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Low Frequency Asymptotics and Electro-Magneto-Statics for Time-Harmonic Maxwell's
Equations in Exterior Weak Lipschitz Domains with Mixed Boundary Conditions

FRANK OSTERBRINK AND DIRK PAULY

ABSTRACT. We prove that the time-harmonic solutions to Maxwell’s equations in a 3D exterior domain
converge to a certain static solution as the frequency tends to zero. We work in weighted Sobolev spaces
and construct new compactly supported replacements for Dirichlet-Neumann fields. Moreover, we even
show convergence in operator norm.
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1. INTRODUCTION

Applying a time-harmonic ansatz (or Fourier-transformation with respect to time) to the classical
time-dependent Maxwell equations in some domain 2 C R3, we are led to consider the time-harmonic
Mazwell system

(1.1) rot F +iwB =G, —rot H +iwD = —F, in

with frequency w € C. Here, F and H denote the electric and magnetic field, D = ¢F and B = uH
represent the displacement current and magnetic induction, respectively, and F,G are known source
terms. The matrix valued functions € and p describe the permittivity and permeability of the medium
filling 2 and are assumed to be time-independent. In the following we are specifically interested in
the case of an exterior weak Lipschitz domain @ C R?® (i.e., a connected open subset with compact
complement ) with boundary T' := 9 (Lipschitz submanifold ) decomposed into two relatively open
subsets 'y and T'y := I'\ T'; being itself Lipschitz submanifolds of . We impose mixed homogeneous
boundary conditions, which in classical terms can be written as

(1.2) nx E=0onTly, nx H=0on T, (n: outward unit normal ),
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and, in order to separate outgoing from incoming waves, we require the so called Silver-Miiller radiation
condition (with £(z) := z/r(z) and r(x) := |z| for z € R3)

(1.3) EXH+E, ExE—-H=o("') for r— 0.

First existence results concerning boundary value problems for the time-harmonic Maxwell system in
exterior domains have been given by Miiller [16] [T5] in domains with smooth boundaries and homogeneous,
isotropic media, i.e. ¢ = u = 1. In [10] Leis used the limiting absorption principle to obtain existence and
uniqueness for media, which are possibly inhomogeneous and anisotropic within a bounded subset of €.
Nevertheless, Leis still needed strong assumptions on the boundary regularity. In the bounded domain
case, even for general inhomogeneous and anisotropic media (cf. Leis [I1]), it is sufficient that Q allows
for a certain selection theorem, later called Weck’s selection theorem or Mazwell compactness property,
which holds for a class of boundaries much larger than those accessible by the detour over H* (cf. Weck
[32], Weber [31], Picard [28], Costabel [2], Witsch [36], and Picard, Weck, and Witsch [30] ). The most
recent result for a solution theory in the exterior domain case is due to the second author [19, 23] (see
also [I8] ) and in its structure comparable to the results of [30]. While all these results handle the case of
full boundary conditions, in [I7] the authors treated for the first time mixed boundary conditions. Using
the framework of polynomially weighted Sobolev spaces from [30], we have been able to show that the
time-harmonic boundary value problem (1), (I2]), and (3] admits unique solutions. In particular, by
means of Eidus limiting absorption principle [3] (see also [4 [5] ) for the physically interesting case of
real frequencies w a Fredholm alternative type result holds true. Similar to the bounded domain case,
the crucial tool for existence is again a compact embedding result, now being a local version of Weck’s
selection theorem.

In this paper we investigate the low frequency behaviour of the corresponding time-harmonic solution
operator. To this end we first have to provide a solution theory for the static boundary value problem,
i.e., w = 0, which reads

rot E=G in Q, rot H=F in Q,
(1.4) diveE=f in Q, divpH =g in Q,
nxE=0 on I'y, nxH=0 on I'y,
n-e£E=0 on I'sy, n-uH =0 on I'y.

There are two major challenges:

e Problems in exterior domains require to work in weighted Sobolev spaces.

e The systems ([L4) have non trivial kernels, forcing us to work with orthogonality constraints on
solutions in weighted Sobolev spaces to achieve uniqueness. This specific difficulty is overcome by
a construction of special compactly supported fields and certain functionals, see Theorem B.111

In the case of full homogeneous boundary conditions and homogeneous, isotropic media Kress [8]
(using integral equation methods) and Picard [26] (using Hilbert space methods) established solution
theories in the generalized setting of alternating differential forms on Riemannian manifolds of arbitrary
dimensions ( see also [29] for nonlinear materials). For the classical threedimensional case of electro-
magneto-statics with full homogeneous boundary conditions, we refer to Picard [27] (see also [14]) as
well as the references therein. Following the Hilbert space approach, in Section B we will present Helmholtz
type decompositions in weighted Sobolev spaces which then together with Weck’s local selection theorem
will provide a powerful setting for solving system (L4).

In Section 4 we shortly present the time-harmonic solution theory summarizing the results obtained
n [I7]. This results follow by the same methods as in [I9] 23] (see also Picard, Weck, and Witsch [30],
Weck and Witsch [33][34,35] ). For nonreal frequencies the solution is obtained by standard Hilbert space
methods as w belongs to the resolvent set of the Mazwell operator

M : Rp, (2) x R, () C LA(Q) — L3(Q), (B, H) — iA"'M, LA(Q) == L2(Q) x Li(Q),

where

A= (g 2) ’ M= (rgt SOt) ’ L) = (@), (7 i) -
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The case of real frequencies w # 0 is much more challenging, since here we want to solve in the continuous
spectrum of the Maxwell operator. Nevertheless, restricting to data (F,G) € Li%(ﬂ) X Li%(Q), we are
able to obtain radiating solutions (E, H) € L2<7% () x L2<7% (2) by means of Eidus’ limiting absorption
principle [3, [], i.e., as limit of solutions corresponding to frequencies w € C; \ R. In other words,
the resolvent (M — w)~! and hence also L4 ., = i(M — w ) 'A™! may be extended continuously to the
real axis (cf. [12]). An a-priori-estimate and the polynomial decay of eigenfunctions needed in the
limit process are obtained by transferring well known results for the Helmholtz equation in the whole
space using a suitable decomposition of the fields £ and H and perturbation arguments. This will be
sufficient to show that a generalized Fredholm alternative holds, see Theorem 3l We have to admit
finite dimensional eigenspaces for certain eigenvalues w # 0, which can not accumulate in R\ {0}. Next
by proving an estimate for the solutions of the homogeneous and isotropic whole space problem together
with an perturbation argument, we show that these possible eigenvalues do not accumulate even at w = 0.
Therefore, for small w # 0 the time-harmonic solution operator L4 , is well defined on Li% (Q) x L2>% Q)

and a low frequency analysis is reasonable.

Finally, in Section Bl we investigate the low frequency behavior of time-harmonic solutions, in particular
the question under which conditions radiating solutions converge to a static solution of system (L4]). In
the case of a bounded domain the low frequency asymptotics is simply given by a Neumann series of the
static solution operator Ly, which directly follows by applying £y to the time-harmonic system (LI).
More precisely, in the case that €2 is a bounded Lipschitz domain, by Weck’s selection theorem the range
R(M) of the Maxwell operator is closed and the reduced Maxwell operator

Mied : DM) NR(M) C RM) — R(M), (E,H) — (—ic 'rot H,ip ' rot E)
has a continuous inverse Ly : R(M) — D(M) N R(M), which interpreted as operator into R(M) is

even compact. Moreover, arbitrary powers L) of £, are well defined. Hence, for small |w| > 0 the time-

harmonic solution operator £, : L% () — D(M) is well defined (Fredholm alternative) and is given by
the Neumann series

o0
(1.5) L, = 7&]717'(./\/(3\/[) + ijE%JrlTrR(M) .
j=0
Here, mar(ar) and mr () are the projections onto the kernel and the range of M, respectively.

In the exterior domain case this simple low frequency asymptotics does not hold. It is even not well
defined in an obvious way, since now the static solution operator £y maps data from a polynomially
weighted Sobolev space to solutions belonging to a less weighted Sobolev space (cf. Theorem resp.
Theorem [3.10). However, using an estimate for the solutions of the homogeneous, isotropic whole space
problem together with a perturbation argument we can prove the convergence of the time-harmonic
solutions L, (F,G) to a specific static solution Lo(F,G) on a certain subspace, i.e.,

Ly —)Eo.

A proper and corrected version of the low frequency asymptotics (LX) for the case of an exterior
domain will be addressed in a forthcoming publication (see [21], 22 20, 19, 18] for the case of full
boundary conditions ).

2. PRELIMINARIES

In the following, Q C R? is an exterior weak Lipschitz domain, see [I, Definition 2.3], with boundary
I' := 9Q decomposed into two relatively open weak Lipschitz subdomains I'; and I'y := T'\ Ty, see [I}
Definition 2.5]. For 2 € R3 with « # 0 let (z) := |2 | and &(z) := z/|z| (| - |: Euclidean norm in R%).
Moreover, we fix # > 0 such that R3\ Q &€ U; (compactly included) and define

~

Qs :=0QNUs, I;5:=T;USs, Us :=R3\ Uy, Grs := U(F) N U(5), (6>7),

where Us and S5 denote the open ball resp. sphere of radius ¢ centered at the origin. We also pick some
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and define for § > # functions ns € C*°(R3) by
15 (x) = 7(r(x)/6).

These functions satisfy suppns C IVL; as well as ns = 1 on 625 and will later be used for particular cut-off
procedures. The usual Lebesgue and Sobolev spaces will be denoted by L?(Q2), H™(2) and

(2.1) R(Q):={E€L*(Q) : rot E € L*(Q)}, D(Q):={Eel?*Q) :divEel*Q)},

where we prefer to write rot instead of curl. However, for our purposes this spaces are not rich enough,
as even for square-integrable right hand sides the system (1)), (IL2) does not admit square-integrable
solutions (cf. [26], [I7] ). Hence we have to generalize the solution concept and work in polynomially
weighted Sobolev spaces. For p := (1 4+ r2)1/2, m € N, and t € R we introduce

L2(2) = {u € Lo(Q) : plue L)}

as well as
H'(Q) := {u € L}(Q) : 9%u € L7(Q) for all |a] <m},
H(Q) == {u e L}(Q) : 0u € L§+|a\(Q) for all |a| <m},
R,(Q) :={E€L{(Q) : ot E€ L} ()}, R(Q):={E€L}(Q) : rot E €L} 1(V)},
D,(Q):={H e L}(Q) : divH € L)}, D,(Q) :={H € L2(Q) : divH € L%,,(Q)}.

We do not distinguish between vector fields resp. functions and (in accordance with (Z1]) ) we skip the
weight if t =0, i.e.,

HY(Q) =Hy(Q),  R(Q)=Re(Q), D(Q)=Dy(Q),

If T'; # (), homogeneous scalar, tangential or normal traces are encoded in

— -1l — -l — -1l
HL Q) =Cx @) ", Ry@):=CcZ®) ", Dpn@)=Cc@) ",
as well as
— Il — -l — -1
Hip (Q=C @) ", R Q=@ ", D, Q=@ >,
—— 1l —— || —— |-l
H%,FI(Q) = Crl(Q) e ) Rt,Fl(Q) = CFl(Q) e ) Dt,Fl(Q) = CFI(Q) R

where the set of test fields (resp. test functions ) is given by
CE@):={olg: e C*(R?), supp ¢ compact in R?, dist(suppp, 1) >0} .

We emphasize that in the case of a bounded domain, weighted and unweighted spaces coincide. Moreover,

by [17, Lemma 2.2], see also [T, Theorem 4.5], it holds
H;FI(Q) ={ueH; () : (u,div@>L2(Q) =—(Vu,®)

(2.2) R, () ={EcR,(Q) : (E,rotd)

L2(q for all @ € ()},

L2Q) = (rotE,@)LZ(Q) for all @ € C3(Q)},

Dyr, () = {H € D,(Q) : (H,V¢) ., =—(divH,¢) for all ¢ € C3, ()},

L2(Q)
and
Hir, () = {u € H(Q) = (u,div®), o = —(Vu, @), forall @ € CX(Q)},
(2.3) Rir, () = {EeR,(Q) : (E,rot(I))Lz(Q) = (rotE,@>L2(Q) for all ® € C5 ()},
Dyr, () = {H €D,(Q) : (H V), =—(divH,¢) ., forall ¢ € CF,(2)}.
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Equipped with their natural inner products, all these spaces are Hilbert spaces. Vanishing rotation resp.
divergence will be indicated by an index zero in the lower left corner, e.g.,
oR,(Q) = {E €R,(Q) : rot B = 0}, oD, (Q) := {E €D,(Q) : divE = 0},
ORt,Fl(Q> = oR,(2) N Rt,Fl (Q), ODt,Fl(Q> = oD, (2) N Dt,Fl ().
For simplification and to shorten notation we write

v<s:=ﬂvt and v>s;=th (se€R),

t<s t>s
for Vi being any of the spaces above and skip the space reference, i.e.,

Hi" = H" (), Rir, = Rt,Fl(Q>a D, =D,(©), HZLFQ = HZIFZ (), SRR
if @ =R3.
Definition 2.1. Let k > 0. We call a transformation v “k-decaying”, if
o v:Q — R3>*3 s an L®-matriz field,

® v is symmetric, i.e.,

VE7H€L2(Q): <Ea7H>L2(Q) :<7EaH>|_2(Q)a
e v is uniformly positive definite, i.e.,
Je>0 VEel?(Q): (E,7E>L2(Q)ZC.HEHfZ(Q),

e v is asymptotically a multiple of the identity, i.e.,
Y= 1+4 with v € R4+ andﬁ:(’)(rf'i) as r — 00.

General Assumption 2.2. From now on and through this paper we assume the following:

o O C R3 is an exterior weak Lipschitz domain with boundary ', decomposed into two weak Lipschitz
parts Ty and Ty = T'\ Ty with weak Lipschitz interface Ty NTy as introduced in the beginning of
this section.

o There exists kK > 0 such that e =eg- 14 € and pu = po - 1 + 1 are x-decaying.

For most of our results we need the slightly stronger assumption on the perturbations € and . That
is, € resp. &t have to be differentiable outside of an arbitrarily large ball with decaying derivative. More
precisely:

Definition 2.3. Let k > 0. We call a transformation v “x — C! —decaying”, if
o v =7 144 is k-decaying,
e and for some T > 7 we have

’?GCl(I\jf) with 9,4 =0(r"'"") as r — o0, (7=1,2,3).

Note that a k-decaying (resp. k — C'— decaying ) transformation v is pointwise invertible for sufficiently

1

large x. In this sense, ! is k-decaying (resp. k — C'— decaying) as well. Moreover,

(-, >|_g’(Q) =(7,- >|_2(Q) resp. (-, >|_§’7(Q) = 'th' ) pt' >|_2(Q)
define inner products on L?(2) resp. L?(2) inducing norms equivalent to the standard ones. Thus
Li(ﬂ) = (LQ(Q>5< R >L%(Q)) and L?,V(Q) = (Lt2(9>a< R >L?’Y(Q))

are Hilbert spaces and we use @, @t resp. L, L, to indicate orthogonal sum and orthogonal com-
plement in this spaces. If v = 1 we put @, =: © as well as L, =: L. Finally we introduce for s € R the
(weighted ) “Dirichlet-Neumann fields”

7%57F17F2 (Q) = ORs,Fl (Q) N 7_10D5,F2 (Q) ) }C51F17F2 (Q) = ]l:HS,Fl,Fz (Q) ’



6 FRANK OSTERBRINK AND DIRK PAULY

where as before we skip the weight if s = 0.

3. THE STATIC PROBLEM w =0

We start our considerations with the supposedly simpler case of electro-magneto-statics, which in fact
possesses its own difficulties. First, as 2 is an exterior domain we are forced to work in polynomially
weighted Sobolev spaces. Second, for w = 0 the time-harmonic Maxwell system (L1I),([L2), i.e.,

rot E=G in Q, nxE=0 on I'y,
rotH =F in Q, nxH=0 on Iy,
is no longer coupled and in order to determine F and H we have to add two more equationsﬁ
diveE = f, divuH =g, in Q,
as well as additional boundary conditions
n-eE=0 on Iy, n-uH =0 on I'j.
The resulting boundary value problems of electro- resp. magneto-statics (cf. (I4))
(3.1) rot B =G, diveE = f, nxFE=0 on I'y, n-e£=0 on I'y,
(3.2) rot H =F, nx H=0 on I'y, n-uH =0 on I'1,

still have non-trivial but finite-dimensional kernels .Hr, 1, () and ,Hr, r, (), respectively, demanding
for finitely many orthogonality constraints to achieve unique solutions. Due to the similarity between
BI) and [32) we concentrate on the electro-static problem (B1]), keeping in mind that interchanging I'y
and I'y as well as € and p we also solve the magneto-static system.

divuH =g,

Let © be a domain in R3. Considering the densely defined and closed linear operators
Ay :=gradp, : D(Ay) := H{ (©) CL*(©) — L%(©), w +— Vuw,
Ay :=rotr, : D(As) :== R, (0) C L2(©) — L*(©), u — rotu,
the Hilbert space adjoints are (cf. [I7, Lemma 2.2], [Il, Theorem 4.5])
A*1 = grad}l = —divp, e : D(A*l) =e'D,(©) CLZ(®) — L*(O), u +— —diveu,
A*2 = rot?1 = e 'rotr, : D(AZ) =R, (0) CL*(©) — L2(©), u — e 'rotu.
These operators satisfy
(3.3) R(A1) CN(Az), R(A;) C N(&)).
and by the projection theorem the Helmholtz-type decompositions
L2(0) = R(AL) @ N(A}) 12(6) = R(AY) & N(A3),
= VHIL1 (©) De 5_10DF2(®) , e 1rot Rp,(0) @ oRp, (0),

(3.4)

=z,

oRr, (©) (A2

~—
® I
[
o
O
—~
M
—~
@
~—

=R(A1) @ (N (A7) NN (As))
= VH{ (0) @ Hr, r,(0),

hold true. As shown in [24], rewriting (3.1]) into
(3.5) AE=G, AE=f,

)

(Ay) @. (N(A2) NN(A)))
e rot Rp, (©) ®e «Hr, 1,(0)

*

E € D(As) N D(A})

For w # 0 these equations are implicitly given, as by differentiating (1)) we immediately get

iwdiveE = div(—rot H + iweE) = —div F,

twdivpH = div(rot E + iwpH) = divG

in Q.
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and using (3.4) together with standard functional analysis tools, we immediately obtain an L%-solution
theory for electro-magneto-statics, provided © satisfies “Weck’s selection theorem”, a compactness result
comparable to Rellich’s selection theorem well suited for Maxwell’s equations.

Definition 3.1. A domain © C R? satisfies "Weck’s selection theorem” (WST) (or possesses the
” Mazwell compactness property” ) if the embedding

(3.6) Rr, (©)Ne™'Dp, (0) — L*(©) is compact.
In particular, as shown in [I] (see also [24] Section 5]), it holds:

Lemma 3.2. Let © C R?’_be a bounded weak Lipschitz domain with boundary T' and weak Lipschitz
interfaces T'y and T'y ;=T \T'1. Then Weck’s selection theorem holds true and implies the following:

(i) (Maxwell estimate) There is ¢ > 0 such that for all E € Ry (©) Ne Dy (0) N Hr, r,(0)*+
| Ellsqoy < ¢ (10t B sy + I diveE oo )
it) ( Finite dimensional kernel ) The wunit ball in .Hr, r,(©) is compact, i.e.,
1,12
dim aj'(l“l,l“g (@) < 0.

(ii7) (Closed ranges) The ranges of gradp and rotr, resp. divr, € and e~ lrotr, are closed, i.e.,

VH} (©) = VHY, (0), rot R (©) =rotRp, (©),
divDy, (0) = divDr,(6), rot Ry, (©) = rot Ry, (©),
and the following Helmholtz type decompositions are valid
L*(©) = VHr, (©) ®. e 1D, (0), L*(©) = e ' rot Ry, (©) @: oRr, (O),
oRp, (©) = VHF, (0) ®: Hr, 1,(0), e "oDp, (©) = e ' rot R (©) @ -Hr, 1, (O).

Remark 3.3. In the latter lemma and the previous arguments (involving © ) it is sufficient that € is
k—decaying with k > 0.

While Weck’s selection theorem holds true for bounded weak Lipschitz domains, it fails for unbounded
such as exterior domains (cf. [1], [7] and also [6] for strong Lipschitz domains). Thus, we cannot retreat
on the functional analysis toolbox from [24], especially Lemma[B.2] to solve system (B.I]). Instead we will

use a slightly weaker version of (3.6) to prove similar results 5 in weighted L2— spaces. More precisely, as
Qs is a bounded weak Lipschitz domain with boundary I' = I's U5, Lemma yields, e.g.,

Vé>7: Rp,(Qs)Ne 'Dp,(Qs) — L*(Qs)  is compact.
Hence by [I7, Lemma 3.3] it holds:

Theorem 3.4 (Weck’s local selection theorem). The embedding

R, (2)Ne™'Dp, () — L. (Q)

loc
is compact. Equivalently for all s,t € R with t < s the embedding
R.r, () Ne™'D, 1, (Q) — LF(Q)
18 compact.

As we will show in the following, by Theorem [3.4] we are indeed able to reconstruct the results of Lemma
in the framework of weighted Sobolev spaces, leading to a solution theory for BI]) resp. (32) in
exterior domains.
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3.1. Poincaré and Maxwell Estimates in Exterior Domains. We start out proving a weighted
version of the Poincaré estimate. From [25, Lemma 15], see also [12], Poincare’s estimate III], we have

(3.7) 160l (o <170 llaey < 21Vl Vo CEQ),

which by continuity extends to all w € H! | 1(€2) and can even be generalized to functions in HL, ().
Lemma 3.5. The following Poincaré estimate holds:

Je>0 YueH  (Q): HUHLL(Q)SC”VUHLZ(Q)
Proof. For u € HL () it holds nyu € HY | 1-(Q) and from (B1) we obtain

(3'8) H u HLgl(Q) <2 H V(WU) ||L31(Q) + H (1 - nf)u HLEI(Q) <c ( H Vu |||_2(Q) + || u HL2(Q%) ) )
with ¢ > 0. Assuming the asserted estimate is wrong, there exists a sequence (uy)neny C H: () with

1 n o0
1 and || Vug | 270,

[| un HLgl(Q) = (Q) < n

Hence, (i )nen is bounded in H!(€2;) and by Rellich’s selection theorend] we can extract a subsequence
(Ur(n))nen converging in L?(Q;). By ([B.8) the sequence (tx(n))nen is even a Cauchy sequence in H! | (2)
and therefore converging to some u € H | (Q) with Vu = 0. Consequently u is constant in  and as
u € L21(Q2) we have u = 0, a contradiction. O

Similarly, Weck’s local selection theorem yields a weighted version of the Maxwell estimate. Again we
start with testfields ® € C°(f2) stating that by (1) and —A® = rotrot ® — V div ® we have

(3.9) ||<P|\L31(Q) <c|| Vo ||L2(Q) <c (||rotq)||L2(Q)+||div<I)HL2(Q)) Vo el ().
which directly extends to ® € H£1,F(Q) and can also be generalized.

Lemma 3.6. Let s € R, # > 7, and & C Uz C R3 be an exterior domain with dist(Z,S7) > 0.
Furthermore, let € be k — C! —decaying with > 0 such that e € C1(U;). Then the conditions E € L2(Uy),

~ ~

rot E € L2, ,(U;), and diveE € L2, ,(U;) imply E € HL(Z) and it holds

1 Elhyzy < ¢ (1B llisqy + 1708 Bl 5,y + 1diveE s g, )
with ¢ > 0 independent of E.

Proof. This regularity result is a direct consequence of [9, Lemma 4.2]. A detailed proof can be found in
[18, Korollar 3.7]. O

Remark 3.7. By obvious modifications on € and the assumptions imposed on E, the previous result can
also be formulated for the bold Hilbert spaces, e.g., HL(Z). Beyond that it may even be generalized to
higher regularity for E, e.g., E € H™(E). We also note that the assumptions on € may be reduced to a
rk—decaying € = o - 1+ & with & > 0 and & € C*(Uy) such that 9;e=0(r ).

Lemma 3.8. Let ¢ be k — Ct—decaying with order k > 0. Then there exist ¢,d > 0 such that
H E ||L31(Q) <c ( || rot £/ HLZ(Q) + || diveE |||_2(Q) + || E HLQ(Qg))

holds for all E € R_{(Q2) Ne~1D_;(9).

fiNote that also Rellich’s selection theorem holds in bounded weak Lipschitz domains ( cf. [T, Theorem 4.8] ).
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Proof. By assumption ¢ is of the form € =¢¢ - 1 + € with g € R4 and there exists 7 > 7 such that
(3.10) e Cl(Up) with é=0(r""), 9;6=0(r"""") as r— o0, (7=1,2,3).

Using the cut-off function from above, we define E := n;E and as Lemma yields E € HL, (supp n7),
we have E € HL, (). Hence by (33)

1B oy < € (008 B Loy + 1div 20 lauupp )

< (0t Bllpags,, + 14iveE sy + 14528 s )
<c (H rot £ |||_2({j;) + || div eE |||_2([j;) + Z H(ajé)E |||_2(Suppn;) +é: VE ||L2(Supp77f)) .
j=1,2,3

With BI0) and the regularity estimate from Lemma 3.6 we obtain
1ls @ < € (106 B ooy + 1 B iy + 1 Db )
< (ot Ellas,, + NdiveE g, + 1 Bl )
< ¢ (10t B |l sy + 1 diveE sy + 1 Ells . (o)) -
such that by
rot £ = nprot E + (Vi) x E, diveE = npdiveE + (Vi) - €E,
we end up with
1B oy S (1 Bl gy + 1 Blliagayy)
<c (H rotE |||_2(Q) + H diVEE |||_2(Q) + H E |||_2717N(Q) + H E ||L2(Qg;))
< c(|Irot B sy + 1 diveE a1 Bl (q))-
Finally, as > 0, the assertion follows by
2 2 2 2 2\~ 2
1B =11y H 1B o SUEPagy + 0+ 87 1B
choosing ¢ > 7 big enough. O

Now, analogously to the proof of Lemma 3.5 we use Theorem B.4] to eliminate the extra term on
the right hand side. But unlike there, here the kernels of the involved operators “rot” and “dive” are
not necessarily trivial. Therefore, we aim for a weighted version of the Maxwell estimate excluding the
Dirichlet-Neumann fields

eH1r,ro(2) = 0R_y 1, () Ne™ 0Dy 1, ().
Fortunately, the space .H_1r, r,(f2) is only finite dimensional.

Lemma 3.9. Let ¢ be k — C'— decaying with k > 0. Then:
(1) (Maxwell estimate ) There is ¢ >0 s.t. for all E € R_; 1+ (2)Ne™'D_; 1, () NH 11, 1, (Q)+-1e

1Bl gy < (1ot Bllagg + I diveB g ).

(#4) (Finite dimensional kernel) The unit ball in :H_1,r, 1r,(2) is compact, i.e.,

dimsj‘fflﬁphpz (Q) < 0.
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(ii7) (Closed ranges) The ranges of grady , rotr, and divr, € are not closed, but it holds

(a) VHll“l Q) = VH1—1,F1 Q) = VHl—l,Fl(Q)v

(b) Tt Ry, (Q) = rotR_, 1. ()
=10t R_y p, (@) = 10t (R_y p, () N 0D 1, () N 31r, ra (@4,

(¢) divDp, () =divD_; 1, (2)
=div D_LFZ (Q) = div (D—17F2 (Q) Ne OR_171"1 (Q) Ne E:H/‘fl,Fl,Fz (Q)J_il’i) .

Proof. Statement (i3) just follows by Weck’s local selection theorem and Lemma 3.8 For (i) suppose the
estimate is wrong, i.e., there exists (E,)nen CR_;p (Q) Ne™'D_; 1, (Q) N eH 1r, 1, (2)" 1= with

n—oo

(3.11) | En ||L31(Q) =1 and || rot E, ||L2(Q) +||diV€EnH|_2( ——0.

Q)

Then the sequence (Ep)nen is bounded in R_; 1 () Ne™'D_,  (2) and Weck’s local selection theorem

provides a subsequence (Ey () )nen converging in L (Q). By Lemma B8 the sequence (Ey(n))nen is an

L2 , —Cauchy-sequence and we obtain

E:=lim E,, €R_;p, (Q2)Ne 'D_;p,(2) with rotE=0 resp. diveE=0.

n—oo
Additionally, (Efr(n))neN C (Ep)nen C eHor s, (Q)lflf such that
VHEe 59‘(:7171‘171*2 (Q) : <E R H>L271,€(Q) = nhHH;O<E7T(") ’H>L271,€(Q) =0.

hence
Ee€ H 1r, r,(Q)NHoyr, r, ()1 = {0},

a contradiction. Let us finally turn to statement (ii7). By definition we clearly have

(312) VHL (Q) =VHL, . (Q),  r1otRp (2) =r0tR_, 1 (?),  divDp (@) =divD_, . (9).

n—o0

Now, for u¥ € VHL, . (Q) there exists (un)nen C HL ) 1 (Q) with Vu,, = uV in L*(Q). The Poincaré

estimate, Lemma [B.5] shows that (u,)nen is converging in L2 () to some u € L2 (£2) and we have

(u,divd) = (uV,®) Vo eCr(Q).

2y = 0, AV @) ) = = Tim (Y, @)y ) = = L2(Q)

Thus, by [Z3) we have u € H' | 1. () and Vu = uV¥, which shows (a). For (b) let E™" € rotR_, . ()
n—oo

and (B, )nen C Ry, (Q) a sequence with rot E,, —— E™" in L*(Q2). Using the decompositions from (3.4)
and statement (a), we obtain E, = EY + E,, € VHL, 1 (Q) ®c e oDp, (), hence

By =E, — EY € Ry, (Q) Ne 10Dy, () with 1ot B, = rot B, — s Et

As B, C L2(Q) € L2,(Q) and .H_ 1 1,.r,(Q) C L2,(Q) is finite-dimensional, we continue splitting
En - E’?f + E~"rzE E:H/‘fl,Fl,Fg (Q) @71,8 E:H/‘fl,Fl,Fz (Q)J_il’i )
and end up with
~ ~ ~ ~ 2(Q
Ey=E,—E) €eR_yp () Ne oDy, () NeH o1 p, r, ()02, rot E, = rot B, 2y prot
Now the weighted Maxwell estimate from (i) shows that (E,)nex is a Cauchy sequence in L2 (Q), hence
converging to some E € L2 (Q). In addition we have

o V& e Cy(Q): (E~',r0t<1>> &(En,rotdﬂ (rotEn,@>

n—oo rot
L2(Q) L2(Q) L2(Q) » (B ’(I)>L2(Q)’
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¢ Vo ECT(Q: (eE,Vo) g ¢ (eEBn, V)2 = —(diveEn, ¢)

L2(Q) 0,

L2(Q) —
e VHE H 11,1,(9): <E,H>L31 @ Pl (En,H>L31 (@ =0
such that by (23]

EeR_yp () Ne oD, () NHorr, r, ()1 with ot B = E™°

and (b) is proven. The last assertion (c) follows by similar arguments. O
Remark 3.10. Under the assumptions of Lemmal3.9 we have in particular
L2(Q) = R(divr, ) & M (gradp,) = divD_, r, () @. {0} = divD_, r,(2)
and by BA) the following Helmholtz type decompositions hold true:
L2(Q) = VHL, 1, () @ ¢ oDr, (), L2(Q) = e rot Ry 1, () @ oRp, ()
oRr, () = VHL, 1 (Q) @. Hr, 1, (), e 1oDr, () = e rot Ry, (Q) e Hryr, () -

3.2. Dirichlet-Neumann Fields in Exterior Domains. As noted before, to solve B resp. (B.2)
with Hilbert space methods we have to deal with .H_; r, r,(Q) resp. ,H_1,r,,r, (). Therefore, a more
thorough investigation of these fields is needed.

From the literature, it is well known, that the existence of Dirichlet-Neumann fields is strongly related
to the topological properties of the domain 2. For example, as shown in [27] (see also [14] ) in the limit
cases I'y = I'resp. 'y = () the dimension of Hr, 1, () = 1Hr, r, () is essentially given by the number
of connected components of the boundary T resp. the number of handles of Q. In addition, as in [20)
Lemma 3.8] we obtain for v x — C'—decaying with x > 0

(3-13) vj{—%,rl,m (Q) = vj'ffl,Fz (Q) = vj'f<§,rl,r2 (Q),

and an easy application of the Helmholtz decompositions (.4 shows that the dimension of the Dirichlet-
Neumann fields ,Hr, r,(£2) does not depend on the transformation v, i.e.,
(3.14) di2 = dim Hrp, r,(Q) = dimHp, r,(Q) = dim,H_1 r, r,(Q) < 0.

As a crucial technical trick we will show that there exists a finite set of compactly supported vector
fields 9B1(£2), whose projections form a basis of ,Hr, r,(2). The underlying idea is, that Q; and 2 have
essentially the same topological properties. Hence, choosing a basis of ,Hr, . r,(2#), extending their
elements by zero to 2 and projecting them onto ,Hr, 1, (£2), we obtain a basis of ,Hr, r,(€2). Moreover,

the extensions by zero define exactly the set B1(2), which will also serve as a set of linear functionals
ensuring uniqueness of static solutions.

Theorem 3.11. There exist a finite set
%1(9) = {3171, BLQ, ceey BLdl,z} C Qer (Q) with 'Yg-CFI,FZ (Q) M %1(9)L"Y = {0} .
In addition, the elements of B1(2) have compact support and their projections (in L2(Q) ) along VHE ()
form a basis of the Dirichlet-Neumann fields ,Hr, 1, (€2).
Proof. The proof is given in the Appendix. O

Note that, as B1(Q2) contains only compactly supported functions, we obviously have

) 112

s — < I"llz, N
(3.15) VseR: rotR, 1, (R U rot R, -, () C B1(Q).

Therefore, B1(02) allows for an alternative characterization for R(rotr,) and, in particular, we may
generalize the weighted Maxwell estimate from Lemma

Lemma 3.12. Let € be k — Cl —decaying with order k > 0 and B1(Q) be the finite set from Theorem 311
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FIGURE 1. R3\ Q surrounded by the boundary parts I'; (thick black
lines) and I'y (thin black lines) as well as the artificial boundary sphere

S; (dashed line).

(i) It holds
e 1 oDp, () NB1(Q) = =& "oDp, () N Hr, 1, ()7 = 'rot Ry (Q).

(i1) There exists ¢ > 0 such that for all E € R_; 1 (2) Ne™'D_, 1, (Q) it holds

1Bl gy S ¢ ( 110t E sy + I1diveE [ag + > KE,Brosgl )-
0=1,...,d12

Proof. By 33), 4) and [BI0) we clearly have
e 1oDp, () N Hrp, 1, ()7 = e 'rot Ry (Q) € e~ oDy, (2) N B (2) .
Now let E € e~1oDr, (€2) N B1(2)*<. Then, by [@4), we decompose
E=E+4+Hce rot Rr, (?) ®c Hr, 1,(Q),

hence, by ([B.I5) and Theorem B.IT we have H = E — € € .Hr, 1,(Q) N B1(Q)+= = {0}, which proves
statement (¢). In order to show (i7) we assume the estimate to be wrong. Then there exists

(Bn)nen CR_yp, () Ne™ Dy p, () with [ By ll2 o) =1

and

rot By — 250, diveE, — %0, (B Bri) s —— 0 (£=1...di2)

for n — oco. Thus (E,)nen is bounded in R_, 1 () Ne™'D_; 1, () and by Weck’s local selection

theorem it has a subsequence (Er))nen converging in L2.(Q). By Lemma [B.8 this sequence even
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converges in R_; 1 (2) Ne™'D_, 1, () to some

Ee€R_ p,(Q2)Ne "Dy p,(R2) with 1ot E=0 resp. diveE=0.

We obtain £ € . H_1pr, r,(Q) = Hr,,r,(Q) and additionally

<E 5 BLg >L§(Q) = nh_}H;Q(Eﬂ.(n) ,BLg >L§(Q) = 0, (= 1, ey d172 5
hence E € .Hr, r,(Q) NB1(Q2)*+< = {0} by Theorem B.IT] a contradiction. O

Remark 3.13. Note that in Theorem [T 11l and Lemma[3I2 (i) no assumption on vy resp. € is required,
except of the General Assumption [2.2.

3.3. Static Solution Theory. Let us turn back to the boundary value problem of electro-magneto-
statics, using (B.J) as an illustrative example. As indicated by Lemma we will solve (B1]) for given
data (G, f) € L2(Q) x L2(Q) by constructing a solution E € L2 (). In order to obtain uniqueness, we
have to impose some additional conditions, but instead of projecting to Dirichlet-Neumann fields, we use
projections to B ().

Definition 3.14. Let (G, f,¢) € L2 (Q) x L2 () x Ch2. We call E “(static) solution” of @), if

EeR_r, ()N 571D717F2 (Q)

satisfies

(3.16) rot B =G, diveE = f, <E’BLZ>L2(Q) =(p

where { B11,B12,...,B1a,, } are the elements in B1(Q2) from Theorem [Z.11]

(6=1,...,d12),

Let G € L2(Q), f € L%(Q), ¢ € Ch2, and let € decay with order x > 0. First of all note that (3.I)) admits
at most one static solution, as for the homogeneous problem E € .H_1 r, r,(Q) NB1 ()L together with
BI3) and Theorem BITl yields F = 0. Turning to existence, necessary conditions are obviously

G erotR_; 1 () and fedivD_y (),
the latter one being no further restriction as by Lemma 3.9 Remark B.I0we have divD_, 1, (Q2) = L2(Q).
But in fact this conditions are already sufficient since Lemma [3.9] also yields

E1€R_yp (Q)Ne D_y,(Q) and  EyeD_yp,(Q) NeoR_yp, ()
with rot E1 = G and div E5 = f. Thus,
E:=E +e By e Ry () Ne D 1, (Q)
already satisfies
rotE:rotEl =G and dist:divEg =f.
Moreover, assuming we are able to construct H € ;H_; r, r, () = :Hr, r, () with
(3.17) (H,B1e) 200 :@4@,@1,”@@) =y, (=1,....dy>o,
the sum
E:=E+HeR_ 1 (QNe'D_yp,(Q)

solves

I‘O‘EE’:CTV7 diVEE:f, <E,3112> (611,...,d112),

L2(Q) — Ce

hence E is a static solution of [BJ]). It remains to construct H such that (3I7) holds. For that we
decompose B, according to Remark [3.10] in

Bie = Vw,+ Hy € VHL, 1 (Q) & Hr, 1,(Q), (=1,...,d12,
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noting that by Theorem BT { H,}¢ is a basis of -Hr, 1, () and w.l.o.g. orthonormal in L(Q). Then

H = Z @'Hj S sg{Fl,Fz (Q)
7j=1,..., d1,2
indeed satisfies
(H,Bre)yaig) = (H, V) s q) + > G(H; He sy = G,  £=1,...,dis.
—— " j=1,...,di12
=0

and we have solved the electro-static problem (B.1)).
Theorem 3.15. Let € be k — C—decaying with k > 0. For all (G, f) € L>(Q) x L2(Q) with
G € oDr, (Q) := oDr, () N B2(Q)*
and ¢ € Ch2 there exists a unique static solution
E€R_p,(QNe™'D_yr, ()
of BI). In addition, the corresponding solution operator

Loo oD, (Q) x L2(Q) x Ch2 — R_, 1 () Ne 'D_y 1, (Q)
(G, f,0) — E

18 continuous.
Proof. It remains to show that L. o is bounded. But this is a direct consequence of Lemma 312} (4i). O
Swapping I'; and I'y resp. € and p we obtain a corresponding result for the magneto-static problem (B2)).
Theorem 3.16. Let i be k — Ct—decaying with k > 0. For all (F,g) € L2(2) x L2(Q) with

F € oDr,(Q) := oDr, () N B (2)*
and 0 € C%1 there exists a unique static solution

HeR_ () Nu~'D_yp ()

of B2). In addition, the corresponding solution operator

Lo oDr,(2) x L2(Q) x C=1 — R_, 1 ()N 'D_ 1, (9)
(F.g,0) —> H

1S continuous.

Remark 3.17. By Theorem and Theorem [318 for all

(F,9,G, f.¢,0) € oDr, (Q) x L*(Q) x oDr, () x L*(Q) x Ch> x ¢
the electro-magneto static system 1), B2)) has a unique solution

(E,H)e (R, ()N 5_1D—1,F2 () x (R, ()N M_lD_Lrl Q).

The corresponding solution operator is continuous and will be denoted by Lx o
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4. THE TiME-HARMONIC PROBLEM w # (

Having established the static solution theory we treat the time-harmonic case. For sake of brevity we

just concentrate on the main results and refer to [I7] for the details and some additional results. Let
weCi:={z€C :Im(z) >0} with w#0.
We are looking for an electro-magnetic field (E, H) € Ry ., (22) X Ry, p,(2) such that for given data
(F,G) € L2 _(Q) x L2 _(Q) it holds
(M+iwA) (E,H) = (F,G).
By [22) the “Mazwell-operator”
M:Rp, (Q) X Rp, () C L2(Q) x L2(Q) — L2(Q) x L2(Q), (B, H) — iA'M(E, H),

is self-adjoint which in the case of w € C \ R immediately yields an L2-solution theory.

Theorem 4.1. Let w € C\R. For every (F,G) € L2(Q) x L2(Q) system (L)), (L2)) has a unique solution
(E,H) € Ry, (92) xRy, (9).
Moreover, the solution operator, which we denote by Lx o, = i(M —w ) A7 is continuous.
The case w € R\ {0} is more challenging, since we want to solve in the continuous spectrum of M.

Clearly this cannot be done for every (F,G) € L2(2) x L2(f2), since otherwise w ¢ o(M). Thus we have
to work in certain subspaces of L?(Q) x L2(2) and we have to generalize the solution concept.

Definition 4.2. Let w € R\ {0} and (F,G) € L2 _(Q) x L2 (Q). We call (E, H) “(radiating) solution” of

loc loc

the time-harmonic boundary value problem (1)), (L2), if
(E,H) € R<7%7F1(Q) X R<7%7F2(Q)
and satisfies

(4.1) (M +iwA) (E,H) = (F,G), (A0+\/ME)(E,H)6L2>7%(Q) x L2 _

where
_ (€0 O —_ (0 —£x
Ao = <0 ,u0> and Bi= <§>< 0 ) .

Conveniently, we can apply the same methods as in [19], see also [30, B3 [34], to obtain a solution
theory. In particular, we use the limiting absorption principle introduced by Eidus and approximate
solutions to w € R\ {0} by solutions corresponding to w € C4 \ R. Again, Weck’s local selection theorem
is the crucial tool in the limit process. Additionally, the polynomial decay of eigenfunctions as well as
an a-priori estimate for solutions corresponding to non-real frequencies are needed and both are obtained
by reduction to similar results known for the Helmholtz equation in the whole of R2. For the details see
[17].

(OF

1
2

Theorem 4.3 (Generalized Fredholm Alternative). Let w € R\ {0} and let ¢, u be k-decaying with
k > 1. Moreover, let

Ngen(M —w) :={(E,H) : (E,H) is a radiating solution of (M + iwA)(E,H) =0},
Tgen(M) 1= {W €C\{0} : Negen(M—w) # {O}}
Then:
(i) Forallt e R
Nyen(M —w) C (Rm (@) Ne 1ot R, p, (Q)) X (Rm (@) Nptrot R, (Q)) .
(i7) dim Ngen(M —w ) < 00.
(191) Tgen(M) C R\ {0} and ogen(M) has no accumulation point in R\ {0} .
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(iv) For all (F,G) € Li%(Q) X Li%(ﬂ) there exists a radiating solution (E,H) of (L), (L2), if and
only if
V (e, h) € Ngen(M —w) : ((F,G),(e,h))LQ(Q)zo.
Moreover, the solution (E, H) can be chosen, such that
V (e, h) € Ngen(M —w) : <(E’H)’(e’h)>Li(Q):0'
Then (E, H) is uniquely determined.
(v) For all s,—t > 1/2 the solution operator

Lro s (L2 % L) ) N Njen( M = 0)* — (Rep, (9) X Ryp, (@) ) N Nyen (M — )4

defined by (4) is continuous. Here 1, indicates the orthogonal complement in L3 (Q).

Remark 4.4. By Theorem[{.1] and Theorem[{.3 and for all
(F,G) e (Li%(Q) X Li%(ﬂ)) A Nagen(M — w) -
the time-harmonic Mazwell system (L)), (L2)) has a unique radiating solution
(B,H)€R__; 1 () xR__, 1 (Q) with (Ao+Eouo =Z)(E,H) € Li_%(ﬂ) X Li_%(Q).

The corresponding solution operator is continuous and will be denoted by Ly .

5. Low FREQUENCY ASYMPTOTICS w — 0

In order to discuss the low frequency asymptotics we first have to ensure that ogen(M) does not
accumulate at zero. For that we show an estimate emerging from a representation formula for the
homogeneous, isotropic whole space problem, i.e., 2 = R® and A = A,.

Proposition 5.1. Q =R3, A = Ag and w € C, \ {0}, it holds
Ngen (M —w ) = {0}.
Thus the solution operator Ly, ., is well defined for all (F,G) € Li% X L2>%.
Proof. Let (E,H) € Ngen(M — w ). By Theorem 3 (i) and the differential equation we have
(B,H)e (RNoD)x (RNoD)  with  M(E,H) = —iwAo(E, H) .
Hence, by [9, Lemma 4.2], (E, H) € (H* N D) x (H*NoD) for all k € Ny and we obtain
A(E,H) =M*(E,H) = —w’copo (E, H).

In other words, (E, H) € H? x H? satisfies the Helmholtz-equation with right hand side zero. If w € C\R
we are done, since A : H> C L2 — L2 is selfadjoint and therefore o(A) C R, yielding (E, H) = (0,0). For
w € R\ {0} the assertion follows using the Rellich estimate (cf. [I2], p.59) and the unique continuation
principle. (]

Now, let Q = R3, A = Ay, w € Cy \ {0}, (F,G) € C= x C=, and let (E, H) := L4, ., (F,G) be the
corresponding radiating solution. Again, by [9, Lemma 4.2] and the differential equation, we obtain

(B,H) € (H2_,NC®) x (H2_,NC*) and  (A+eouow?) (B H) = (F,G) € C°x C™,
where

(5.1) (F,G) := (M —iwho) (F,G) — éAal(VdivF’Vdivg)’ Xy = (uo 0) _
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In fact, (F, H) is the unique radiating solution of the whole space problem (cf. [34] Section 4])
2 2
(E,H)€H<7% xHZ 4,
(A +w?eopo) (B, H) = (F,G),
exp(fiw EO;LOT) (E,H) € H1>7§ X Hl>

2

[

et

3
-3
For non-real frequencies w € C4 \ R this is trivial, because then [9, Lemma 4.2] yields (E, H) € H? x H?
and the Laplacian is self-adjoint on H? x H2. For w € R\ {0} the radiation condition (&Il shows

2 2
((-E,§-H)e L>7% X L>7%
and via the differential equation and the radiation condition we obtain
rot(exp(fiw EOMOT) E) = exp(—z'w 50#07") (Gfiw(uoHnL Voo & X E)) S L2>7% ,
div (exp (— iw/Zopor) E) = —iexp (— iw\/Zopo 1) (w,/souo £ E+ (wep)™ ! divF) € L2>

Analogously, we see the corresponding results for H. Hence, by [9 Lemma 4.2],

1
2

exp (— iwy/Eopor ) (E,H) € H1>7% X H1>7%-

Thus, by [I1l Theorem 4.27, Remark 4.28] we may describe (F, H) using the representation formula of
the Helmholtz-equation, i.e.,

E=guxF = (¢u*Fr),_, ,,, H=¢yxG:=(¢uxGr),_y 5,
where ¢, = —(47r)~!exp (— 1W+\/Eolto r) is the fundamental solution of the scalar Helmholtz-equation

and * denotes scalar convolution in R3. Then (5.1 yields

E=¢, (frothiw;LoFf LVdivF), H= ¢, % (rothiwson LVdivG),
WwEeq wio

a representation formula for (E, H) provided (F,G) € C® x C®. Next we would like to allow more
general right hand sides (F,G). For that we move some of the differential operators from F resp. G to
@, illustrating the procedure for ¢, x rot F' and ¢, * V div F.

As both fields F' and G are compactly supported we do not have to worry about integrability of ¢, at
infinity. In U; we can estimate |¢,| < c- 77! and |[V,| < ¢-r~2, hence ¢, Ve, € L1 (U;). Moreover,
with 77 (the cut-off function from above) we define for n € N and fixed & € R? the functions

m(y) :==1(n-lz—yl).
Then |Vn,| < ¢ |z — y|~! holds uniformly in n, such that
(Mmoo | <c e —yl™ |0 et | etz =yl [0 05(rede) | <t lo—yl 7,
where 7,0, (y) := ¢, (z — y). Lebesgue’s dominated convergence theorem shows
(60 % 0;Fk) (x) = i (7o, 05 (0 Fi) o = N (72060 P ) 2 = (0560 % Fi) (),
which yields ¢, x Vdiv F = div F' x V¢,, and

Guw * O3F — Py * 02 F3 Fy % 03¢, — F3 % 020,
*(bw*I‘OtF: ¢w*81F3—¢w*a3F1 = F3*51¢w—F1*83q§w :F®V¢w
¢w*82F1—¢w*81F2 Fl*agqﬁw—Fg*@lqbw

Theorem 5.2. Let 0 # w € K € C4 and €g, po € Ry. Furthermore, let 1/2 < s < 3/2, t :=s—2, and
(F,G) € D, x D,. Then for (E,H) := L, (F,G) the representation formulas

(5.2) E=G® Ve, — iwuoqsw*F—LEdivF*ww,
weo

(5.3) H=-F®Vé, — iweodw*G — — div G * Vo,
Wit
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hold in the sense of L?. Moreover, there exist ¢ > 0, such that for all w € K\{0} and all (F,G) € D,x D,

1 . .
1B ) g, < e (HEG) g + 7 | (div EdivG) g ).

Proof. Since C* C D, is dense, we choose a sequence ((F"’G”))neN c €™ x C* converging to (F,G)
and define (E,, Hy,) = Lagw(Fn, Gn) € L? x L?. Then Remark 4] yields convergence of ((E,, H,))
to (E, H) € R, x R, and as shown above, we may represent (E,, H,) by

neN

(5.4) Ep = Gn® Vo, — iwpodey, * Fyy — — div Fy, x Vb,
weép

)
(5.5) H, = —F, ® Ve, — iweody « Gn — —— div Gy + Vb, .
WHo
The involved convolution kernels essentially consist of ¢,, and 9;¢,,, which can be estimated by
ool Bi0u] < e (le—y T+l —yl7),  (i=123).

Moreover, from [I3, Lemma 1] we obtain that integral operators with kernels of the form |z — y|*#=3
map L2 continuously to L3, if —3/2 < o < 8 < 3/2. Hence, by choosing

—3/2<t=s-2<t=s5-1<s5<3/2,
we have

o=yt =le -yl resp. Je—yl =l -yl

and the right hand sides of (5.4) and (5.5) define bounded linear operators from L? to L?. Passing to
the limit n — oo in (B.4),([E.5]) we obtain the asserted representation formulas. By the continuity of the
convolution operators we have the estimate

(B, 1) Dl < ¢ (1(F.G) s + lwl || (div B div G) |, )

which holds uniformly in w. Finally the differential equation yields the asserted estimate. (I
A similar estimate also holds for radiating solutions in exterior weak Lipschitz domains.

Corollary 5.3. Let 1/2 < s <3/2,t:=s—2, and let &, i be k — C—decaying with order k > 2, as well
as let K € Cy. Then there exist ¢,d > 0 such that for all 0 # w € K and

(F,G) € (D,(Q) x D,(2)) N Ngen(M — w)*

it holds

1 . .
H ‘CA,w(Fa G) |||_f(Q) <c ( H (Fa G) |||_§(Q) +— H (leF’ leG) |||_§(Q) + H EA,w(F’ G) ||L2(Qs)) ’

jwl

Moreover, by the differential equation the || - ||L2(Q)* norm on the left hand side can be replaced by || - || @

Proof. Let (E,H) = L., (F,G) (which exists by Remark E-4]) and 7 > # such that e, n € C*(Uz). Then
(E,H):=n:(E,H) €R__, xR__

)

=
=

and as (M +iwA) (E, H) = (F,G) it holds

(5.6) (diveE, div uH) = —— (div F,div G) € L2(Q) x L2(Q),
w
such that by Lemma we even have
(E,H) € Hifé(suppm) X Hiié(suppn,:), especially (E,H) ¢ H1<7% X H1<7% .

Moreover, (E, H ) satisfies the radiation condition

(Ro+ e =) (B, H) €2, (@) x 12, (@)

1
2
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and (as k > 2 > s+ 1/2) solves
(5.7) (M + iwAo) (E,H) = Cy,, (B, H) —iw(A — Ao) (E, H) +n:(F,G) =: (F,G) e D, x D,

where C4 p := AB — BA. We obtain (E, H) = L, (F,G) and Theorem yields some ¢ > 0 such
that

. . 1, -

(5.8) (B | < e (112G s + = (@iv Frdiv@) |, )

independent of w, (F,G) or (E, H). Furthermore, (5.8) and the differential equation (5.7) show
(5.9) divF = iwdiveF, divG = iwdivuH , in Q,

(5.10) div F = iweg div E div G = iwpo div H in R?,

such that combining (B.8) and (&I0) it holds
) gy = € (1B gy + 1B D i )
_ 1 oL
e ( | (&, H) HL2(92;) +[|(F.G) HL2 + m” (div F, div &) HL2)
sc ( | (B, H) HL;N(Q) +[ (F.G) HLg(Q) + || (diveoE, div po H) HLZ) :

With (B3] the last term on the right hand side can be estimated by
I (divegE, div o H) ||L§

< e (1B H) 2y + | (v 0B, div 50 H) s oy )

< e (1B H) sy + 1 (div B, div i) ooy + 1 (i 2B, div AH) | )
1 . .

< e (1B sy + 17 10 Fdi G gy + 1B D s gy )

We end up with

1) gy < e (NE D s o+ 1B H) s oy

1 . :
HIHEG) g+ 17 | @iy B divE) oy )

and the estimate from Lemma as well as the differential equation together with (5.9]) yield

1 . .
1B ) gy < ¢ (1B s g + 1 (F.G)l2gq + = || (div F,div )

] iz ) '

Finally, as k > 2 the assertion follows by
2 2 2k 2
|| (EvH) ||L§7~(Q) S ” (EﬂH) |||_2(QJ) + (1 + 52) ' ” (EﬂH) |||_§(Q) )
choosing 6 > 7 big enough. O
Theorem 5.4. Let 1/2 < s <3/2,t:=s—2, and let ¢, be k — C'—decaying with order k > 2, and let

%1(9) = {3171, .. ,31,d1,2} C RF1 (Q) TeSP. %Q(Q) = {3271, A ,321d2,1} C RF2 (Q)
be the sets from Theorem [T 11l Then:

(i) 0gen(M) has no accumulation point at zero. In particular, there exists some & > 0 such that
Ogen(M)NCro =0  with Cig:={weCq : [w[<d}.

(17) Law is well defined on the whole of Li%(Q) X L2>%(Q) for allw e Cy 5\ {0}.
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(#i1) There exists a constant ¢ > 0 such that

1 . .
| £aw(F, G) |||_§(Q) <c ( | (F,G) |||_§(Q) + m | (div F, div G) HLE(Q)
1 1
+Wg_1zd |<F,Bl,e>u(m|+m€_lzd (G Boe) sy

holds for all w € C4 ; \ {0} and (F,G) € D, 1, () x D, (). Using the differential equation, the

norm on the left hand side may be replaced by the natural norm in

( Rt,Fl N 571Dt,1‘2 Q) ) X ( Rt,F2 mn .UilDt,Fl () ) .

H ' HL%(Q)f

Proof. Assuming that zero is an accumulation point of ogen (M) there exist a sequence (wy)neny € R\ {0}
(cf. Theorem (iii) ) tending to zero and a sequence ((En, Hy)) with (E,, H,,) € Ngen(M — wy,)
and

neN

| (En, Hy) 1 forsome —3/2<t<—-1/2.

HL%(Q) -
Using the differential equation we obtain (E,, H,) € (R, p, ()N~ oD, 1,,(2) ) x (R, p, ()N~ oD, 1, (2))
with

n—o0

|| (vot E,, rot Hy,) <c-|wyl|-||(En,Hp —0.

iz ) Mz

Consequently ((E,, H"))nGN is bounded in

( Rt,Fl N E_IDt,m Q) ) X ( Rt,F2 N .U_lDt,Fl () ) .

Thus Weck’s local selection theorem yields a subsequence ((Ex(n), Hx(n))) converging in LZ(Q) x L2(2)

for all £ < t. In particular, as t > —3/2 we may assume t > t > —3/2. n’lglljen ((Ew(n),Hﬂ(n)))neN con-
verges in (RE,FI(Q) N sflon,FZ Q)) x (Rf,m Q)N ;FloDE’Fl(Q)) to some
(B, H) € Hor, p,(2) X 3 p,r, () = 90, 0,(0) % e, (9.

In addition, the differential equation together with [BI5]) yields

(Br(nys He(n)) € B1(0)1e x Bo(Q)H+ = (B, H) € B1(Q) x By (Q)*1n.
Therefore by Theorem B.11]

(E,H) € (+Hr, r, () NB1(Q)") x (Hr,,r, () N B2 (Q)1+) = {0} x {0}.
Finally Corollary (.3] yields constants ¢, > 0 independent of n such that

L= || (Brn) He) [l 20y < € | (Brnys Hem) |20,

n—oo

— 0,

a contradiction which proves (i) resp. (é¢). In order to prove (iii), we assume that the asserted estimate
is wrong. Then we obtain sequences (wn)nen C Cy 5 \ {0} tending to zero and

((FnaGn))neN = DS,FQ () x DS,FI(Q) with | LA, (Fr, Gn) ”Lg(Q) =1
such that
| (F G 2y 0, o7 [ (v B, div G [ 2 )~ 0,
and
(5.11) |wn|_1-|<Fn,BLg)L2(Q)| 17T, (=1,...,d12,
(5.12) jwal ™ (G, Ba,e )2 g 0, (=1,...,do1.

As above, the differential equation shows ((En, Hn)) with (E,, Hy,) := LA w, (Fn, Gp) is bounded in

neN
( Rt,Fl Q)n 5_1Dt,1‘2 () ) X ( Rt,Fz N .U_lDt,Fl Q) )
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and again Weck’s local selection theorem provides a subsequence ((E,r(n), Hﬂ(n)))n converging in

eN
(R; () mg—lnm(ﬂ)) X (Rm(Q) mu—loﬂrl(g))

t,I'y
for all —3/2 < ¢ < t. We obtain

. EI3)
(E,H) = lim (Ew(n)an(n)> € E%E,Fl,FQ (Q) X #:HE,FQ,FI (Q> =

n—oo

Moreover, by (E11]) we compute for £ =1,...,dy 2

EJ{F17F2 (Q) X HJ{FmFl (Q) .

0= |Wn|71 | Fy aBl,€>|_2(Q)|

n—>oo

= |wn|*1 | <I‘0tHn,BLé>L2(Q) +iwn<5En,Bl,é>L2(Q)| _— |<5EaBL€>L2(Q)|’

0

hence E € B1(Q)*< and with (5IZ) analogously H € B5(Q)+#. Thus (E, H) must vanish and again
Corollary B3] yields constants ¢, d > 0 independent of n such that

1= ” (Eann) HLg(Q)
< (1 (B Ga) iz + onl ™ 1 (v v Ga) sy + 1| (B ) |z ) 2520
a contradiction. O

We are ready to prove our main result:

Theorem 5.5. Let ¢, i be k — Cl—decaying with order k > 2, 1/2 < s <3/2,t:=5—2, and let @ be the
radius from Theorem[5.]} Then for (wn)nen C Cy o \ {0} tending to zero and

((Fu: Gn)) peny € Dar, (92) x D, 1, ()
such that
(F,,G,) —5 (F,G) in L3(Q) xL%(Q)),
—iw; (div F,, divG,) =% (f,9) i L3(Q) x L2(Q),

n—»oo

<Fn;Bl,€>L2(Q) e Cg mn (C, £:1,...,d12,
iw= 1 G, Bag) ¢
)

1
—iw,,

L2() 0, mn C,

the sequence ((En, H, )neN = (EAM” (Fy, Gn))nGN of radiating solutions converges for allt <t in

(R~F1(Q) N 5—1D£7F2 (Q)) x (Rm )N u‘ng,Fl(Q))

t,
to the static solutions (E,H) € (R_; 1 () Ne™'D_; 1,(Q)) x (R_; 1, (@) Np™'D_, 1 (Q)) of
I‘OtE’ZCTV7 diVEE:f, <E731,€>L?(Q):Cé (611,...,d112),
rotH = F, divpH =g, (H,Bays), ((2):94 (£=1,...,d21).

2
i

Proof. By Theorem [5.4] (iii) the sequence ((E,, H"))nEN is bounded in

( Rt,Fl Qn 5_1Dt,1‘2 () ) X ( Rt,Fz N .U_lDt,Fl Q) )
and the differential equation yields

i

M(E,, H,) = (F,,Gy) — iw, A(Epn, Hy,) , (diveE,,divuH,) = (div F,,divG,,),

Wn

such that by assumption
(ot By, rot Hy) “—"5 (F,G)  in LF(Q) x Lj(®),
(diveE,, divuH,) =" (f,g)  in  L}(Q)x L2(Q).
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Moreover, for £ =1,...,d; 2 we compute by (B.15)

1 ’L n—o0
<En 73174 >|_?(Q) = 7W_n <I‘Ot H,, Bl,é >L2(Q) *w_n<Fn y Bl,é >|_2(Q) — CZ
=0
and analogously ( H,, ,Ba ) Lo, O for £ =1,...,d2,1. By Weck’s local selection theorem we

LZ()

may extract a subsequence ((Ew(n), Hw(n))) with

neN
n—o0

for all —3/2 <t < t. Then

(E7I:I) € (R>7%,F1(Q) m671D>*%,F2(Q)) x (R>7%,F2(Q) mM71D>*%,F1(Q))

and (E, H) solves the electro-magneto static system

rot B =G, diveE = f, (E,Biy)
rot H = F, divpH =g, (H,Bay)

L2) = G

by =0 (E=1... da).

Finally, the difference (e, h) := (E, H) — (E, H) satisfies

(e,h) € (Hoap, r, () NBUR)T) X (WHorlap,r, (2) N BA(Q) ).

Hence, by &I3) and Theorem BI1 we have (E,H) = (E,H) and due to the uniqueness of the limit

(E, H) even the whole sequence ((E,, Hy))

(1]

ey Must converge to (E, H) in L2,(9) x LZ,(). O
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APPENDIX A. PROOF OF THEOREM [B.11]

Without loss of generality we concentrate on the construction of B1(€2) for v = 1. As mentioned, the

ide

a is to construct B () using a basis B(Q27) of Hr, , r,(Q#), I'1» := I'1 US;. More precisely, we define

B1(Q) = {€a(B) : B € B(Q)} CoRy, (),

e - where €q : L2(92;) — L2(Q) extends functions resp. fields
,/’ \\ defined on 7 by zero to 2, and show the following:

o Iy " Step 1: Choosing a basis B(f2;) of Hr, . r,(Q#), extending
J Q- @) ¢ the elements in B(Q;) by zero to Q and projecting
! R\ Q ' them onto Hp, p,(€2), we obtain a linearly indepen-
J Iy I dent subset of Hrp, r, (),

\‘ Iy FlU h Step 2: Choosing a basis B(Q) of Hr, r,(Q), restricting

X ,I' the elements in B(Q) to Q7 and projecting them

‘\ T . onto Hr, . r,(Q#), we obtain a linearly independent
N /" subset of Hr, . r,(Q2#).

Then, Step 1 and Step 2 already imply (cf. (314))
|%1(Q)| = dim %Fl,hFQ (Q;) = dim %F1,F2 (Q) = d172 < 0.

Moreover, by Step 1 the projections of the elements in 951 (2) along VHllﬁ1 (Q) are linearly independent

and thus form a basis of the Dirichlet-Neumann fields Hp, r,(£2). Hence, it just remains to show:

Step 3: j‘fthQ (Q) N %1(9)L = {0}
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Lemma A.1 (Step 1). Let 7: oRp (2) — Hr, r,(Q2) be the orthogonal projection given by
(A.1) oRr, (@) = VHL, 1 (@) & Hr, 1, ()
from Remark[310. Then the composition
mo&q: Hr, .1, () — Hr, r,(Q)
18 injective.
Proof. Let H € Hr, , r,(Q2:). Then Eq(H) € oRp, () and with (A]) we can decompose
Ea(H) =Vw+6 € VHL, 1 (Q) @ Hr, 1,().

To show injectivity we assume § = 0. Then Vw = Eq(H) = 0 in Iva. Thus w is constant in I\jfﬁ and as
w E H£17F1 () it has to vanish in Uz, hence w € HILI _(Q#). By partial integration we conclude

| H ||, H,Vuw) div H ,w) 0.

(@) = ¢ L) = L2(Q:) —

Lemma A.2 (Step 2). Let m: oDy () — Hr, . r,(2:) be the orthogonal projection given by

(AQ) ODF2 (Qf) = rot RFZ (Qf) S j{rl,'waQ (Qf)

from Lemmal3.2 (iii). Moreover, let Rq. : L?(Q) — L2(£2;) be the operator restricting functions resp. fields
on Q to Qp. Then

7o Ra, : Hr, ry(Q) — Hr, .1, ()
18 1njective.
Proof. Let H € Hr, r,(Q). By (A2), the restriction R, (H) € ¢Dr,(22#) can be decomposed into
Ra,(H) =rot E+0 € rot R, (Q27) © Hr, , 1, (27) .
To show injectivity we assume 6 = 0. In ) we have
(A.3) H =Rq,(H)=rotE with E &Ry (Q;).

~ ~ ~ ~

Furthermore, H € ¢R(Uz) and as the Neumann-fields 3y s (Uz) = oR(U(#)) N oDg_(U(#)) = {0} are
trivial ( the dimension is determined by the number of handles of Uy, cf. [14,27] ) Lemma 3 yields
oR(Uz) = VHL, (Us) @ Hy s, (Ur) = VHL, (T5).

Thus, there exists w € HY | (U;) such that H = Vw in U;. Using a suitable extension operator (e.g., the
one of Stein), we extend w to @ € H' | (Q). Then H — V@ € oRp, () with H — V& = 0 in U and
hence

(A4) H-Vwe ORl“l’,a(Qf) R Fl,; =T7USs.
From (A7) and (A3]) we conclude
2 ~ —~
| H |||_2(Q) =(H,H— vw>|_2(9) + <H,V’LU>L2(Q)
= (rotE,H — V@>L2(Q;) — <divH,@>L2(Q) = (FE,rot(H — V@»L?(Q;) =0.
~— ————
=0

O
Lemma A.3 (Step 3). Let B(Q;) be a basis of Hr, . r,(Q:) and let B1(2) be defined as above. It holds
Hr, 1, (2) N B1(Q)+ = {0}
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Proof. Let H € Hr, r,(2) NB1(Q)L. Then, for all B € B(Q;) we have by definition of B (12)
(R (H), B) 2,y = (H,€a(B))2q) =0,
and hence by (A.2))
Ra, (H) € oDr, () N Hr, , 1, ()" = rot Ry, (7).
The assertion ( H = 0) now follows by continuing as in the latter proof after (A3)).
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