35 is proved.

In the second step we utilize from [I4] Theorem 1.1] or [21I] and carry out the usual conclusion by
contradiction. Assume the estimate (£4]) is false, then there exists a sequence (v;) C H(Grad; I';; ) with
|Gradvj|2(q) = 1 and

1
(4.14) |dev sym Grad vj|r20) < =
J
for all j € N. According to (LJ) the sequence of norms |v;]z2(q) is bounded from below, i.e., there exists
J € N and a constant C' > 0, such that
(4.15) |vjlp2) > C forall j>J

Utilizing Poincaré’s inequality and |Gradv;|z2(q) = 1, the sequence (v;) is bounded in H(Grad; §2). Em-
ploying Rellich’s selection theorem there is a subsequence of (v;), again called (v;), and v € H(Grad; I';; Q)
such that

(4.16) v; — v stronglyin L*(Q),
Gradv;, — Gradv weaklyin L*(Q).

Hence, devsym Gradv; converges weakly to devsym Gradv and due to weak lower semi-continuity of the
norm and (@I4) we conclude

|dev sym Grad v| 2 (o) < liminf |devsym Grad v;]z2(q) = 0.
Jj—o0
According to (L), this implies v = 0, in contradiction to (Z15]) und [@I6). Therefore, Lemmald2lis proved.O

Now, we can prove the DevSym-Curl-inequality:

Theorem 4.3. Let n > 3, Q C R™ be a slicable domain and T # (). Then, there is a positive constant
Cpsc, such that for all T € H(Curl; T';; Q)

(4.17) ||T||L2(Q) < Cpsc (||dev Sym T||L2(Q) + ||CUY1T||L2(Q)) :

We note that Theorem [£.3] remains true if n = 2 and I'; = 992 since Lemma [£.2] holds in this case as well.
Moreover, with ([LI7) also

"T”L2(Q) + ”CU.I“].T"Lz(Q) < Cpsc (||dev sym T||L2(Q) + ||CU.I“1T||L2(Q))
holds.
Proof: We combine the proof of the Sym-Curl-inequality (2] from the papers [42] [41] with Lemma L2l Let
T € H(Curl; T';; Q). Using the Helmholtz decomposition from [4I] we have the orthogonal sum
T =R+ S € H(Curly; T';; Q) @ Curl H(Curl; T',; Q) |

where R € (Curly; I';; 2), if and only if R € H(Curl; I';; Q) and Curl R = 0. Note, that in general
R € H(Curlp; I';; Q) does not imply R = Gradv with v € H(Grad; T';; ), since, depending on topological
9



properties of the domain 2, some harmonic-Dirichlet-Neumann tensor fields could be involved. In order to
deal with this possibility, we slice the domain € according to Definition 1] and set

J
R=) xR,
j=1

where R; := R|q; and x; is the indicator-function of ;. In the proofs of 42, Lemmas 9 and 12] it
is shown, that there are non-empty and relatively open connected subsets I';; C I';; and vector fields
vj € H(Grad; I'; j; ©;) such that Gradv; = R;. Now we apply ([£4)) to v; and get

J
(4.18) IT1Z20p = 1RG0y + 1517200y = D IR 1720, + 11720
j=1
J
< CZ |[devsym R; ||%2(Qj) + ||S||%2(Q) = C'[dev SymR"%z(Q) + ||S||%2(Q)
j=1
< C ||dev Sym T"%z(ﬂ) +C ”deV Sym S”%2(Q) + "S"%z(g)

< COldevsymT[72iq) + CIS]72(q) -

Concerning the S-part, we note that Curl7 = Curl S and S € H (Curl; T';; ) since T and R belong to
H (Curl; I'7; Q). Moreover, since

Curl H (Curl; T,; Q) € H (Divg; T'; Q) NH(Q)E

we even have S € H (Curl; I';; Q) N H (Divg; Ty; Q) N H(Q)+. By means of the Maxwell inequality (2]
and since Div .S = 0 we estimate

(4.19) ISlz2(0) = Cn |CurlS|r2(q) = O [Curl T| 2(q) -
Combining (£19) and (IY) yields
T2y < CldevsymT|r2(q) + C[Curl T|12(q),
completing the proof. O

5. THE SYM-DEVCURL- AND DEVSYM-DEVCURL-INEQUALITIES

Now, we combine the Dev-Div-inequality with the Sym-Curl-inequality and the DevSym-Curl-inequality.
For this, we need n = 3 since only then CurlT is again quadratic.

Theorem 5.1. Let Q C R? be a slicable domain and Ty # (). Then, there are positive constants C'spc and
Cpspc, such that for oll T € H(Curl; T';; Q)

IT|220) < Cspe (lsymT| 2 + |dev Curl T 12 ,

(5 1T 220 < Cpsoe (Idevsym T 2(q) + |dev Curl T 12 (qy))
and
(5.2) IT L2 ) + [Curl T2y < Cspe (Isym T g2y + [dev Curl T 12(g)
T z2() + |Curl T| 20y < Cpspo (||dev sym T p2(q) + |dev CurlT"LQ(Q)) .
Proof: Combine Theorem .3 with Theorem B] (ii). O

6. KERNELS AND COUNTEREXAMPLES

It is illuminating to see, how the kernels of the inequalities are controlled on, say, the space of smooth
compactly supported tensor fields. Of course, some of the given arguments are well known. In the following
we always assume that 7" is such a smooth tensor field with compact support in £ C R3.

6.1. The kernel of the Dev-Div-inequality. Consider some 7T in the kernel of the Dev-Div-inequality,
i.e., devT =0 and DivT = 0. Since devT = 0 we have T' = u - Id. But therefore DivT = gradu = 0 and we
conclude u = const. Since v and T are compactly supported, v =0 and 7' =0 in (.

10



6.2. The kernel of the Sym-Curl-inequality. Consider some T in the kernel of the Sym-Curl-inequality,
ie, symT =0 and CurlT = 0. Since sym T' = 0 we conclude T'(z) = A(z) € s0(3), say

0 —as a9
(6.1) A= as 0 —-a and
—a9 aq 0
O2a0 + 03a3 —01as —0has
(62) CurlA = —82&1 83&3 + 81&1 —826L3
—83&1 —83&2 81&1 + 82&2

with a smooth and compactly supported vector field a = (ay, as,a3)”. Hence Curl A = 0 implies Grada = 0
and thus ¢ = 0 and T'= A = 0, see also [37].

6.3. The kernel of the DevSym-DevCurl-inequality. Regarding the DevSym-DevCurl-inequality the
situation gets more involved. Let us assume devsym T = 0 and dev Curl 7' = 0. Then

(6.3) T(x) = u(z) - 1d + A(x),

(6.4) Curl (u(x) - Id) 4+ Curl A(z) = Curl T'(z) = y(z) - Id

with smooth and compactly supported functions u,y and with a, A as above. Now

0 83’& —8211,
(6.5) Curl(u-Id)=1| —0su 0 ou
82’& —81’& 0

is a skew-symmetric matrix. Therefore, sym Curl A = y - Id and hence by ([G.2])

(6.6) Oras + Ora1 = Osas + Ozas = O3a1 + draz =0
and
(67) Osas + O3a3 = Oza3 + Ora1 = O1a1 + Oeas =y .

The second series of equations yields
(6.8) O1a1 = Oran = O3a3 = % as well as 2diva = 3y.

By means of comparison of the skew-symmetric parts of equation (64]), utilizing (6.1]) and ([6.5]), we conclude
that

820,3
(6.9) gradu = [ 0Oza1
61&2
and thus, employing (G.6])
820,3 (822 + 83?)0,1
(6.10) 0=curlgradu =curl [ d3a; | =— | (03 + 0%)az
81a2 ((912 + 622)&3
With (G.I0) and (8] we obtain
1 1
(6.11) Aa = —ggrady = —ggraddiva.
Furthermore, due to (6.6
820,3
curla =2 | 0Osa;
61&2

and employing (610 it follows that curl curla = 0. The combination of this fact with (G1I]) and the identity
graddiv — curlcurl = A yields

1
graddiva = Aa = — ggrad diva

11



and thus graddiva = Aa = 0. Since this Poisson equation is uniquely solvable we conclude a = 0 and A = 0,
and utilizing ([G3)) also u = const. Hence, u = 0 yielding T' = 0.

6.4. There are no DevSym-DevSymCurl- or DevSym-SymCurl-inequalities. Choose u € C§°(€; R)
and set T':= u-Id. Then devsym T = 0 and, according to (G.3]), sym Curl T’ = 0. Therefore, such inequalities
have to be false.

6.5. There is no Sym-Div-inequality. Choose u € C5°(£2; R) and set a := grad u and define A according
to ([GI). Then we have Div A = —curla = —curlgrad ¢ = 0 and sym A = 0. Therefore, such an inequality
is false.

6.6. The DevSymGrad-inequality is false for n = 2. As already announced in the introduction, now
we show that in the case n = 2 the trace-free version of Korn’s first inequality with only partial boundary
condition is false. This is remarkable, since the kernel of the inequality is already controlled by a partial
boundary condition. In fact, if a function is in the kernel, then it is holomorphic in €2. But if a holomorphic
function vanishes on some part of the boundary it has to vanish on the whole of 2. This shows that having
a norm on the space under consideration is only necessary for the validity of an inequality. The construction
of our counterexample is taken from [47] and in that paper it served as a counterexample to a version of
Korn’s first inequality, see [26], with non-constant (rotation) coefficients, see also [43]. For the convenience
of the reader we introduce this example in detail, thereby we exactly follow [47].

We identify R? with C via standard notation z = 2 + iy. We also use the standard notation for the polar
coordinates (z,y) = r (cost,sint). Consider the sequence

un(z,y) = z2"

on the half disk Q@ = {z : |2| <1, z > 0}. AsT'; we choose {z € 90 : x = 0}. Then, of course, each of the
mappings u,, vanishes on I'-. We first compute grad u,(x,y). Since

(™) =nz"""t = nr"(cos(nt — t) + isin(nt —t)),
we obtain

grad 2" — pr ( cos(nt —t) —sin(nt —t) )

sin(nt —t)  cos(nt —t)
Therefore, we have

(6.12) gradun(z,y) = (zgrad, (2")+ 2", zgrad ,(2"))
n{ cos(nt) 0 n cos(nt —t) —sin(nt —t)
r ( S( 0 ) + nr'" cost ( > ° )

sin(nt) sin(nt —t)  cos(nt —t)
and hence
lgradu,|®> = 72" 4 2n%r*" cos? t + 2r*"n cost (cos(nt) cos(nt — t) + sin(nt) sin(nt — t))
(6.13) = 7" 42" (n? + n)cos®t.
Taking into account that
/2 -
/ cos’tdt = —,
—7/2 2

we obtain

1 pm/2
/ / r(r*™ 4 2r°"(n® + n) cos® t) dt dr
0 J—m/2

/ lgrad u, |2
Q

n?4+n+1
2n + 2

1
7(n? 4+ n+ 1)/ 2l dr =1
0
Now, we use this construction as a counterexample for the DevSymGrad-inequality: Switching back to our
notation we have
(6.14) nh_}rrgo |Grad un |2 () = 00

12



On the other hand, inspection of formula ([6.I12)) yields

s = ({2 P YT L8
s, = () 00 ),
where devy X = X — %tr (X) - Id denotes the two-dimensional deviator. Hence,
|devy sym Grad u,|? = %7«2”
and thus )
|devs sym Grad u, ||%2(Q) =

converging to zero in the limit n — oo in contradiction to (GI4)) and (LF]).

The fact that the DevSymGrad inequality does not hold in the two-dimensional case is due to the special
form of the dev operator in this case. If we instead view the plane symmetric gradient as an object in three
dimensions and apply the standard dev operator for n = 3 (simply denoted by dev in the sequel), then we
obtain

% cos(nt)  1sin(nt) 0
devsym Gradu, = 1" [ 5sin(nt) —3cos(nt) 0
0 0 — 1 cos(nt)
0 0
+ mnrcostcos(nt—t)| 0 3 0
2
0 0 -2
This implies
2 on (2 2 L. o 2 9 o0 2 2
|devsym Gradu,|* = r 3 €08 (nt) + 5 sin (nt) ) + gn T cos tcos®(nt —t)

Y

2
§n2r2" cos® t cos®(nt —t)

and, for n > 2,
1 >

T
42n+2 12(n+1)°

|dev3P sym Grad u,, ||%2(Q) > n?

2
3
where we used the fact that ,
/2
/ cos® t cos®(nt — t) dt = i
e 4
holds for n > 2. This means that |dev sym Grad u, ||%2(Q) — 0o for n — oo in concordance with Lemma [1.2]

7. APPLICATIONS

In this section we will present some prototype applications where the new inequalities may be used to
establish coercivity of the models.

7.1. Infinitesimal incompressible elasticity. Historically, inequalities like the one in Theorem [B.1] first
appeared in the context of mixed stress-displacement formulations of linear elasticity in the incompressible
limit (cf. [2]). The result in [2] is stated in two dimensions assuming vanishing average trace (see also [5l
Sect. VIL.2|. Tt is generalized in [II] using a different argument assuming only that the identity tensor
is eliminated by some constraint. In the incompressible limit, the mixed variational formulation of linear
elasticity turns into the problem of finding some o € H(Div;T,;Q), u € L?(;R") and v € L?*(Q;50(n)),
such that

(dev g, T)LZ(Q) + (u, DlV T)LQ(Q) + (’7, SkGW T)LZ(Q) = 0 s
(7.1) (Divo,v)rz2(a) + (f,v)r2(0) =0,

(skew 0,1) 2(q) =0
13



holds for all 7 € H(Div;T,;Q), v € L2(;R"™) and n € L?(;s0(n)). This saddle-point problem may
be viewed as the Karush-Kuhn-Tucker system associated with minimizing the elastic energy with respect
to the stresses subject to momentum balance and symmetry as constraints. Its well-posedness relies on
the estimate in Theorem [3J] The same is true for the stress-displacement first-order system least squares
approach studied in [g].

7.2. Pseudostress formulation of stationary Stokes equations. Here, the following formulation of the
stationary Stokes equations is considered: For some given f :  — R? find the pressure p : Q — R, the
velocity u : 2 — R3 and the stress o : Q — R3*3 such that the first-order system

o—pusymgradu + pld =0, Diveo = f, divu =0
holds in €. This system is obviously equivalent to
devo — psymgradu = 0, Dive = f,

where the pressure p has been eliminated and can be computed afterwards as p = —tr(c)/3. For this
first-order system, a least squares formulation based on minimizing the quadratic functional

(7.2) || devo — usymgraduﬂiz(g) + || Dive — fH%z(Q)
with respect to v and o may be used. In order to obtain a coercivity result for this functional, let us first
investigate the mixed terms arising in the first part of the functional, leading to
1
(dev o, symgradu) 2y = (symdev o, gradu) 2y = (symo — gtr (0)Id, grad u) 2 (o)

1 .
= (o,gradu)2(q) — (skew o, grad u) r2(q) — 7 (tr (o), div u) 2()

w
[y

= —(Divo,u)r2(q) — (skew o, grad u) 12 (o) — 3 (tr (o), divu)r2cq)
if we assume proper boundary conditions on ¢ and wu, justifying the partial integration without boundary

terms, i.e., 0 € H(Div;T,; Q) and u € H(Grad;T'+; ). This implies, for arbitrary § € (0,1),

1
2p(dev o, symgrad u)r2(qy < 0 (M2|u|%2(sz) + p?llgrad ul[F2(q) + §||tr (U)|%2(Q))

(7.3) :

+ 5 (H Div UH%Q(Q) + || skew UH%Q(Q) + %,u2||div u||2L2(Q)> .
If we combine this with the straightforward estimates
|| skew o 12(qy = || skew(dev o — psymgradu)||z2(q) < ||devo — psymgrad ul[z2(q) ,
pl|div ul p2(q) = [tr(dev o — psym grad u)|| L2y < V3| devo — psym gradul|z2(q)
we are led to

|[devo — usymgraduﬂiz(g) + || Div aHiz(Q)

1 TS :
23 <| devo — psymgradul[7s () + || skew o|72q) + 3 ldiv ullZoi) + | DIVU||2L2(Q)>
> (a du? 2 (| skew o2 | div w2 Div o2
25 [ devo — psymgradul[7zg) + 3 || skew o|[72(q) + §|| v ul[72(q) + [ Divol[7zq)
1) 1
= <| dev |72y + 41| symgrad ul| 72y — & (H2|U|%2(Q) + p?|lgrad ul| 20y + §||t1“(0')|%2(9))
1 ) 1 .
+3 (1Divolaey + I skew ol + guldiv ullfo )
1) ) 1)
= (| dev a7z + [ Divol|Zzq) + 47 symgrad ul| 2oy — 607wl 3 (qrac:a) — g”tf (U)H%z(sz))
1) 1 u?
2 6 (T”U”%{(Div;sz) + OTKPHUH%I(Grad;Q) - 5M2HUH%I(Grad;Q) - 5|0|%2(Q))

DD
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for all 6 < 1 with Cpp from Theorem [B.I] and the Korn-Poincaré constant Cgp in the Korn-Poincaré
inequality

Crpl| SymgradU”N(Q) > CKngadUHL?(Q) > ||U||H(Grad;9)-

Choosing ¢ sufficiently small gives us the desired coercivity estimate
(7.4) [devo — psymgradul|32(g) + || Divol|7zi) = C (|| Div o[ % pivi) + ||U||%1(Grad;ﬂ)) -

The pseudostress-velocity formulation of the stationary Stokes equations introduced above was studied in
[6, section 3.2] (see also [9] and [I9] for related mixed finite element approaches). It was used as a basis
for the treatment of Stokes-Darcy interface problems by a first-order system least squares approach in [24].
Recently, a pseudostress-based approach for the stationary Navier-Stokes was investigated in [10].

7.3. Pseudostress formulation of generalized Newtonian flow. The estimate of Theorem B.1] is also
useful in the context of nonlinear generalized Newtonian fluids which differs from the formulation above in
that the viscosity may depend on the velocity gradient p = u(gradw). Very popular is Carreau’s law, where
this nonlinear dependence is given by
—2)/2
p(gradu) = po (1 + |symgradu|2)(T z

with pg > 0 and » > 1. Depending on the value of r, shear-thickening or shear-thinning behavior of the fluid
can be modeled. A dual-mixed approach to nonlinear generalized Newtonian Stokes flow was introduced and
analyzed in [16]. This model may also be treated by a pseudostress-velocity approach in a first-order system
least squares setting based on minimizing the nonlinear functional

(7.5) || dev o — p(grad u) sym gradu||2L2(Q) + || Dive — f||2L2(Q) :
Such a method is studied in detail in [23].

7.4. Infinitesimal gradient plasticity. Phenomenological plasticity models are intended to describe the
irreversible deformation behavior of metals. There exists a great variety of models. Here we focus on rate-
dependent or rate-independent models with kinematic hardening. The system of equations consist of balance
of linear momentum coupled with a local nonlinear evolution equation in each space point for the plastic
variable.

In many new applications, the size of the considered specimen is so small, that size effects need to be taken
into account. Instead of a local evolution problem we have to consider a nonlinear evolution problem where
the right hand side contains certain combinations of second partial derivatives of the plastic distortion.

For the setting of the nonlinear gradient-plasticity problem, let 2 C R? be an open and bounded set, the
set of material points of the solid body. By 7. we denote a positive number (time of existence). Unknown in
our small strain formulation are the displacement field u : Q x [0,T,) — R? of the material point = at time
t and the non-symmetric infinitesimal plastic distortion P :  x [0,T¢) — s(3). The model equations of the
problem are

Dive = f,
o = 2p(sym(gradu — P))+ Atr(gradu) - Id,
(7.6) O P(z,t) € g(z,5"™(z,1)),
D= B+ S0+ S,
Elein = o, EB}? = —devsym P, Eg?rl = —CurlCurl P,

which must be satisfied in Q2 x [0, T,). Here, %1% is the infinitesimal Eshelby stress tensor driving the evolution
of the plastic distortion P. The initial and boundary conditions are

P(-,0) =P, in €,
vX P=0 on 09 x [0,T,),
w=0 on 90 x [0,T,),
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where v is a normal vector on the boundary 0f). For the model we require that the nonlinear constitutive
mapping (X — g(-,%)) : R3*3 — 25'3) is monotone. Given are the volume force f : Q x [0,T,) — R? and
the initial datum Py :  — s[(3). It is easy to see that the corresponding free energy of the system is

A 1 1
(7.7) pll sym(gradu — P)||72(q) + §Htr (grad w720 + 5” devsym P75 + 5” Curl P||72(q) -
The appearance of Curl P instead of the full gradient grad P is dictated by dislocation mechanics, the ap-
pearance of dev sym P instead of P is dictated by invariance of the model under superposition of infinitesimal

rotations. Here, coercivcity is obtained by using the DevSym-Curl inequality. Model equations similar to
the above problem have been considered in [45] [46] [T5] [44] [3T].

7.5. Infinitesimal Cosserat elasticity. Cosserat or micropolar elasticity is intended to describe materials
with a microstructure which has the degrees of freedom of a rigid body. With Cosserat elasticity, it is possible
to describe some form of elastic size effects (smaller samples are comparatively stiffer) and wave dispersion in
the case of dynamic equations. Here, we consider the static problem. In a variational context, the problem
is completely described by writing the energy which is to be minimized. We are looking for the displacement
w:Q — R? and the infinitesimal Cosserat microrotation A : Q — s0(3) minimizing the two-field functional

A 1
| symgraduH%z(Q) + e skew(grad u — A)||2L2(Q) + §Htr (gradu)H%z(Q) + §|| dev symCurlAHiz(Q) + (f,u) 20 -

The corresponding system of Euler-Lagrange equations in strong form are
Dive = f,
o =2u symgradu + Atr (gradu) - Id + 2. skew(gradu — A),
skew 0 = skew Curldevsym Curl A .

The form of the curvature contribution devsym Curl A instead of the full gradient grad A is motivated by
conformal invariance of the model, see [34]. Here, a variant of the DevSym-DevCurl inequality is applicable.
Model equations similar to the above problem have been considered in [34] 211 27].

7.6. Infinitesimal Cosserat elasto-plasticity. Frequently encountered are also couplings between Cosserat
elasticity and plasticity models. However, plasticity in these models is treated classically as a local phenom-

enon. We are looking for the displacement u : Q x [0,7.) — R3, the infinitesimal Cosserat micro-rotation

A:Qx[0,T,) — s0(3) and the plastic distortion P : ) x [0,T,) — s[(3) satisfying

Dive = f,
o = 2u(sym(gradu — P)) 4+ Atr(gradu) - Id 4 24, skew(grad u — A),
(7.8) OP(z,t) € g(z,symo(z,t)),
skewo = skew CurldevCurlA.

Model equations with these features have been considered in [36] [30, 29} T2, 32] with the purpose of obtaining
regularizations of classical plasticity models.

7.7. Infinitesimal relaxed micromorphic elasticity. Micromorphic extended continuum models assume
that at each material point there is a microstructure attached which itself may deform as an elastic body.
In a variational context, the problem is completely described by writing down the energy which is to be
minimized. We are looking for the displacement fields u : @ — R3 and the not necessarily symmetric
micromorphic distortion P :  — R3*3 minimizing

pllsym(gradu — P)||72(q) + g”tr (gradu — P)||72(q) + %H devsym P72y + %H Curl P72y + (fru) L2 (o) -
The corresponding system of Euler-Lagrange equations in strong form are
Dive = f,
o =2u sym(gradu — P) + Atr (gradu — P) - Id,
Curldev Curl P = —devsym P 4 o .
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An important feature, which sets this model apart from more classical micromorphic approaches, is that the
balance of forces does not ‘see’ derivatives of P since Div Curl = 0. Here, the DevSym-DevCurl-inequality
is applicable. Model equations similar to the above problem have been considered [35] 28, [33].

APPENDIX A. THE KERNEL OF DEV SYM GRAD

For the convenience of the reader we compute the representation formulae ({8 and (L8] of vector fields
in the kernel of devsym Grad, used in the proof of Lemma These mappings are often called conformal
mappings or conformal Killing vectors. For n = 3 such a representation is given, e.g. in [2I] and for arbitrary
n > 3 in [49]. Now let @ C R™ be an arbitrary domain, n > 3 and v € H(Grad ; Q) with devsym Gradv = 0.
Then

(A1) Gradv=wu-Id+ A,

where after selecting a suitable representant u(x) € R and A(z) is a skew-symmetric (n x n)-matrix for all
x € . Since Curl Gradv = 0 we obtain that for all 4,5,k =1,...n

(A.2) (Oju) i — (Oru) 0 = —0; Ak, + O Aij -

Now assume that 4, j, k are pairwise different, then using (A.2) and A;; = —A;; we compute
0jAik, = Ok Aij = —OkAji = —0; Aji = 0; A = 0; Ak = —0j A,

yielding 9;A;; = 0. Now assume j = 7, but k # i. In this case we obtain by (A2l

8jAjk = 8ku
Therefore,
8jAjk = 8ku lf j 75 k,
(A.3) 0jAk; = —Owu if j#k,
' QAp = 0 if i#ji#kjF#Fk,
aini = 0.

Now we show that (A3)) implies gradu = const. First assume j # k and choose i with i # j and i # k (since
n > 3, this is possible). Therefore we obtain

OrOju = 0;,0;A;; = 0;0,A:5 = 0.
Now, we assume that i # j, then
0;0;u = 0;0;A;; = —0;0;Aj; = —0;0;A;; = —0;0;u.
As n > 3 we can play the indices against each other and obtain
0;0;u = —0;0;u = 0yO0pu = —0;0;u =0
for i, j, k pairwise different. Therefore gradu = const = w € R™ and after a possible redefinition on a set of
measure zero, we get
(A4) u(z)=w-x+a
with @ € R. Note d;u = w;. Since dyA;; is constant, see (A3)), we also know that
(A.5) Aij(x) =Y OpAijar + Aij =Y Gijeak + Aij = wjm; — Wiy + Ay
k=1 k=1
with @;j, from (@) and some skew-symmetric constant matrix A. Utilizing (AJ), (A4) and (AF) we
conclude that (7)) holds true. Furthermore, by integrating the i-th component of v we obtain from (A]),
ie.,
Ojvi(x) = w(®)dij + Aij(z) = u(®)d;; + Wiz — Wiy + Agj,
immediately
vi(z) = u(x)x; — %wz|x|2 + Ajpzy + U
or as a vector 1 )
v(x) = u(z)x — §|;v|2u? +Ax+7
17



which is (6.

(1]
2]

REFERENCES

R.A. Adams. Sobolev Spaces. Academic Press, New York, 1975.

D.N. Arnold, J. Douglas, and C.P. Gupta. A family of higher order mixed finite element methods for plane elasticity.
Numer. Math, 45(1):1-22, 1984.

S. Bauer, P. Neff, D. Pauly, and G. Starke. New Poincaré type inequalities. C. R. Math. Acad. Sci. Paris, 2013. submitted.
S. Bauer, P. Neff, D. Pauly, and G. Starke. Some Poincaré type inequalities for quadratic matrix fields. Proc. Appl. Math.
Mech., 2013. To appear.

F. Brezzi and M. Fortin. Mized and Hybrid Finite Element Methods. Springer, New York, 1991.

Z. Cai, B. Lee, and P. Wang. Least squares methods for incompressible Newtonian fluid flow: Linear stationary problems.
SIAM J. Numer. Anal., 42:843-859, 2004.

Z. Cai and G. Starke. First-order system least squares for the stress-displacement formulation: Linear elasticity. SIAM J.
Numer. Anal., 41(2):715-730, 2003.

Z. Cai and G. Starke. Least squares methods for linear elasticity. SIAM J. Numer. Anal., 42:826-842, 2004.

Z. Cai, C. Tong, P. S. Vassilevski, and C. Wang. Mixed finite element methods for incompressible flow: Stationary Stokes
equations. Numer. Methods Partial Differential Equations, 26:957-978, 2010.

Z. Cai and S. Zhang. Mixed methods for stationary Navier-Stokes equations based on pseudostress-pressure-velocity for-
mulation. Math. Comp., 81:1903-1927, 2012.

C. Carstensen and G. Dolzmann. A posteriori error estimates for mixed FEM in elasticity. Numer. Math., 81:187-209,
1998.

K. Chelminski and P. Neff. A note on approximation of Prandtl-Reuss Plasticity through Cosserat-Plasticity. Quart. Appl.
Math., 66(2):351-357, 2008.

P.G. Ciarlet. On Korn’s inequality. Chin. Ann. Math., 31B(5):607-618, 2010.

S. Dain. Generalized Korn’s inequality and conformal Killing vectors. Calc. Var. Partial Differential Equations, 25(4):535—
540, 2006.

F. Ebobisse and P. Neff. Rate-independent infinitesimal gradient plasticity with isotropic hardening and plastic spin. Math.
Mech. Solids, 15(6):691-703, 2010.

V. J. Ervin, J. S. Howell, and I. Stanculescu. A dual-mixed approximation method for a three-field model of a nonlinear
generalized Stokes problem. Comput. Methods Appl. Mech. Engrg., 197:2886-2900, 2008.

M. Fuchs and S. Repin. Some Poincaré-type inequalities for functions of bounded deformation involving the deviatoric part
of the symmetric gradient. Zap. Nauchn. sem. St.-Petersburg Odtel. Math. Inst. Steklov (POMI), 385:224-234, 2010.

M. Fuchs and O. Schirra. An application of a new coercive inequality to variational problems studied in general relativity
and in Cosserat elasticity giving the smoothness of minimizers. Arch. Math. (Basel), 93(6):587-596, 2009.

G. Gatica, A. Méarquez, and M. A. Sanchez. Analysis of a velocity-pressure-pseudostress formulation for the stationary
Stokes equations. Comput. Methods Appl. Mech. Engrg., 199:1064-1079, 2010.

T. Jakab, I. Mitrea, and M. Mitrea. On the regularity of differential forms satisfying mixed boundary conditions in a class
of Lipschitz domains. Indiana Univ. Math. J., 58(5):2043-2071, 20009.

J. Jeong and P. Neff. Existence, uniqueness and stability in linear Cosserat elasticity for weakest curvature conditions.
Math. Mech. Solids, 15(1):78-95, 2010.

F. Jochmann. A compactness result for vector fields with divergence and curl in L4(2) involving mixed boundary conditions.
Appl. Anal., 66(1-2):189-203, 1997.

S. Miinzenmaier. Least-Squares Finite Element Methods for Coupled Generalized Newtonian Stokes-Darcy Flow. PhD
thesis, Leibniz Universitdt Hannover, 2012.

S. Miinzenmaier and G. Starke. First-order system least squares for coupled Stokes-Darcy flow. SIAM J. Numer. Anal.,
49:387-404, 2011.

J. Necas. Sur les normes équivalentes dans sz (2) et sur la coercivité des formes formellement positives. In Equations auzx
derivées partielles, pages 102—128. Les Presses de ’Université de Montreal, 1967.

P. Neff. On Korn’s first inequality with nonconstant coefficients. Proc. Roy. Soc. Edinb. A, 132:221-243, 2002.

P. Neff. The Cosserat couple modulus for continuous solids is zero viz the linearized Cauchy-stress tensor is symmetric. Z.
Angew. Math. Mech., 86:892-912, 2006.

P. Neff. Existence of minimizers for a finite-strain micromorphic elastic solid. Proc. Roy. Soc. Edinb. A, 136:997-1012,
2006.

P. Neff. A finite-strain elastic-plastic Cosserat theory for polycrystals with grain rotations. Int. J. Eng. Sci., 44:574-594,
2006.

P. Neff and K. Chelminski. Infinitesimal elastic-plastic Cosserat micropolar theory. Modelling and global existence in the
rate independent case. Proc. Roy. Soc. Edinb. A, 135:1017-1039, 2005.

P. Neff, K. Chelminski, and H.D. Alber. Notes on strain gradient plasticity. Finite strain covariant modelling and global
existence in the infinitesimal rate-independent case. Math. Mod. Meth. Appl. Sci. (M3AS), 19(2):1-40, 2009.

P. Neff, K. Chelminski, W. Miiller, and C. Wieners. A numerical solution method for an infinitesimal elastic-plastic Cosserat
model. Math. Mod. Meth. Appl. Sci. (M3AS), 17(8):1211-1239, 2007.

P. Neff, I.D. Ghiba, A. Madeo, L. Placidi, and G. Rosi. The relaxed micromorphic continuum: existence, uniqueness and
continuous dependence in dynamics. submitted, 2013.

18



(34]
(35]
(36]

[37]
(38]

(39]
[40]
[41]
[42]

[43]

[44]
[45]
[46]
[47)
(48]

[49]

[50]
[51]

P. Neff and J. Jeong. A new paradigm: the linear isotropic Cosserat model with conformally invariant curvature energy.
Z. Angew. Math. Mech., 89(2):107-122, 20009.

P. Neff, J. Jeong, I. Miinch, and H. Ramezani. Mean field modeling of isotropic random Cauchy elasticity versus microstretch
elasticity. Z. Angew. Math. Phys., 3(60):479-497, 20009.

P. Neff and D. Knees. Regularity up to the boundary for nonlinear elliptic systems arising in time-incremental infinitesimal
elasto-plasticity. STAM J. Math. Anal., 40(1):21-43, 2008.

P. Neff and I. Miinch. Curl bounds Grad on SO(3). ESAIM: Control Optim. Calc. Var., 14(1):148-159, 2008.

P. Neff, D. Pauly, and K.J. Witsch. On a canonical extension of Korn’s first inequality to H(Curl) motivated by gradient
plasticity with plastic spin. Comp. Rend. Math., 349(23-24):1251-1254, 2011.

P. Neff, D. Pauly, and K.J. Witsch. Maxwell meets Korn: a new coercive inequality for tensor fields in RV*Y with
square-integrable exterior derivative. Math. Methods Appl. Sci., 35(1):65-71, 2012.

P. Neff, D. Pauly, and K.J. Witsch. On a canonical extension of Korn’s first and Poincaré’s inequality to H(Curl). J. Math.
Sci. (N.Y.), 185(5):721-727, 2012.

P. Neff, D. Pauly, and K.J. Witsch. On an extension of Korn’s first inequality to incompatible tensor fields in arbitrary
dimensions. submitted, http://arxiv.org/abs/1302.2661, 2013.

P. Neff, D. Pauly, and K.J. Witsch. Poincaré meets Korn via Maxwell: Extending Korn’s first inequality to incompatible
tensor fields. submitted, http://arxiv.org/abs/1203.2744, 2013.

P. Neff and W. Pompe. Counterexamples in the theory of coerciveness for linear elliptic systems related to generalizations
of Korn’s second inequality. to appear in Z. Angew. Math. Mech, hitp://arziv.org/abs/1303.1387, Preprint UDE: SM-
UDE-765, 2013.

P. Neff, A. Sydow, and C. Wieners. Numerical approximation of incremental infinitesimal gradient plasticity. Int. J. Num.
Meth. Engrg., 77(3):414-436, 2009.

S. Nesenenko and P. Neff. Well-posedness for dislocation based gradient visco-plasticity I: Subdifferential case. SIAM J.
Math. Anal., 44(3):1694-1712, 2012.

S. Nesenenko and P. Neff. Well-posedness for dislocation based gradient visco-plasticity II: Monotone case. MEMOCS:
Mathematics and Mechanics of Complex Systems, 1(2):149-176, 2013.

W. Pompe. Counterexamples to Korn’s inequality with non-constant rotation coefficients. Math. Mech. Solids, 16:172—-176,
2011.

Y.G. Reshetnyak. Stability Theorems in Geometry and Analysis. Kluwer Academic Publishers, London, 1994.

O. Schirra. New Korn-type inequalities and regularity of solutions to linear elliptic systems and anisotropic variational
problems involving the trace-free part of the symmetric gradient. Calc. Var. Partial Differential Equations, 43(1-2):147—
172, 2012.

H. Sohr. The Nawvier-Stokes Equations. Birkhduser, Basel, 2001.

K. Yoshida. Functional Analysis. Springer-Verlag, Berlin, 6. edition, 1980.

19



	1. Introduction
	2. Definitions and preliminaries
	3. The Dev-Div-inequality
	4. The DevSym-Curl-inequality
	5. The Sym-DevCurl- and DevSym-DevCurl-inequalities
	6. Kernels and counterexamples
	6.1. The kernel of the Dev-Div-inequality
	6.2. The kernel of the Sym-Curl-inequality
	6.3. The kernel of the DevSym-DevCurl-inequality
	6.4. There are no DevSym-DevSymCurl- or DevSym-SymCurl-inequalities
	6.5. There is no Sym-Div-inequality
	6.6. The DevSymGrad-inequality is false for n=2

	7. Applications
	7.1. Infinitesimal incompressible elasticity
	7.2. Pseudostress formulation of stationary Stokes equations
	7.3. Pseudostress formulation of generalized Newtonian flow
	7.4. Infinitesimal gradient plasticity
	7.5. Infinitesimal Cosserat elasticity
	7.6. Infinitesimal Cosserat elasto-plasticity
	7.7. Infinitesimal relaxed micromorphic elasticity

	Appendix A. The kernel of devsymGrad
	References

