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Efficient uncertainty quantification for mechanical properties of

randomly perturbed elastic rods

Patrick Dondl* Yongming Luof, Stefan Neukamm? Steve Wolff-Vorbeck®

Abstract

Motivated by an application involving additively manufactured bioresorbable polymer scaffolds
supporting bone tissue regeneration, we investigate the impact of uncertain geometry perturbations
on the effective mechanical properties of elastic rods. To be more precise, we consider elastic rods
modeled as three-dimensional linearly elastic bodies occupying randomly perturbed domains. Our
focus is on a model where the cross-section of the rod is shifted along the longitudinal axis with station-
ary increments. To efficiently obtain accurate estimates on the resulting uncertainty of the effective
elastic moduli, we use a combination of analytical and numerical methods. Specifically, we rigor-
ously derive a one-dimensional surrogate model by analyzing the slender-rod I'-limit. Additionally,
we establish qualitative and quantitative stochastic homogenization results for the one-dimensional
surrogate model. To compare the fluctuations of the surrogate with the original three-dimensional
model, we perform numerical simulations by means of finite element analysis and Monte Carlo meth-
ods.
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1 Introduction

For a period of time now, additive manufacturing has been a widespread method in a huge variety of
engineering applications. Overall, its nearly limitless design freedom has enabled the practice of trial and
error approaches in many fields like bio-engineering or civil-engineering, see for instance [49, 21, 46, 45]
or [40]. In this context, an important field of application is the construction of rod-shaped elastic solids
where one considers three-dimensional design structures Oy, = (0,L) x hS C R3. Here, 0 < h < L,
denotes the thickness and S C R? the cross-section of the rod. In general, additively manufactured
rods need to maintain the structural integrity under mechanical loading conditions subject to further
constraints on the shape and porosity of the structure. This leads to competing optimization goals that
can be addressed by finite element analysis using computer-aided design models as input. However, the
reliability of the finite element analysis can be impeded by the anomalies introduced during the fabrication
process leading to marked differences between the mechanical properties of the optimal design Oj, and
the printed object.

In [50], for instance, the authors established a workflow for melt-extrusion based 3D-printing to pro-
duce personalized (rod-shaped) bone scaffolds with triply periodic minimal surface architecture. More-
over, they conducted numerical and mechanical experiments that showed a significant variability in the
effective Young’s modulus of the printed objects leading to uncertainty in the slope of the stress-strain
curve in a tensile test. In the context of additive manufacturing, small-scale variations of the material
properties (e.g. density fluctuations as experimentally observed in [8]) and mesoscopic geometric devia-
tions as, for instance, observed in [42] and [28] can be considered as main sources of uncertainty. These
errors introduced during the printing process lead to a marked demand of uncertainty quantification in
the pre-production process [32, 39].

In the present paper we consider a rod with geometric uncertainties. Our goal is to quantify the
impact of those uncertainties on effective mechanical properties of the rod by combining analytical and
numerical methods. In our analysis we model the rod O" as a linearly elastic body and thus consider
elastic energy functionals of the form

oy L1
E(v;0") = 22T Jon Q(Vv), (1.1)
where v : O" — R? denotes the displacement and Q(F) = LF : F the elastic energy density with L the
elasticity tensor. In particular, we are interested in effective mechanical properties that are determined
by minimizing the elastic energy subject to constraints on the displacement v. A prototypical example of
such a property is the effective Young’s modulus which can be determined by minimizing £(v; O") over
displacements with compression boundary conditions, i.e.

E(Oh) = {ir&f&'(v; Oh) 1 ve .F.Tl(O'LL;]13Rz)’)7v(()7 )=0,v(L,") =e1}, (1.2)

which being a decisive measure in the analysis of mechanical stability of the rod. Moreover, motivated
by the layerwise additive manufacturing [50], we focus on a statistical model for geometry perturbations
that are caused by shifts of the z1-layers O" N {x;} x R? by a translation of the form

(o, % /0 Y o) dt>7 (1.3)

where the translation-increment ®° = ®°(w, t) is a stationary and ergodic, bounded, R?-valued random
field on R that rapidly decorrelates on lengths larger than € and that is defined on a probability space
(Q, F,P); we refer to Section 2.1, where we explain the model for geometry perturbations in detail. In
this context, we also denote the randomly perturbed domain by O%"(w) with w a random sample from
(2, F,P). One of our goals is to obtain sufficiently accurate estimates on the threshold probabilities

P (|E(Op) — E(O°"(w))| > a) (1.4)



for the effective Young’s modulus E with given threshold error a > 0. The quantification of a threshold
probability (1.4) is crucial in several applications, such as in the usage of additively manufactured porous
bone tissue scaffolds made from bioresorbable polymer (e.g. polycarprolactone) [49, 21, 46, 45, 50].

For solving the minimization problem that underlies the definition of E, established numerical tech-
niques based on finite element methods for 3D solids involving the tetrahedralization of O%"(w) combined
with Monte Carlo simulations can be used, see for example [30, 7]. Unfortunately, such methods usually
exhibit extremely high computational costs as they involve discretizations of three-dimensional structures
and, therefore, often turn out to be impractical in practice. This high computational effort is a special
limiting factor, as besides uncertainties of aleatoric type (following a well-characterized probability distri-
bution) some errors introduced in the printing process are more difficult to quantify and thus fall in the
epistemic category, where for example only bounds on probabilities can be established [31, 10, 15, 27]. In
our case, epistemic uncertainties indicate a lack of knowledge on the specific distribution of the translation-
increment ®°. This may be due to fuzziness in the parameters of the distribution of ®¢ leading to fuzzy
probability based random variables [43, 32, 14, 31].

Thus there is a great demand for highly simplified surrogate models, i.e., an approximation of the
problem in (1.2) by a reduced problem that can be solved in a numerically efficient and less time consuming
way. In Section 2, we therefore derive a one-dimensional approximation of (1.1) by the usage of dimension
reduction. More precisely, as an application of our main analytical results stated in Section 3, we prove
that the elastic energy functional £(O%") in the limit of vanishing thickness h — 0 I'-converges to a
one-dimensional energy functional of the form

L _ r3®s —ro®5
5 — _ rod alu+ %
g (wvuar)*]i Q (( 811‘ ))d$17

where Q™4 is a quadratic form determined from @, and the two components of the translational increment
o from (1.3). The kinematic variables are given by @ : (0,L) — R that describes the longitudinal
extension or compression, and by r = (rq,r2,13) : (0, L) — R3, which describes the in-plane torsional r;
and flexional displacements (rs, r3), respectively. For more details we refer to Sections 2 and 3.

Based on this, we obtain a one-dimensional surrogate model for the effective Young’s modulus
E(O%"(w)) in form of the minimization problem

L
E*(w) = min {Ea(w,ﬂ, r):de “%1 +H0,L),r € H&(O,L;R?’),][ (t2,1r3) dy = o}. (1.5)
0

Solving (1.5) requires only the solution of an ordinary differential system instead of a partial differential
equation in three space dimensions and thus leads to a marked reduction of computational effort. The
practicability of the surrogate model is demonstrated in Section 2.2, where an explicit system of ordinary
differential equations is depicted and a comparison of the computational effort for simulating the 3D model
and its corresponding 1D surrogate model is performed. We further numerically study the convergence
E(0O*"(w)) — E¢(w) as h — 0 and deduce that the 1D surrogate substitute quantifies the fluctuation of
E(O%"(w)) around its mean. From this, we infer a multi-fidelity approach for the computation of E*(w)
that combines the accuracy of the 3D model with the efficiency of the 1D surrogate model leading to
a decent approximation of the effective Young’s modulus for modest computational effort. Comparable
surrogate models for the computation of effective mechanical properties of randomly perturbed slender
elastic rods have not existed to that date and thus the present study noticeably contributes to the field
of efficient uncertainty quantification.

The setting described so far is only a special example of a more general model class that we consider
in the paper. In particular, in Sections 2 and 3 we consider more general boundary conditions including
also torsion and flexion of the rod and material properties that randomly oscillate in xi-direction. In
this setting we prove the I'-convergence of the functionals £(O%"(w)) as e, h — 0, where the limits h — 0
and € — 0 correspond to dimension reduction and homogenization respectively. Rigorous derivations of
effective models for dimension reduction [16, 1, 33, 34, 17, 44] and homogenization [48, 5, 38, 2, 41, 29,
6, 26, 3, 47, 37] problems have been nowadays intensively studied. Following the theories introduced in
the previously mentioned works, we consider in this paper both sequential limits
lim £(0%"(w)),

lim lim £(0°"(w)) and lim
e—+0h—0 h—0e—0

which correspond to homogenization after dimension reduction and vice versa.



Moreover, apart from the qualitative convergence results we also establish quantitative convergence
results for the 1D surrogate substitute £¢(w) of E(O%"(w)) to a deterministic proxy EY as ¢ — 0 based
on the spectral gap assumption (Assumption 3.6). It is worth noting that a major obstacle for deriving
quantitative convergence results in stochastic homogenization lies in the fact that the stochastic correctors
generally possess much wilder behavior than the periodic ones, hence applications of certain advanced
and technical large-scale regularity theories ([18, 19]) often become necessary. Interestingly, thanks to
the one-dimensional nature of the model we are able to give a simplified proof for the quantitative results
based on the precise form of the correctors and no large-scale regularity theories are needed. For further
details, we refer to Section 4.5 below.

In practical applications, one often encounters the interesting situations where homogenization and
dimension reduction take place simultaneously. To be mathematically more precise, we may also consider
the I-limits of £(0O%"(w)) in the case where € = ¢(h) is a parameter of h satisfying

lim e(h) = 0,

Jim, fm gy =7 € 0,0l

We address this in a forthcoming paper.

Outline of the paper

The paper is organized as follows: In Section 2 we introduce a general, linear elastic three-dimensional
model for the computation of effective mechanical properties of a thin elastic rod and demonstrate the
feasibility of the surrogate model showing the marked reduction in computational effort. In Section 3 we
then formulate the main analytical results of the paper. The proofs of the main analytical results are
finally given in Section 4. For the reader’s convenience, a self-contained introduction on the probabilistic
framework invoked in this paper will be given in Appendix A.

2 Efficient uncertainty modelling

2.1 The three-dimensional model

We introduce our three-dimensional model of a rod with randomly perturbed geometry. The unperturbed
reference domain (with upscaled cross-section) is denoted by

O:=(0,L) x S,

where L > 0 denotes the length of the rod and S C R? denotes the cross-section of the rod. We use the
notation z = (x1, 2, x3) = (21, T) for the components of z. Throughout the paper we suppose that

S c R? is a bounded Lipschitz domain with /

TodT = / r3dxt = / zoxs3dr = 0. (2.1)
S S S

Note that this symmetry property is not a restriction, since it can always be achieved by rotating and
translating S. We consider linearly elastic (possibly heterogeneous) materials:

Definition 2.1 (Material class). For 0 < a; < ag we denote by Q(aq,as) the set of all quadratic forms
Q : R3*3 5 R such that

alsymF |2 < Q(F) < ag|sym F|? (2.2)

for all F € R3*3. The unique symmetric fourth order tensor L satisfying Q(F) = LF : F for all F € R3%3
is called the elasticity tensor associated with Q. We call a fourth order tensor L an elasticity tensor of
class Q(ou, az), if it is associated to some Q € Qay, az).

We consider material heterogeneities and perturbations of O that randomly oscillate in the x;-direction
in a stationary and ergodic way. For the precise definition we introduce the following functional analytic
setting:

Assumption 2.2. Let (2, F,P) be a separable probability space, and 7 : QxR — € be a one-dimensional
shift group satisfying:



(P1) Group property: 1o = id and Tpyy = T, 07y for all z,y € R.

(P2) Measure preservation: P(1,F) = P(F) for all F € F and all x € R.

(P3) Measurability: (w,x) — Tuw is (F @ R, F)-measurable.

(P4) Ergodicity: For all F € F satisfying 7, F = F for all x € R we have P(F) € {0,1}.

Remark 2.3. For a random variable f : @ — R, we use both the notations (f) and [, f(w)dP(w)
to interpret the expectation of f. As we shall see, the former one will be a more convenient choice for
formulating our numerical results (it is much shorter), while the latter one is a more practical notation for
formulating results which make use of the two-scale convergence theories (spatial domain and probability
space are distinguished in a clearer way).

Remark 2.4 (Stationary random field and stationary extension). Let (2, F,P) satisfy Assumption 2.2
and let ¢ : © — R be a random variable. Then Sy : @ X R — R, Sp(w, z) := ¢(7,w) defines a random
field (i.e., a measurable function on Q x R). We call it the stationary extension of ¢, see Lemma A.1 for
details. A stationary random field is a random field ¢ : Q x R — R that can be represented in the form
1 = S for some random variable ¢. In our setting, geometry perturbations and materials properties are
described with help of stationary random fields.

We particularly use the structure introduced in Assumption 2.2 to model randomly perturbed reference
configurations O*"(w), w € Q; here, h > 0 and ¢ > 0 stand for the thickness of the rod and a scaling
factor for the correlation length, respectively. The randomly perturbed domain is obtained from the
unperturbed domain O" = (0, L) x hS by randomly shifting the layers {x,} x hS, z; € (0, L). Since the
mechanical properties do not change when globally translating the domain, we may assume w.l.o.g. that
the first layer, i.e., {0} x hS, is unchanged. Furthermore we assume that the increments form layer to
layer are stationary. This leads to a model where the layer at position z; is translated by a vector of the

from (O, s P(7rw) dt) where ® denotes a R%-valued random variable.

In summary, our assumptions on the material heterogeneity and the geometry are the following:

Assumption 2.5 (Material law and perturbation). Let Assumption 2.2 be satisfied and assume that
the quadratic form Q : Q x R¥>?% — R, and the randomly perturbed domain O™ satisfy the following
properties:

(A1) Q is measurable and there exist 0 < ap < g such that Q(w,-) € Q(ay,as) for P-a.a. w € Q.

(A2) There exists a bounded random variable ® : Q — R? such that
O""Mw) = w=" (w7 O) for P-a.a. w € Q,
where

Vel (), z) = (xl,h(i + i/oml P(rrw) dt)). (2.3)

Let us anticipate that in addition to Assumption 2.5 we shall assume that the random perturbation
is small in the sense that

1Pl () < cs, (2.4)

where cg denotes a constant that we can choose only depending on the cross-section S, see Proposi-
tion 3.12.

In the following, let @ and O™ be as in Assumption 2.5. The scaled elastic energy of the perturbed
rod subject to a (scaled) displacement v € H(O%"(w); R?) is given by

11
EM(w,v) = ——/ Q(Tziw, Vv (z)) dx. (2.5)
h2 L Os,h(w) £
We are interested in the minimization problem

e,h o : e,h
E5w) = VEHIIS(OHElvf’;(w);R3)g (w,v), (2.6)



which models a mechanical test of the perturbed rod. The test is specified with help of the space
HE (05" (w); R3), which is a closed subspace of H!(O%"(w); R3) and defined via a set of boundary con-
ditions imposed on the bottom face of perturbed domain, i.e., the set

5" (w) = 05 (w) N ({0} x R?),

and on the top face,

S5M(w) = 0=k (w) N ({L} x R?).

Definition 2.6 (Boundary conditions). Lett € R? | Ay, Ar € R?*2 and Ko, K, € Rskxwz be given. We
denote by Hi(O%"(w); R3) the space of displacements v € H'(O%"(w); R3) satisfying

v(z) = (0, (Ao + %KO)E)T on S5 (w), (2.7a)
v(z) =t + (o, (AL + %KQJE)T on S" (w). (2.7b)

Mechanically, the vector t represents a stretch or compression while (Ag + %KO):E and (AL + %K L)T
describe the linearized dilation and twist at the bottom and the top face of O"(w), respectively. Note
that this corresponds to a dilation of order O(h) and a twist of order O(1).

A schematic description of the boundary conditions is depicted in Fig. 1.

Y
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Figure 1: Stretching/compression and rotation at the bottom and top of a randomly perturbed cylinder.
Perturbation is caused by layer shifting.
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Example 2.7. (a) Tensile test: taking t = (1,0,0) and Ag = Ko = A, = K = 0 for the boundary
conditions (2.7) we describe the situation of pure tension of the rod. The tension is then proportional
to the effective Young’s modulus determined by (1.2).

(b) Coupling tension and twist: taking t = (1,0,0) and Ag = Ko = Ap =0, and K;, = (%5 57°)
tension is coupled with a rotation of the top face Si’h of 05", see Fig. 1.

2.2 The one-dimensional surrogate model

We shall see and rigorously prove that in the limit A — 0 the elastic energy converges to a one-dimensional
linear rod model, where the configuration of the rod is described by a pair (u,r) € H'(0, L) x H'(0, L; R?).
Here, @ describes the longitudinal displacement and r = (r1, re, r3) the in-plane torsional (r;) and flexional
((ra,r3)) displacements, respectively. The one-dimensional effective elastic energy is given by the following
functional

L g4+ L - — xy
56((,0,1271‘) ::][ Qrod (Tﬂw7 (6111,"' L(I'Sq)l(Tgw) I‘2¢’2(TEW))> ) dx; (2.8)
0 : r



where Q™%(w, ) : R* — R is defined by the relaxtion formula
rod L : _ _
Q€)= _int [ Q€101+ €301 (0.3) @ 01 +0.Vap)) da (29)

and “A” denotes the vector product in R3. We note that Q™% (w,-) is a positive definite quadratic form
(see Lemma 3.1) and models the effective elastic properties of the rod. In the special case of an isotropic
material the following explicit representation holds:

Proposition 2.8. Let Q be as in Assumptions 2.5 and assume isotropicity, i.e.,
Qw, A) = 20(w)|AJ2 + Aw) (tr A)? (2.10)

for P-a.a. w € Q, all A € RE:E, and Lamé parameters j, X € L>(2). Then Q™4 defined in (2.9) takes
the form

Qi) = MO (151624 ( [ an)es + ([ an)ed)

+ u(w)( /S ((x3 — o pait (7)) + (22 + ag%ﬂ)%)) dz)gg (2.11)

for € € R*, where p.g € H'(S) is a solution of

—Agspag =0 in S,
(2.12)
(O2pafr, O3pag) - v = (x3,—22) - v on IS,

Here, v denotes the outer unit normal on 0S. Furthermore, if S is a disc, then p.g can be chosen equal
zero.

See Section 4.4 for the proof.

Next, we discuss the asymptotics of E="(w) (see (2.6)) which is the main quantity of interest in our
paper. For h — 0, I-convergence of £5"(w,v) to the one dimensional energy £%(w,,r) is obtained in
Section 3 as a particular case of Theorem 3.2. From this we deduce the convergence of E5"(w) to

E(w) = inf £°(w, (@) (2.13)

as h — 0, where the infimum runs over all (@,r) with

(1, 1) € (Gag, Tag) + Hg (0, L) x H},(0, L;R?). (2.14)
The set above is an affine space that encodes the effective 1D boundary conditions that emerge from the
3D boundary conditions of Definition 2.6. It invokes the space

L
Ho(0,L) := {r € H}(0,L;R?) : ]ﬁ (ro,r3)(21) dzy = 0}, (2.15)

and the boundary conditions u,g and r,g given by

_ tix
Uaff = 1Ll7 Taff \= (kO +

(kL — ko)x1

2.1
L ’07 0)7 ( 6)

where t; € R is the first component of the vector t from (2.7a), and ko, k;, € R are determined by the
skew symmetric matrices Ko and Ky, in (2.7a) and (2.7b) via

(0 —k (0 —kyg
(0 B) w0 R a1

Solving (2.13) now requires only the solution of an ordinary differential system instead of a partial
differential equation in three space dimensions. As will be demonstrated in the following, this leads to a
marked reduction of computational effort in approximating the effective elastic energy in (2.6) numerically.



2.2.1 Numerical analysis of the surrogate model for isotropic material

Using the explicit representation of the one-dimensional isotropic elastic energy in (2.11) we derive an
efficient method to compute the effective elastic energy in (2.6) numerically. In the following we focus on
the special case of an isotropic material: Let the quadratic form @, and the Lamé parameters u, A be as
in Proposition 2.8; moreover, let ® = (1, ®2) be the random field of Assumption 2.5, cf. (2.3).

We aim to approximate the effective elastic energy E°"(w) by the one-dimensional surrogate model (3.7),
where Proposition 2.8 is taken into account. To that end set

p(w)BAW) + 2p(w))

@) = T30 + i)

In the following we shall use the shorthand notation f*(w, 1) := f(7,, /e w) for a function f : @ — R and a
sample w € €. For convenience, we also drop the dependence on w in our notation. For instance, we simply
write f€(x1), ®°, or £%(@,r) instead of f°(w,x1), P°(w,x1), or £°(w,@,r). In view of Proposition 2.8,
E¢(u,r) takes the explicit form

£ (1) = ]ﬁL 0 (181017 + +(ra®5 — 125))% + (/Sargda’:) (O112)? + (/ngdi;) (Or15)?) day
+ f ([ (@3 = oo @) + (@2 + dupu (@) o) (0ae1)? s

with @.¢ € H'(S) is a solution of (2.12). As a consequence, the minimization of the 3D-energy £ is
reduced to the minimization of the (still probabilistic) 1D-energy £° (4, r), where minimizers (@, r) in the
affine space (2.14) can be determined by solving the following (weak) ordinary differential system:

L L
t
][ a® (81’17, + %((I)irg — (PSI'Q)) 010 dry = — flj[ a®ohv dxy, (2.183,)
0 0
L . L EkL o kO
12 811‘16151 d’IJl = — 12 7 8151 d%l, (218b)
0 0
L L
(/SJ?% di‘) ]i af0ire01sy dry — |S|]€ as% (‘I’irg — CDSI‘Q) + 6112) . SQ%‘D% dx; (2.180)
t r e 1 Fe
= f|5|7€ a®sp 7 @3 dxy,
L

L
(/ Jﬁg di‘) ][ a®01r30183 dxy + |S|][ as% (‘I’irg — CI)SI'Q) + 6112) . Sg%q)i dx, (2.18(1)
S 0 0
ty r ea. 1 e
— 7f|5| § a 53Z<I>1 dx

for all test functions (v,s) € H(0,L) x H(0, L;R3). From (2.18a) we can directly deduce that for
deterministic (fixed) constants p and A the solution ry is deterministic as well and given by the affine
displacement, i.e.,

(k1 — ko)x1

r1:k0+ 7

Thus for 4 and A fixed it remains to solve a system of three ordinary differential equations for (@, rs,r3)
where the boundary condition for @ enters linearly and therefore the energy scales quadratically in the
derivative Oy t,g = % of the affine displacement, see Fig. 2.

Furthermore, in Theorem 3.9 we derive quantitative results for convergence of the 1D surrogate sub-
stitute £ (w) to a deterministic proxy E® as e — 0: For the error ||[E*(-) — E°||12(q) we find sublinear
decrease (~ /) for probabilistic material constants p(x1), AY(x1) and linear decrease (~ ¢) for deter-

ministic material constants p, \, cf. Theorem 3.9 and Fig. 2. The quantity E° is given by

EY = inf{&°%a,r) : (a,r) satisfying (2.14)}



with
50(1]71.) _ ]gL QO< (31'& + %(I‘ggil‘> - I‘2<<I32>)) ) day,

where the function Q° is defined in (3.6a) below. Let us anticipate that in the isotropic case we have
explicitly for all £ € R%,

Q) =a (15t + ([ atar)e + ([ s3ar)ed)
1 ([ (20— Opan (21 + (22 + O ?(2)) ) €3,
where

ahom _ <a—1>—17 Mhom _ <N_1>_1'

The value of E° can be determined by solving the deterministic system of equations
L Ly,
][ ((9111 + %(<¢’1>I‘3 — <‘I’2>I‘2)) 010 dzy = —][ falﬂ dSC,
0 0
L L
krp — k
][ (911'18151 :f L 08151 dacl,
0 0 L

L
(<‘I’1>I'3 — <(I)2>I'2) + 8112) 'S2%<(D2> dx; = ]ﬁ SQ%<@2> dzq,

=

L L
(f x% di‘) ][ 01190189 dxy —][ (
S 0 0
L L
(f $§ di’) ][ 811'3(9153 d(El -|—f (
S 0 0

for all test functions (v,s) € H}(0,L) x H}, (0, L; R3).

L
(<@1>I‘3 — <@2>I‘2) + 8112) . 53%<(I)1> dxl = —]ﬁ Sg%<q)1> dLEl

=

2.2.2 Numerical approximation of random fields

In the following let k € {1, 2, u, A}. Describing the stochastic geometric imperfections and material density
variation numerically we consider ®7, ®5 and p®, A° to be stationary and correlated random fields with
covariance structure given by symmetric and positive semi-definite operators C%(s,t): (0,L) x (0, L) —
RT. Usually CF is determined by

C%(s,1) = 02C" ('S _“) ,

€

for standard deviation o, and some positive function C* with

C*(|t]) = 0 for [¢t| — oo,
meaning that @5 (z1), P5(x1) and pf(x1), A\°(z1) decorrelate on large distances. Modelling these random
fields numerically on a discretization (t}");‘:l,..., ~ of (0, L) we consider the covariance matrices
CEQy, ) - CE(Y,TYN)
C" =0y : : :
where the positive semi-definite operators C¥ are determined by

CI(t",t]") = exp )

Moreover, we assume in the following that for any fixed 1 € (0,L) the random variables ®5(x1) and
®5 (1) are standard Gaussian whereas pu°(x1), A°(x1) are log-normally distributed. Here, the log-normal
distribution is chosen to model the situation of varying material parameters such that with respect to
the original parameters p and A\ we have

po(rn) < p, o AS(w1) <A



and small deviations occur more frequently.
Discrete representations of ®¢(z1), P4 (z1) and pc(z1), A°(x1) are thus given by

Oy =L VY, @ =Ly V2 pun=1L,-V* Ay=1Ly-V*

for the Cholesky decompositions C* = L,L. and random samples V* with le,‘/}2 ~ N(0,1) and
Vj“ , Vj’\ ~ LN(0,1) for j = 1,..., N. Here, the Cholesky decomposition is preferred over the Karhunen-
Loéve transformation as we are predominantly dealing with small correlation lengths € and thus the
covariance matrices are sparse matrices.
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(c¢) Tension and twist: uy = popt (0.978 — L, V),
AV =2.16uN. EO = 124.158, E°Pt = 131.803.

Figure 2: Trends of deviations. Numerical evaluation of the L*-error ||E®(w) — E°||2(q) by finite
elements and Monte Carlo simulations for circular cross-section S and different correlation lengths € > 0.
We set 01 = 02 = 0.3, 0, = 0.00717 and o = 0.0155 where the effective elastic energy with respect to
the unperturbed rod O" is denoted by E°P* and the parameters u and ) are fixed (deterministic) in (a)
and (b) with gt = fopy = 30.8 and A = Agpy = 66.6 and given by random fields in (¢). The compression is
given by t; = L in (a) and (c) and t; = 2L in (b). The remaining boundary conditions are determined by
ko =k =01in (a) and (b), kg =0, k; = 0.5 in (c¢). In correspondence to Theorem 3.9 the interpolations
(orange line) indicate linear decrease in (~ ¢) (a)-(b) and sublinear (~ +/¢) decrease in (c).

2.2.3 Numerical Experiments

In order to demonstrate the marked reduction in computational effort using the surrogate model E¢(w),
we perform several numerical experiments and show its practicability. To do so we consider a circular
cross-section S and L = 1 for different radii h and compression boundary conditions at the top, i.e., we
set t; = 0.5L and kg = kr = 0. Further, we use deterministic Lamé parameters p = 30.8 and A\ = 66.6
and initially fix the correlation length to e = 0.05.
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Using standard finite element methods in 3D and 1D, the energies £5"(w) and E¢(w) are approximated
by Monte Carlo simulations where the computation is performed on 4 cores of an Intel Core i7-4770S
CPU @ 3.1 GHz. The usage of the surrogate model in fact leads to a reduction of the required degrees of
freedom in the computation of the discretized problem and thus reduces the computation time markedly,
see Fig. 3, ranging from < 10 seconds for the surrogate model to ~ 10* seconds in the three-dimensional
case.

Moreover, we find that the one-dimensional surrogate E° estimates the fluctuation E5" (w)— (E="(w))
around the expected value and therefore, leads to

B (w) ~ B (w) + (B (@) - (B* (). (2.19)

The convergence in distribution of the fluctuations £5"(w) — (E5"(w)) is depicted in Fig. 3.
Furthermore, we perform the same simulation for different choices of the standard deviations o, 2 and
the correlation length € and evaluate the systematic error

(B2 (w)) — (E>"(w))| (2.20)

in (2.19). First, we consider fixed standard deviations o1 = g2 = 0.00375 and compute (2.20) for different
correlations lengths
¢ € {0.03,0.05,0.07}

and different radii h, see (a) in Fig. 4. Following that, we fix the correlation length ¢ = 0.05 and
compute (2.20) for different standard deviations

(o1 = 02) € {0.0025,0.00375,0.005}

and different radii h, see (b) in Fig. 4. The results then suggest a quantitative estimate for the systematic
error (2.20) of the form

[(B="M(w)) — (B°(w))| < Ch®

for a € (0,1) and a constant C which is independent of h but monotone (increasing) in e~ max{o1, 02}
By (2.19) we thus obtain that a good approximation of the effective energy E="(w) by the surrogate
substitute E°(w) can be expected in the case where h < ¢, i.e., when the thickness of the rod is small
compared to the correlation length of the geometric perturbation, or in the case where the amplitudes of
the geometric perturbations which are determined by the standard deviations ¢; and o5 are small and
comparable to €. A mathematically rigorous proof of the estimate, however, remains open up to this
point and gives an opportunity for further research.

In the opposite regime where the systematic error is large the surrogate model E€(w) can be used to
estimate the fluctuation £=" — (E5") and the random variable £5"(w) can be approximated by means of
(2.19) where the systematic error (£ — E¢) is inferred by computing E=" and E* for the same sample
of perturbations ®. Through this we obtain a multi-fidelity approach which combines the accuracy
of the three-dimensional (high-fidelity) model with the efficiency of the one-dimensional (low-fidelity)
surrogate model. This leads to decent approximations of the effective energy E°" with computation time
comparable to that of a sole usage of the one-dimensional surrogate model, see Fig. 5.

2.3 Conclusion

Including the one-dimensional surrogate model in the approximation of mechanical properties we can
significantly reduced the computational effort that is required for a finite element analysis of mechanical
tests in three space dimensions. In particular, the surrogate model provides an estimation of the fluctua-
tion of an effective mechanical property around its mean value which is fairly accurate for a wide range of
randomly perturbed rod-shaped structures where perturbations are caused by correlated in-plane shifts of
layers. From this we obtain a new multi-fidelity (Monte Carlo) approach, whereas the systematic error has
to be inferred from a comparison of the three-dimensional (high-fidelity) model with the one-dimensional
(low-fidelity) surrogate model for a single sample of perturbations. This leads to a marked reduction in
computational effort compared to the sole usage of a three-dimensional model where on the other hand
accuracy of the approximation is preserved compared to a sole usage of the one-dimensional surrogate

11
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Figure 3: Numerical simulations for cylinder geometry. Cumulative distribution functions Fx of
the fluctuations E5" —(E=") for different radii h (a). Distribution for 3D (b)-(f) and 1D (g) finite element
approximation for circular cross-section S with o7 = 02 = 0.3 and boundary conditions t; = —0.5L and
ko = kr = 0. The effective elastic energy of the unperturbed rod is E°P' = 31.439. The computation of
E=" and E* is performed for € = 0.05 and 500 samples of perturbations. The one dimensional surrogate
model is indicated by h = 0.0. The computation time in seconds s is ~ 10*s in (b)-(f) and ~ 1s in (g).
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Figure 4: Trends of the systematic errors [(E=") — (E<)| for correlation lengths ¢ € {0.03,0.05,0.07}
and fixed standard deviations o1 = o2 = 0.3 in (a) and for standard deviations (o7 = o2) €
{0.0025,0.00375,0.005} and fixed correlation length € = 0.05 in (b). The computation of E" and E*
is performed for 250 samples of perturbations using a Monte Carlo simulation approach. Further, the
expected errors are interpolated by the functions f;(h) = a;h' resulting in a; € {0.34,0.26,0.22} and
t; €{0.72,0.69,0.68} in (a) and in a; € {0.114,0.26,0.51} and ¢; € {0.6,0.69,0.78} in (b), for j =1,2,3.
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Figure 5: Cumulative distribution functions Fi of energies E5", E¢ and E° + (E=" — E¢) for circular
cross-section S with o7 = 09 = 0.4, ¢ = 0.05 and h = 0.25 (a). Distribution for 3D (b) and 1D (c)
finite element approximations of effective energies £5" and E°. Subfigure (d) shows the distribution for
an approximation of E=" by (2.19). The computation of E=" and E¢ is performed for 500 samples of
perturbations.
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model. However, the accuracy of the approximation depends strongly on the magnitudes o7 and oy of

the random shifts as well as on the ratlo ! between the diameter h of the rod and the correlation length

€. This leads to limitations of the approach as the factor 22249192} iycreases and a higher number of

evaluations of the three-dimensional model might be required in this case.

3 Analytical results

In this subsection we state our main analytical results. Recall that we consider the energy functional
EM(w,v) = h2 L / Q(raiw, Vv(z)) dx (3.1)
Os> h(w)
and the minimization problem

e,h o : e,h
ESMw) = VGH}S(OH;E(UJ);W)S (w,v), (3.2)

defined by (2.5) and (2.6) respectively. We prove rigorously, via the framework of T'-convergence theory,
that the limit of E="(w) Can be identified as minima of a limiting functional which precise form depends
on the relative scaling v ~ 2. In the present paper we consider the cases

h < e (the case v = 0) and € < h (the case vy = 00). (3.3)

The case v ~ % € (0,00) will be treated in a fourthcoming paper. The effective elastic energies are given
by the following functionals:

L T l « xq — xq
grod,s(w’a’ I') ::][ Qrod (7_ o w, (al’u + L(r3q>1(Tglt) 1‘2(I>2(7—5W))> ) d.%‘l, (34&)

ghomh(y) = — / Qhom u(ld + & <B>))dm, (3.4D)

]ﬁ Q’Y( (51u + f(r3<5'(f11-> - I‘2<f1>2>)> ) dx1, v € {0, 00}. (3.4c)

Here, B is the random matrix field defined by (3.22). Recall that Q™ is defined in (2.9). The quadratic
form @"°™ describes the homogenized 3d material and is defined for all F € R3*3 by

E(a,r) :

hom :
F) .= inf w, F+x®ep)dP(w). 3.5
@ (E)= it [ QP+ xee)ap) (35)
It is the standard homogenization formula of stochastic homogenization in the special case of a random
laminate that oscillates in 21-direction. The quadratic forms Q@ : R* — R describe the effective properties
of the homogenized 1D-rod, and are defined as follows:

Q@ = _nf | @i+ 0 ) (3.62)
Q=@ = it [ @ (e + 6000 (0.2) 1+ (0.V2)) (3.60)

We see that formulas are obtained by consecutively applying the formulas corresponding to dimension
reduction and homogenization.

The following Lemma shows that Q7, Q"™, and Q¢ satisfy quadratic growth conditions and are
sufficiently regular, so that the functionals £7, éA'hom’h, and £57°9 are indeed well-defined:

Lemma 3.1 (Quadratic growth of Q™% and Q7). There exist constants 0 < B1 < Bo < 0o only depending
on ai,as and S such that the following statement holds.

(a) Q™% : Q x R* = R defined by (2.9) is measurable and for P-a.a. w € €, the function Q*°%(w,-) is
quadratic and satisfies

Brl€]? < QY w, &) < Bol€)? for all € € R
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(b) For~ € {0,00} the function Q7 is quadratic and satisfies
Bl < Q7 (&) < Boléf for all € € RY.
(c) If Q is independent of w, then we have
Qrod — QO — QOO
We refer to Section 4.3 for the proof.

3.1 Qualitative convergence results for E"

Our first result proves convergence of the effective modulus E*"(w). Depending on the scaling scheme,
c.f. (3.3), the limit is given as the minimum of one of the energies (3.4a) to (3.4c) subject to appropriate
boundary conditions, cf. Fig. 6. To be precise, we define

B (w) = inf{°V (w, 4, 1) 1 (1) € (TGagr, Tarr) + Hy (0, L) x Hiy(0,L;R?)}, (3.7)
Ehomh . — inf {ghom’h(u) s u € HY(O;R?) with u(x,-) = ug(x,-) for 2; € {0, L} }, (3.8)

BEY = inf{€7(a,1) : (a,r) € (UGaw,Tarr) + Hy (0,L) x Hyo(0, L;R%)}, v €{0,00},  (3.9)
where (lag, Tagr) is defined in (2.16), and u’; : O — R? by
ulg(2) == (1 — £1)(0, (hAg + Ko)Z) + £ (t + (0, (hA L + K1)(Z + L(D))). (3.10)

Theorem 3.2 (Convergence of the effective modulus). Let Assumption 2.5 be satisfied. Assume that @
satisfies the smallness condition (2.4) for some cg that can be chosen only depending on S. Then the
following statements hold for P-a.a. w € Q):

(a) We have
Eoh(w) 228 prode(y) 229 O (3.11)
Bt (w) £2% phomh 220, poo (3.12)

(b) Assume additionally that Q is independent of w. Then for v € {0,00} the affine configuration
(Uasr, Tar) 1S the unique minimizer of €Y, and

E7 = LQO(al (Uaft, Tast))-

We present the proof of the theorem at the end of Section 3.3.

Remark 3.3 (The case v € (0,00)). As already mentioned in the introduction, in a forthcoming paper,
which is work in progress, we analyze the simultaneous limits (h,e) — 0. More pecisely, we show that if
e = g(h) is a parameter satisfying

lim e(h) =0,

h—0 po e(h) 7 € [0,00],

then B (w) 220 BY for P-aa. w € 2, where E7 is the minimum of the functional £7 formulating in

terms of some density function Q7 for v € (0,00). Heuristically, a density function @7 can be thought
as an interpolation of QY and Q. To see this, we will for instance prove that Q7 is continuous in the
parameter v € [0, c0] and conclude as a consequence that E7 is a continuous function of . Together with
Theorem 3.2, this establishes the convergence diagram in Fig. 6. The analysis for the simultaneous limit
builds on the two-scale methods of [35, 36], where simultaneous homogenization and dimension reduction
for rods in the periodic case is studied.
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Figure 6: A schematic description for the convergence statements from Theorem 3.2. The convergence
in the simultaneous limit h/e — ~ will be established in a forthcoming paper.

Remark 3.4. From Theorem 3.2 (b) we see that for spatially homogeneous @, the geometric perturbation
is not influencing the limit E° = E* of the effective modulus. However, the perturbations lead to
fluctuations along the limit of E*°%¢ — E°.

Remark 3.5. We note that we prove the dimension reduction result E5" — E™%¢ in fact in a more
general (deterministic) framework which is independent of Assumption 2.2, see Proposition 3.15 below
for details.

The proof of Theorem 3.2 follows from several I'-convergence results for the energy functionals in (3.4)
and £5", see Section 3.3 below. For the proof we appeal to stochastic two-scale convergence methods (see
for instance [2, 35, 36]). In particular, to relate 3D-displacements and rod-configurations, we make use of
a decomposition due to Griso [22], see Definition 3.11 below. Furthermore, we shall see that the energy
functional £5" can be transformed to a functional with a fixed domain. This leads to the appearance of a
randomly oscillating prestrain that captures the effect of the geometry perturbations. In our convergence
analysis we treat the prestrain following the method in [4], where the derivation of rods that feature a
micro-heterogeneous prestrain is studied.

3.2 Quantitative convergence results for £7%¢

To quantify the speed of convergence of E™%¢ as ¢ — 0, we need to replace the qualitative ergodicity
assumption by a stronger quantitative one. There are different ways to quantifify ergodicity in stochastic
homogenization. We use functional inequalities to quantify ergodicity, e.g., see [18, 19, 20].

For this purpose we assume from now on, in addition to Assumption 2.2, that the probability space
) consists of RV -valued (with N € N fixed), locally integrable random fields on R, i.e., @ C L{ (R;RY),
and that 7 denotes the shift, i.e.,

Tsw(+) == w(-+s) for all s € R.

Assumption 3.6 (Spectral gap assumption). We assume that there exists a constant p > 0 such that
for any random variable F : Q) — R we have

1 s+l BF 2
2
< .
where the norm Of the iunctional derivative is deﬁned as

/SH ‘%‘ = sup { lim sup ottt = ) } (314
s—1

t—0 t

and the supremum is taken over all measurable perturbations dw : R — R with

suppow C [s = 1,s +1] and ||6w| poe(s—1,541) < 1.
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Remark 3.7. An admissible example for which the spectral gap assumption is satisfied can be con-
structed using the Malliavin calculus as follows: we assume that the random field w : R — R is a cen-
tered, stationary Gaussian random field such that the covariance function s — C(s) := Cov{w(s),w(0)] is
a bounded function on R with compact support. Then the probability space (Q, P, F) satisfies Assump-
tion 3.6. For a proof, we refer to [13, 12]. We also refer to [11, 12] for further more general examples for
which the spectral gap assumption is satisfied.

We shall further assume that the random coefficients in our model are I-local Lipschitz random
variables: We say that a random variable F' : Q — R is 1-local Lipschitz, if there exists a constant Cg
such that

|F(w) — F(W')| < Cpllw —w'||pee(-1,1) for P-a.a. w,w’ € Q. (3.15)

In that case we call C'r a Lipschitz constant of F.

Remark 3.8. For a 1-local Lipschitz random variable F' one can easily check that
s+1 OF
—| < CFp.
/571 8(41 ’ =-F

We also note that it is easy to construct 1-local Lipschitz random variables: If A : R — R is a Lipschitz
function with Lipschitz constant Cy, and g a measure on (—1,1), then

F(w):= A( /(1’1) w(s)du(s))

is 1-local Lipschitz where the Lipshitz constant is given by Cj [ (—1,1) du.

By making use of the two-scale expansion of the minimizer (a¢,r®) we are able to prove the following
quantitative convergence result:

Theorem 3.9 (Convergence rate of effective energy). Let Assumption 2.5 be satisfied and assume that
O satisfies the smallness condition (2.4) with cg < % Suppose also that Assumption 8.6 holds. Let
A Q = REXA be defined by the identity

Sym

A(W)E - € := Q™Y w, &) for all £ € R

Assume that A and ® are 1-local Lipschitz random variables with Lipschitz constant Ca ¢. Let (4°,1¢)
and (@°,r°) denote the minimizers of E°4¢ and E°, respectively. Then (4°,1°) = (Uag, Tag), and for all
L>1and0<e <L we have P-a.s.,

F16 2 G rar) ey < (0 4 o 4 8226 05 (3.16)
|Eered _ O < It |2 + |1€Lo|22 + |kr|? ((520&,@(%)% n %C’A,@)(%)lﬂ (3.17)

Above, € denotes a random variable satisfying
E[exp (g)] <2, (3.18)

where C' only depends on p, a1 and ag. Furthermore, in the constant coefficient case, i.e., when A is
independent of w, we have the improved estimate

[t1]? + |kol® + |kL |

‘Ea,rod _ Eol < -3

%QCX@% (3.19)

Remark 3.10. We point out that in the case of small thickness h < €, a convergence rate of (1.4) for
a given a > 0 follows already from Theorem 3.9, assuming that we have a good understanding in the

17



convergence rate of the dimension reduction procedures. Indeed, using triangular inequality, Markov’s
inequality, (3.18) and (3.19) we obtain

P (|E(On) = E(O7"(w))| > a)

<P(IB(O) = B > 5) +P (B = BO*"(w))| > 5 ) + P (|B= - £°| > 5

170 2 e,rod e,h g 9<|E€7r0d — EOD
<P (|E(On) — | = 3)+IP’(\E B0 (w))| > 3)+—2
0 9 e,rod __ €,h 9 Ce

<P (|E(On) - E°| = 3) +P(|E E(O°"(w))] > 3) S5

w|a

a

(3.20)

In the case h < & we expect that the first two terms in (3.20) are also small (in comparison to the last
term of order ¢), which in turn implies a convergence rate (in €) for (1.4). The smallness of the first two
terms in (3.20) corresponds to the convergence rate of dimension reduction. Several related numerical
simulations have been implemented in Section 2.2.3, which particularly suggest that a convergence rate
should be of polynomial growth h® with a € (0,1). A rigorously analytical proof nevertheless remains
open. We plan therefore to tackle this problem in a forthcoming paper.

3.3 [I'-convergence of energies and Proof of Theorem 3.2

As already indicated, Theorem 3.2 rather directly follows from a set of I'-convergence results for £5"(w),
which we shall discuss in this section and which are of independent interest. Specifically, we study the
following limits:

e (dimension reduction): £5"(w) to £57°4(w) and EPom 1o £,
e (homogenization): £57°4(w) to £° and £5"(w) to Eromh,

The starting point of our analysis is the following transformed energy, which in contrast to the original
energy functional has an unperturbed and upscaled domain:

Hl(O;Rg) Sur gs’h(w, u) == gs,h(w, uo ‘l’;ill)

By direct calculation one easily sees that g5l is a quadratic integral functional on the unperturbed
domain O and can be written in the form

. 1
£ w,u) = /O Q(T%w, Vyu(Id + %B(T%lw))) dz, (3.21)

where B : Q — R3*3 is defined as
0 0 0
Bw)=|-P1(w) 0 0]. (3.22)
—(I)Q (CU) 0 0
Moreover, we also see that v =uo \I'E_;L satisfies the boundary condition (2.7) if and only if
e,h €,h
u(0,-) =uz4(0,) and u(L, ) = u 5 (L,-) on S, (3.23)
where

L
wip (@) i= (1 — 2)(0, (hAg + Ko)T) + 2 (t + (0, (hAL + K ) (7 + ]é P(7rw)dt)). (3.24)

In order to formulate the I'-convergence result for E/A’E’h, we need to fix a suitable notion of convergence:
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Definition 3.11 (Decomposition). For u € H'(O;R?), we define the function (,r) by

a(ry) = 7[3 u(a1,7) dz, (3.252)
v (1) = IQi - /S (0,) Au(z1, 7) - e1 dz, (3.25D)
ro(a1) = Ilg /S (0,7) Az, 7) - e dT, (3.25¢)
v (1) = %2 /S (0,) A1, 7) - e dT, (3.250)

where I; = fs x? dz for j = 1,2. Moreover, the operator 11 : H'(O;R?) — H(0,L) x H'(0, L; R?) is
defined by

II(u) := (@y,r). (3.26)
We say that a sequence (u");, C H*(O;R3) converges to a rod configuration (u,r) € H'(0, L)x H' (0, L; R3)
if
I(u") — (@,r) strongly in L*(0,L) x L*(0, L;R?) as h — 0.
In that case we simply write u” I (a,r).

The next proposition establishes sequential compactness for sequences with finite energy. The ar-
gument exploits the fact the matrix-field B appearing in (3.21) is not arbitrary, but takes only values
in

R :={FeR¥® . Fy; =0 for j =1,2,3}. (3.27)

Proposition 3.12 (Compactness). There erists a constant ¢cs > 0 only depending on S such that the
following holds:

(a) (Compactness for h — 0). Consider sequences (B"), C L®(0;R3*?) and (uh), ¢ H'(O;R?).
Assume that

lim sup || B"[| 1 (0) < cs: (3.28)
h—0

lim sup (/ sym (V,u(Id + %ﬁh))\Z dz + [r"(0)[?) < oo, (3.29)
h—0 O

where (0", ") denotes the decomposition of u" according to Definition 3.11. Then
ﬁlilsglp (1610} 220,y + £ 1110,y + [lsym Vau"| 12 (0)) < o0, (3.30)
—
and there exists (u,r) € H*(0, L;R) x H'(0, L; R3) such that
E 1
u" — (][ a’ da:l)el = (@,r) for a subsequence. (3.31)
0
Moreover, there exists some z = (2z1,22) € H*(0, L;R?) such that
L
h(al al) —][ h(ah, b)) (z1)dz, — z  strongly in L*(0, L;R?) (3.32)
0

as h — 0 and the limit v from (3.31) satisfies

L
]i (1‘2, 1'3)(3,‘1) dl‘l = (ZQ(O) — ZQ(L)7 Z (L) — Zl(O))T. (333)
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(b) (Compactness for e — 0). Let 0 < h <1 be fized. Consider sequences (]§5)5 C L®(O;R3*%) and
(u¥). C HY(O;R3). Assume that

lim sup ||]A38HLOC(O) < cs, (3.34)
e—0
I “(Id + LB%)) 2 dz + [[u (0, - ) <. 3.35
msup ([ fsym (Vs (1d+ 4B do + (0], ) < o0 (335)
Then
lim sup [|u|| g1(0) < oo, (3.36)
e—0

and there ezist a subsequence of (u®). and u € H*(O;R3) such that

u® —u  strongly in L*(O;R?) as ¢ — 0. (3.37)

Remark 3.13. We briefly explain the necessity of the smallness of cg, which is twofold: On the
one hand, the smallness of c¢g guarantees that the term ||sym(%thhB)HLz(o) can be absorbed by
lsym Vu”|| r2(0); on the other hand, as will be clear in the proof of the I'-convergence results, not only
O1r (see Definition 3.11) but also r itself appears in the energy functional. We then apply the Poincaré’s
inequality to control r with help of dir (and boundary conditions for r(0)), where the smallness of cg is

invoked. Moreover, the application of the Poincaré’s inequality also explains the appearance of the factor
L~ in front of B.

Next, since the boundary condition (3.23) is involved with &, h and w, it is not a priori clear whether
the equi-bounded energy conditions (3.29) and (3.35) given in Proposition 3.12 are fulfilled for functions
satisfying (3.23). We show that this is indeed the case under the Assumption 2.5 and the smallness
condition (2.4).

Lemma 3.14 (Existence of equi-bounded energies). Assume Assumption 2.5 and the smallness condition
(2.4) with cs as in Proposition 3.12. Then there exists a constant C' (only depending on ay, s and O)
such that the following holds for P-a.a. w € §2:

(a) For all € > 0 there exists a sequence (u"), C H'(O;R3) such that the boundary condition (3.23) is
satisfied and R
lim sup (5" (w, u”) + |r"(0)]) < C. (3.38)
h—0

(b) For all 0 < h < 1 there exists a sequence (u®). C H*(O;R?®) such that the boundary condition
(3.23) is satisfied and
lim sup (5" (w, u®) + [[u®(0, )| 1(s)) < C, (3.39)

e—0

We now state the I'-convergence results for the transformed energy functional ggh We start with
the I'-convergence result for dimension reduction (h — 0) with € > 0 being fixed. Similar to the results
given in Proposition 3.12; the I'-convergence result for dimension reduction does not depend on a specific
w € © and will be formulated in a deterministic framework, where we replace the random matrix field
B(Tl‘?l w) and the random quadratic form Q(T% w, ) by a deterministic matrix B(z) and a deterministic

quadratic form @(xl, -), respectively.
Proposition 3.15 (Dimension reduction). Let Q : (0,L) x R3*3 — R be measurable and assume that
Q(z1,-) € Qay, as) for a.e. z1 € (0,L). Let B € L>(0,L;R3*?) satisfy | B||r=(0,1) < cs where cg is
chosen as in Proposition 3.12. Let e H'(O;R?) — R be defined by

. 1 [ ~ .

Eh(u) = f/ Qx1, Vyu(ld + 2 B)) dr,

o

and E°((@,r)) : H'(0, L) x H(0, L; R3) be defined by

L _ 1/ . 1D 3
E%(a,r) = ][ Q9 ( (31“ TrirBa s r2331)> ) da, (3.40)
0 1r
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where

@md(ﬂchf) = inf /S@(ﬂcl, (§1e1 + €234 A (0,7)) @ €1 + (0, Vi@)) dz. (3.41)

PEH1(S;R3)
Then the following T'-convergence holds:

(a) (Lower bound). Consider a sequence (u), C H'(O;R3) with

limsup (E™(u") + ["(0)]) < oo, (3.42)
h—0

h h

where ! is associated with u" according to Definition 8.11. Assume that u L (a,r) for some

(@,r) € H*(0,L) x HY(0, L;R®). Then

liminf &, (u") > & (a,1). (3.43)
h—0

(b) (Upper bound). For each (u,r) € H'(0,L) x H' (0, L;R3) there exists (u")p~0 C H'(O;R3) such
that u" 2 (a,r) as h — 0 and

lim &, (u") = & (@, r). (3.44)
h—0

(¢) (Compactness and boundary conditions). Let Ao, A € R, Ko, Ky, € R2X2 't € R, and c € R?,
Define ugﬁ 0 = R3 by

Wi () == (1 - 2)(0, (hAo + Ko)z) + 2 (t + (0, (hAL +K.)(Z + c))), (3.45)
(Qagr, Tagr) as in (2.16) with ko = K2' and kr, = K2, If (u") € H'(O;R®) satisfies

limsup £"(u") < oo
h—0
and
u” = uy on the top and bottom faces {0} x S and {L} x S, (3.46)
then u" 5 (a,r) for a subsequence (not relabeled) and a limit
(@, 1) € (Uagr, rag) + Hy (0, L) x Hyy(0, L; R?). (3.47)

Moreover, for any (4,r) satisfying (3.47) there exists a recovery sequence (u") C H'(O;R?) satis-
fying the properties of part (b) and additionally the boundary condition (3.46).

We apply this proposition to treat the I'-limit A — 0 of the functionals £5" and ghom,
e To establish the -convergence of £5"(w) to £57°4(w), we shall simply set Q(z1, F) = Q(rz1 wo, F)
g

and B(z1) = B(7=1w) in order to apply Proposition 3.15. Moreover, by taking ¢ = fOL O(rrw)dt
in (3.45) we see that u” satisfies the boundary condition (3.23).

e In the same manner, the I'-convergence of Ehomh ¢4 £ g 4 direct consequence of Proposition 3.15
by setting Q(x1,F) = Q"™ (F), B(z;) = (B) and ¢ = (®) therein.

Next, we state the result for the limit £°%¢(w) as ¢ — 0 which invokes stochastic homogenzation.

Proposition 3.16 (Homogenization of £°%¢). Let the Assumption 2.5 and the smallness condition (2.4)

be satisfied with cs = % Then for a.a. w € Q the following holds:

(a) (Lower bound). Consider a sequence (4¢,r¢). C H(0,L) x H'(0, L; R3) with
limsup (€74 (w, (@°,1%)) + |(r5,15)(0)]) < o0, (3.48)

e—0

and assume that
(af,r%) — (a@,r) strongly in L*(0,L) x L*(0, L; R?),
for some (i,r) € H'(0, L) x H'(0, L;R3). Then,
lign_jglf Erode(w, (@€, %)) > E%a,r). (3.49)
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(b) (Upper bound). For each (u,r) € H(0,L) x H'(0,L;R3) there exists a sequence (u,r%). C
H'Y(0,L) x H' (0, L; R®) such that

(@, r¢) — (u,r) strongly in L*(0,L) x L*(0, L;R?),
and

lim £7°%¢ (w, (@, 1)) = E%(a, r). (3.50)

e—0

(c) (Compactness and boundary conditions). Let (tag, Tag) be as in (2.16). If (@,r%)e C (Tast, Tast) +
HE(0,L) x H}(0, L; R3) satisfies limsup,_,, £57°%(w, (a°,1%)) < oo, then (u,r%) — (u,r) for a
subsequence (not relabeled) and a limit (a,r) satisfying (3.47). Moreover, for any (4,r) satisfying
(3.47) there exists a recovery sequence (u°,v%)e C (Uag, Tag) + HZ(0,L) x H(0, L; R ) satisfying
the properties of part (b).

The next result establishes stochastic homogenization of the 3D model.

Proposition 3.17 (Homogenization of the 3D-model). Let the Assumption 2.5 and the smallness con-
dition (2.4) be satisfied for cs as in Proposition 3.12. Then for a.a. w € Q and all 0 < h <1 (fized) the
following holds:

(a) (Lower bound). Consider a sequence (u®). C HY(O;R?) with

limsup (£5" (w, u®) + [[u®(0,-)||

e—0

H%(S)) < 00, (3.51)

and assume that
u® —u  strongly in L*(O;R3) as € — 0
for some u € HY(O;R3). Then

lim inf £ (w, u®) > EM™ " (u). (3.52)

e—0

(b) (Upper bound). For each u € H*(O;R?) there exists (u®). C H'(O;R3) such that
u® —u  strongly in L*(O;R3),
and

lim £5" (w, u®) = EX™ (u). (3.53)

e—=0

(c) (Compactness and boundary conditions). If (u®). C H'(O;R®) satisfies the boundary condition

(3.23) and limsup,_,, ge’h(ug) < 00, then for a subsequence (not relabeled) we have u® — u in
L?(O;R3) where u € H'(O;R3) satisfies

u(0,-) = uZH(O, ) and u(L,-) = uZH(L ) on S, (3.54)

where uly is defined by (3.10). Moreover, for every u € H'(O;R®) that satisfies (3.54) there exists
a recovery sequence (uf) C H'(O;R3) satisfying the boundary condition (3.23) and the properties
of part (b).

The proof of our result on qualitative convergence is now a rather direct consequence of the previous
propositions:

Proof of Theorem 3.2. By a scaling arugment, we may assume w.l.o.g. that L = 1.
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(a)

The statements follow by I'-convergence of the corresponding energy functionals and compactness
properties. In particular, Propositions 3.16 and 3.17 yield the limits for ¢ — 0, and Proposition 3.15
yields the limits for h — 0. We only present more details for limit

Jim, ESMw) = B¢ (W) for P-ae. w € Q, (3.55)
—

since the other three statements can be shown similarly. The sequence (E*"(w)); is non-negative
and (thanks to Lemma 3.14) bounded. Choose u" € H'(O;R?) that satisfies the boundary con-
dition (3.23) and £"(w,u") < E=Mw) + h. Since (E<"(w));, is bounded, we may appeal to
the compactness and lower bound part of Proposition 3.15 and deduce liminf,_¢ ge’h(w,uh) >
Erode(w). We conclude E™%¢(w) < liminf,_,o F5"(w). Now, let (1) € (Uagr, Tag) + Ha(0,1) x
H(0,1;R3) satisfy E™4¢(w, (4,r)) = E*%¢(w). With Proposition 3.15 we find a recovery se-
quencc u" € HY(O;R3) satisfying (3.23) and lim,_ £ (w,u") = £°%¢(w, (i4,1)) = E°(w).
Hence, limsup,,_,, E5"*(w) < limsup,,_,, limj_yo £ (u") = E™%¢(w). In summary, (3.55) follows.

By convexity (which allows us to apply Jensen’s inequality) and since fol rozdr; = 0, we deduce
that for all (4,r) € (Uag, rag) + Hi(0,1) x Hy(0,1;R3),

go(m)]{)l QO(<alu+r3<§3—r2<q>2>>)dxl N Qo%l (alu+r3<§fz—r2<<1>2>> )
(3o () )
=E(Uatr, Tagt),

where the last identity holds since (@ag, rag) is affine and rug 23 = 0. Now the claim follows, since
go(ﬂaﬁ'a raf—f) = QO (81 (ﬂaﬂ', raff)) and QO = Q.
O

4 Proofs of the analytical results

In this section we give the proofs for our main results. To ease notation, for an n-dimensional vector
£ = (&, - ,§,) we simply write §;; := (§;,§;) for the subvector of £ composed by its i-th and j-th
components. Particularly, for our proofs we will frequently use a3 and ro3. For simplicity, we also write
A < B (resp. B 2 A) if there exists some C' > 0 such that A < CB. The dependence of C on the given
parameters (such as o and O etc.) will be made precise at the beginning of each proof.

In the proofs we often assume that w.l.o.g. L = 1. The general case can then be obtained by the
following scaling property: For L > 1, ¢ > 0, we have

l/ Q(raiw, Vyu(ld + 1B(raw)) ) do = / Q(ra1w, Vw14 + hB(r=1w)) ) da
Lo € : o1 e . B
where 1
0, =(0,1) x S, uy(r1,7) = Zu(Lxl,ic) e=¢/L, h=nh/L.
4.1 Compactness: Proofs of Proposition 3.12 and Lemma 3.14

Our starting point is the following decomposition result due to Griso [22]:

Theorem 4.1 ([22], Griso’s decomposition). Let O = (0,L) x S where L > 1 and S satisfies (2.1). Let
u € HY(O;R3) and let (,r) be associated with u according to Definition 3.11. Define W by

Then

u(z) =u(zy) +r(x1) A(0,Z) + W(x). (4.1)

_ _ 1
Isym (Vati + Va(r A (0,) ) (o) + 75 W20y + 194 W0y < Csllsvm (Vaw)l30)  (4:2)

where Cg is some positive constant depending only on the cross-section S.
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The following corollary is an immediate consequence of Theorem 4.1 and obtained by expanding the
first term on the left-hand side of (4.2).

Corollary 4.2. Let the assumptions and notations of Theorem 4.1 be retained. Then there exists a
constant Cs (only depending on S) such that

10132002 + 0121720,y + 10102 (21) — Er3(9€1)||%2(0,1:)
1 1
+ [[o1as(z1) + EI‘2(351)||%2(0,L) + ﬁ”W”%?(O) + thW||2L2(0) < CSHSYthUH%Z(oy (4.3)

With help of Corollary 4.2 we obtain the following refinement of the decomposition (4.1). We shall
use it when proving the dimension-reduction results.

Lemma 4.3. Let O = (0,L) x S and assume (2.1). Let (u");, be a sequence in H'(O;R?) satisfying
limsup [|sym V,u"|| 120y < oc. (4.4)
h—0

Let (@", r") be associated with u" according to Definition 3.11. Then there exist V"', 0" € H'(O;R?) and
some constant Co > 0 depending on O such that

ﬁ}f(xl) + I‘gl‘g — I'gl‘g
@)= [ LS e - e |+ V@) + o), (45)

_% CUrB(t) dt + e (zy) 2o

and the following bounds hold for all 0 < h < 1:

[(0ual, 01x™) || L2 (0.0) + IV V™| 2200y < Collsym Viu| 120y, (4.6a)
. h o
lim [[V*]|z2(0) = 0, (4.6b)
%er})(||sym V10" 120y + 1MV 10" || 12(0)) = 0. (4.6¢)

Proof. We start with the decomposition u”(z) = @’ (z1) + r(x1) A (0, Z) + W"(z) where @" and r” are
associated with u” according to Definition 3.11. Rewriting this decomposition yields
ﬁ}ll(xl)m—&— rh(z1)ws — B (z1)20 X
u(z) = %foirg(t) dt — v (zy)w3 + W (z) + R"(21),
f% 0 YeB(t) dt + rf (z1) o

where

R'(z1) = | @3 (21) — 1 [y rh(t) dt

In view of the estimate (4.3), (R" — fOL R’ (1) dz1)y, is bounded in H'(0, L; R?). By mollifying R" on a
scale > h we obtain an approximating sequence (K") ¢ H?(0, L; R?) such that

L
K" 0y S 1R = - Rby(en) oo (47)
h h Eon h
lim (/K" — (R}, —]ﬁ R (1) d21) | r2(0,0) + BIK" [120,0) ) = 0. (4.8)
We now define
h(xzalKh + xgalKh)
Vh= W+ ( ! 2 , 4.9
R§3_foLRg3($1)d$1 - K" (4.9)
_ h h L
Oh‘ = < h(anle{;j— $381K2)> _’_f Rh($1)dx1. (410)
0
Then (4.6a) to (4.6¢) follow from (4.3) and (4.8). O
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Lemma 4.4 (Smallness condition for B). There exists a constant c¢g only depending on S such that for

all measurable and bounded B : O — R3*3 (recall that the set RY*® is defined by (3.27)) satisfying the
smallness condition R
IB;j| <cs foralli,j and a.e. in O, (4.11)

the following estimate holds: For all0 <h <1, L >1, and u € H'(O;R?) we have
2 llsym Vo 20, < llsym (Viu(id + 2B) |20, + L2 r(0)],
where r is associated with u via Definition 3.11.
Proof. Let (ii,r, W) be defined as in (4.1). Since the first row of B vanishes, we have
Isym (hVauB) 220y < Bl (0)(IVz(r A (0,2)]2(0) + R VAW £2(0))
<IIBllz=(0)(V2V/ISllIrll (0.0 + AIVAW | 2(0))-
Combined with the Poincaré’s inequality in form of
Iell20,0) < L(I9axl| 20,0y + L™ 2[r(0)])
and (4.3) to estimate O;r and V, W, we obtain
Jsym (2V4uB)|z20) < CIBlz (o) (llsym Vaullz2(o) + L2 r(0))),
where C only depends on S. We conclude that
(1= CIBl=(0))llsym Viul 2(0) < lsym (Viu(l + £B))l|z2(0) + CIBl = (0) L™ 2[r(0)].
Hence, the claim follows with cg := % O
We are now ready to prove Proposition 3.12.

Proof of Proposition 3.12. In this proof < means < up to a constant that only depends on S. W.l.o.g.
we may assume that L = 1.

Step 1: Proof of (a)
Let (@",r", W") be associated with u” according to Theorem 4.1. By Lemma 4.4, (3.29), and the
boundary condition for r, we get

lim sup ||sym (V,u”) 220y < oo
h—0

Combined with (4.3) we obtain (3.30), and thus (3.31) by the compact embedding of H*(0,1) in L?(0, 1).
Next we show (3.32) and (3.33). We shall only prove (3.32) for z; and (3.33) for r3, the statement for z,
and ry can be shown similarly. From (4.3) it follows

1
o1 (h} —][ ha}(x1)dxy) —rs as h— 0in L(0,1).
0

Hence by Poincaré’s inequality and (3.32) we know that, up to a subsequence, hiij — fol hal(z1) dr,
weakly converges to some z; € H'(0,1) with d;2z; = r3, which in turn implies (3.32) and (3.33) by also
combining with the compact embedding of H'(0,1) in L?(0,1) and integration by parts.

Step 2: Proof of (b)
Let (u®,r®, W¢) be associated with u® according to Theorem 4.1. Then by the Sobolev trace theorem
we have

e (0) < [[u™(0, )|z (s)-
As in the proof of (a) we obtain for all 0 < & <1 the bound

1 ~
§||Sym (Vhu)|z20) < |lsym (thE(Id + hBE)) I2(0) + [0°(0, )|l L2(s).-

25



In view of (3.35) and (4.3), we thus obtain limsup,_,q 3 [[sym (V4u®)||r2(0) < co. Consider the rescaled
function v¢ : Oy — R3,v¥(z) := u®(z1, +2) where Oy = (0,1) x (hS). Note that v¢ € H'(Oy;R?) and
lsym (Vve)|[z2(0,) = hllsym (Vxu®)||12(0). Then by appealing to Korn’s inequality in form of

IV¥llz204) = COR)(llsym (Vv)llz2c0p) +I1V(0, ) 1 6))>

and scaling back to u®, we obtain (3.36). By compact embedding of H'(O;R3) in L?(O;R3) the conver-
gence (3.37) follows. O

Proof of Lemma 8.14. In this proof < means < up to a constant that only depends on a1, as, O, and the
tensors appearing in the boundary condition (3.23). W.l.o.g. we may assume that L = 1.

Step 1: Proof of (a)
Consider

u(z) := 21t 4+ 2 (O, (hAl + K1) (/01 P(Tew)dt + i‘))T + (1 — xl) (0, (hAo +Ko)z)7. (4.12)

Clearly, u” satisfies the boundary condition (3.23). Skew-symmetry of Ko and K; and direct calculation
yield

hVj uh (.23)

—ht@er+ (0,h(hA; +K) (/Olé(TZw)dt—Hf))T ® e

- (O’ h<hA0 + Ko)j)T ©e1+n (8 hA10+ K1> + (1 - ”31) (8 hAOO+ KO) ) (4.13)
sym Vyu”(z)

—sym (b0 ) +svm [(0. (ns + K0) ([ 0tmrar 7)) sl

—sym [(0, (hAO n Ko)f)T ® el} o (8 SYH?A1> n (1 - xl) (8 Syrr?A()) . (4.14)

Then (2.2), (4.13) and (4.14) imply

~ 2
lim sup £"(w,u”) < limsup Hsym (thh (Id + hB(TLwJ))) ’
h—0 h—0 ©

L2(0)

< (16 + (1ol + A1) + (1 + (Kol + Ky ]))
and

lim sup | (0)]

h—0

< limsup’/(O,a_s)/\ﬁh(O,f) dz
h—0 S

= lim sup | / (0,2) A (0, (hAG" + Kg')zs + (hAG? + Ki)as, (hAF' + KG' 2o + (hAF + K77 )as) di
h—0 S

< 00,

from which (3.38) follows. Finally, the boundary condition of (@,r) follows immediately from the trace
theorem. To see that fol ro3(t)dt = 0, direct calculation shows that 0f;(0) and @k (1) are uniformly
bounded in h, hence

1
hub,(t) — ]i htby(x1)dr; — 0 as h — 0 for t € {0,1}, (4.15)
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and the claim follows from (3.33).

Step 2: Proof of (b)

The argument is a straightforward modification of the proof of (a): We simply replace u” in (4.12)
by u® (and consider the limit ¢ — 0 for 0 < h < 1 fixed). The boundary conditions for u® then follow
with help of the Sobolev trace theorem and Birkhoff’s Theorem A.2. We omit further details. O

4.2 Dimension reduction: Proof of Proposition 3.15

Proof of Proposition 8.15. We split the proof into three parts corresponding to the lower bound, upper
bound and boundary compatibility statements respectively. W.l.o.g. we may assume that L = 1.

Step 1: Proof of the lower bound
Thanks to Proposition 3.12 we may apply Lemma 4.3, and thus the decomposition (4.5) holds with
functions (@, ", V" o) satisfying the bounds (4.6a) to (4.6¢c). Applying V, to (4.5) we see that

h&lﬁ? + halrgxg — hall‘gmg —I'g I'}QL
hVu” = rl — hoirhas 0 —rb | 4+hvyV"+hV,0", (4.16)
—1rh + hoirha, rf 0

and thus

sym Vu'(z) = sym (910l (z1)e; + 81x"(z1) A (0,Z)) ® e +sym V;, V' (z) + sym V0" (z).  (4.17)

In view of (4.6a) and since u” RIS (@,r) by assumption, we deduce that (@},r") — (@,r) weakly in
H(0,1) x H(0,1;R3). Furthermore, in view of (4.6a) to (4.6c), and (4.16) we see that
sym (thuhﬁ) — sym ((Kr)ﬁ) in L2(O;R3X3), (4.18)

sym

where K € Lin(R3; R%*?) is defined by

0 —I3 o
Kr=| r3 0 -ri|. (4.19)
—I9 r 0

Next, we identify the weak limit of (4.17). First, we note that
ViV = (01V",0,0) + (0, V52Z"),

where Z"(z) := 2(V"(2)— {4, V"(21,7) dz). By (4.6a) and (4.6b), (Z");, is bounded in L2(0, 1; H'(S; R?))
and V" — 0. Hence, for a subsequence (not relabeled) we have

HV"h =0 in L2(0;R%),

VzZ" —~ V3zZ in L?(0,1; L?(S; R3*?)),

with Z € L?(0,1; H(S;R3)). We thus obtain
sym thh(x) — sym ((01a(z1)e; + dir(x1) A (0,Z)) ® e1) + sym (0, VzZ(z)) (4.20)

in £2(0,1; L2(S; BES)).
Next, by weak lower semi-continuity of the functional L?(O; R3*3) 5 F — | o @(xl, F) dx we conclude
that

~

liminf & (u") > / Q1. sym (121 )er + Dre(an) A (0.7)) @ 1)
h—0 o)
+ sym ((Kr)ﬁ(xl)) + sym (0, VQ—EZ(:JJ))) dx. (4.21)
Notice that R R R
sym ((Kr)B) = (—r3Ba; + r2B3s1)e; ® e; +sym (0, V), (4.22)
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where R R N R R N
(—11B31 — 3By 4+ r2Bsa)zs + (r1Bsi — rsBas 4 raBag) s
@(LC) = —I'1AB32.Z‘2 — I‘l/\B33I‘3 . (423)
r1Booxs + r1Bosas

Moreover, §(z1,-) + Z(z1,-) € H*(S;R?) for a.e. z1. Hence, with

¢ = 81— r3Bo; + 2By
' (911‘ ’

we get

[R.H.S. of (4.21)] = /OQ(:cl,(Elel ey A (0,2) @ er + (0, Vad + V;CZ)) dz

1
2/ inf /SQ(xl, (&1e1 4+ €934 A (0,7)) @ e1 + (0, Vigo)) dz dzq

0 PE€EH!(S;R3)

1
- / G4 (a1, €) darr.
0

Step 2: Proof of the upper bound
For convenience set N N
€= (8111 —r3Bo + I'2B31>
: oor .

Note that with this notation we have &(,r) = fol Q™ (zy, &) dzy. Choose ¢ € L2(0,1; H'(S;R3)) such
that

1
/ @md(ajl,é) dr) = / @(xh (§1e1 + &34 A (0,2)) ® er + (0, Vg@)) dz, (4.24)
0 o

and let @ be defined as in (4.23). Now, let (V"), ¢ €(0,1,0°°(S;R?)) denote an approximating
sequence satisfying

lim ([V:(V" = (¢ = )liz20) + 1RV [lz20) + [FV" | 12(0) ) = 0

and set

’Z_L(.Tl) —+ I'Q(Zlfl)xg — 1'3(1131)%2

u(z) = | L [T rs(t)dt —ri(v1)zs | +HRV(2). (4.25)

—3 [ ra(t) dt + vy (21) 22
Then u" 5 (u,r) and a calculation similar to Step 1 shows that
sym (Vu(Id + hB)) — sym ((d1e; + dir A (0,7)) © e1) + sym ((Kr)ﬁ) +sym (0, Vzp — Vz0)
strongly in L2(O;R3*3). In view of the definition of ¢ and  we deduce that the right-hand side equals
sym [(§1€1 4 234 A (0, 7)) ® €1] +sym (0, V).

Hence, by continuity of the functional L*(O;R**3) 5 F [, Q(z1,F) dz we conclude that

h—0

lim £"(u") :/ @(m,(glel + €534 A (0,7)) @ ey + (07%@) dx.
(@)

In view of (4.24) this completes the proof of Step 2.

Step 3: Proof of compactness and boundary conditions
Let (u"), C HY(O;R3) satisfy limsup,,_,, E"(u") < oo and the boundary condtion (3.46). The latter
yields

a"(0) =0, @"(1)=t+(0,(hA; +Ki)c), r"(0)=r.q(0)+O(h), r"(1)=r.z(1)+O0(h). (4.26)
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Hence lim sup,,_,, |[r"(0)| < co and consequently (3.29) follows. By Proposition 3.12 we now get the bound

(3.30). Since u"(0) = 0, we conclude that u” 4 (@,r) for a subsequence, and in view of (4.26) we find
that (@(x1),r(21)) = (Gag (1), rag(71)) for 21 € {0,1}. In particular, we see that h(uf;(1) — als(0)) —
z(1) — z(0), cf. (3.32). Combined with (3.33) we get fol rozdzy = 0. In summary, we conclude (3.47) |
which completes the proof of the first claim.

Next, we assume that (@,r) satisfies (3.47). We need to construct a recovery sequence satisfying
additionally (3.46). To that end let u" and V" be as in Step 2. Since V"(zy,-) vanishes for z; € {0,1}
and in view of (3.47), we already have u"(0,z) = (0,Koz)" and u”(1,2) = (t;,K;z)T. In order to
achieve the asserted boundary conditions, we add an appropriate correction to u”. For our purpose we
introduce the affine displacement

w'(z) := (1 — 21)(0,hAoT) + 21 (0, t23 + hA; (7 + ¢) + K;c).

Note that u” + w” satisfies the boundary conditions (3.46) and converges to the same limit as u*. A
direct calculation shows that

0

O ~
tos + Kic) Ag+z1(A; - AO)) = sym (0, Vao) (4.27)

sym (Vhwh(Id + hﬁ)) — sym ((

strongly in L?(O;R**3) for a suitbale function ¢ € L?*(0,1; H'(S;R?)). Analogously to Step 2, let
(W), € €2°(0,1,0°°(S;R?)) denote an approximating sequence satisfying
lim ([[V2(W" = &)lz20) + [1W0W"|l12(0) + [EW" 120 ) = 0,

and consider
"= u +wh — AW

Then " satisfies the claimed boundary conditions (3.46) and " RS (@,r). Furthermore, by (4.27) and
the construction of W”, we have

sym (Vhﬁh(Id + hﬁ)) — sym (thh(Id + hﬁ)) 20y =0,

and thus (by Step 2),

. Shi~hy\ _ 1: Shi.h\ _ o0/~
}113})5 (u)—’llli%é’ (u") =&"(a,r).

4.3 Homogenization: Proofs of Lemma 3.1, Propositions 3.16 and 3.17

In this section we present the proofs for the stochastic homogenization results. We appeal to stochastic
two-scale convergence, see Appendix A for definitions and auxiliary lemmas.
We begin with the proof of the auxiliary Lemma 3.1.

Proof of Lemma 3.1. We split our proof into two steps.
Step 1: Proofs of (a) and (b)

Since the proofs of (a) and (b) are almost identical, we shall give here only the proof of (a). Let w € Q
such that Q(w,-) € Q(ay, as) (which holds P-a.s. by assumption). Then we know that for all £ € R* and
o € H(S;R3)

/ Q(wv (1€1+ &334 A (0, 7)) @ e1 + (0, V:ESO)) dz
S
> o lsym[(€,e1 + x50 A (0,2)) ® €] +sym (0, Vo) || Za(s)- (4.28)

Hence the lower bound will follow, as long as we can prove that there exists some positive constant Cyg,
depending only on S, such that for all £ € R* and ¢ € H!(S;R3) we have

Isym ((§1€1 + €234 A (0,7)) @ €1) +sym (0, Vi) [ 125 = Cs(I€]* + [lsym (0, Vag)[T2(s)).  (4:29)
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Assume therefore that (4.29) does not hold. Then we could find a sequence (£", ¢™)nen C R* x H1(S;R3)
such that [£"|? + H9”||2L2(S) =1 with ©" = sym (0, Vz¢") and

Isym (€7 e1 + €334 A (0,2)) @ e1) + O"[|72(g) < 171 (4.30)

By direct calculation we already see that (4.30) implies

|€1,] — 0 in R3, (4.31)
sym Vaphs — 0 in L?(S;R2%2), (4.32)
Dol — ENas, 030 + &hag — 0 in L*(S) (4.33)

as n — oo. We now take the distributional derivative 93 and 0y on Ot — €5xs and O507 + €5a9
respectively and then subtract the latter from the former, then (4.33) implies

€&, = lim & =0.

n—00

Combining with (4.33) and the Poincaré’s inequality we infer that Vz¢? — 0 in L?(S;R?) and conse-
quently

|£”|2+||(__)n”%2(s) —0 asn— oo.

This contradicts the fact that [£"|* + ||®”||%2(S) = 1 and (4.29) follows. On the other hand, the upper
bound follows immediately by setting a test function ¢ equal to zero and the fact that Q(w, ) € Q(aq, as).
This completes the proof of Step 1.

Step 2: Proof of (c)
It is clear by definition that if @ is independent of w, then so is Q9. Let now L*°¢ be the symmetric
matrix of the bilinear form associated with Q4. Then

Qrod(£ + X) — QrOd(E) + Qrod(X) + QLrOdE X

Since x € LE(9;R*), we know that [, L™9¢ - x dP(w) = 0. Thus

Q€)= inf /Q QY€+ x)dP(w) = Q™U(€) + _inf  Q™(x) = Q™(§), (4.34)

XELF(4RY) XELZ(QR)

from which the first identity in (c) follows. On the other hand, by definition we have Q = Q"™ when Q
is independent of w. Then the second identity in (c) follows directly from the fact that Q° and Q> are
defined identically. O

We are now ready to prove Proposition 3.16.

Proof of Proposition 3.16. In this proof < means < up to a constant that only depends on a; and O.
W.l.o.g. we assume that the set Zg in the definition of the space of two-scale test-functions & contains ®
and ®o. Furthermore, we fix wg € §1g, where g denotes the set of full measure obtained by Lemma A.11

applied to Q9. Furthermore, we simply write 2. and 2 instead of z\wo and 3>W0 to denote weak and
strong two-scale convergence, respectively (since the sample wy under consideration is always chosen
fixed). W.l.o.g. we assume that L = 1.

Step 1: Proof of the lower bound
Set

Ve 011U + I‘gq)l(T%wo) — I‘;q)g(T%wO)
811'8 ’

so that

1
56‘r0d(w0, (a°,rf)) := / Qo <7’1’T1(.A.)0,V€) dxy.
0
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We first identify the weak two-scale limit of (v¢).. In view of Lemma 3.1 and with help of the bound
@] L) < cs, see (2.4), and Poincaré’s inequality in form of ||r53[12(0,1) < [|01153][£2(0,1) +[r23(0)], we
get

igs,rod
A

_ 1, -
(w, (@%,1%)) ZHalrE||2L2(0,1) + 5“81UEH%2(0,1) - C%S||r§3”%2(0,1)
1 — e
ZH81TE||2L2(0,1) + 5“81UEH%2(0,1) - 23?9H81r23||%2(0,1) - 20?9‘1';3(0”2-

Since ¢ < i by assumption, we may absorb the third term on the right-hand side into the first term.
Hence, the assumption lim sup,_,o(E5°%(w, (@€, 1)) + |r53(0)|?) < oo yields the bound

11ms(1)1p(||81(a5,r§)||L2(011) + lr3s] 1 (0,1)) < o0
e—

We conclude that (u¢,r¢) weakly converges to (u,r) in H'(0,1) x H'(0,1;R?) (and not only strongly in
L? as assumed). Hence, by Lemma A.12 we may pass to a subsequence such that 9; (4, r) 2 01 (a,r)+x
weakly two-scale with x € L?(0,1; L3(Q; R*)). Furthermore, since r® — r strongly in L?(0,1;R?) (and
Oy, Dy € Dq by assumption), we have

r3(21)®1(Tz1wo) — r3(21) Pa(Teiwo) 2 rg®; —1o®y  weakly two-scale,

see Proposition A.9 (e). Thus, we conclude that

N (31ﬂ+r3<g1> —P2<@2>) .
1r

=V

for some ¥ € L%(0,1; L3(€;R?*)). Hence, by weak two-scale lower semicontinuity of convex functionals,
cf. Lemma A.11, we have

e—0 o0
1 | .
> inf ro , dP d _ 0 p
_/0 XEL?,T@R%/QQ (w V+X) (@) dzy /0 Q°(v) day

= &%a, ).

1 1
lim inf £57°%(wp, (7, r°)) = lim inf/ Q4 (Tﬂ&)o, vs) dr, > / / Qo (w’, v+ 5{) dP(w")dx1
0 © o Ja

This completes the proof of the lower bound.
Step 2: Proof of the upper bound

Set
L (81’(_1 + I‘3<¢)1> — I‘2<(I)2>>
vi= ,
811‘

so that £%(u,r) = fol Q°(v)dzy. Choose Y € L?(0,1; L3(€2;R*)) such that

1
&%, 1) = rod( 4y v 4+ %) dP(w)dxy.
(@r) /O/QQ (@, v + %) dP(w)da:

Note that
X=X+ <P3(<I)1 —(®1)) —r2(P2 — (‘I’2>)>61 € L*(0,1; L§(RY)).

Thanks to Lemma A.12 (applied with O = (0,1)) there exists a sequence (¢¥). C C2°(0,1;R?) such that
¢° — 0 uniformly and ¢° 2, X strongly two-scale. Set

O +r5®q (11 wg) — r5Po (121 w
T = @+90§7 = r+<‘0§347 Ve = < 1 3 1( 518 03 2 2( 51 O)) .
1r
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Then by construction, and since ®1,®5 € Yo, we have v EN x strongly two-scale. Hence, by
Lemma A.11 we get

e—0 e—0

1 1
lim £57° (wy, (7, 1°)) = lim/ QY (11w, vE) = / / Q™Y (w, v + x) dP(w) dz; = £°(a, ).
0 E 0o Ja

Step 3: Compactness and boundary conditions
Consider (i, 1) € (Uag, Tag) + HE(0,1) x Hi(0,1;R?) and assume that lim sup,_,, £57°%(w, (@€, 1)) <
co. Combined with Lemma 3.1, the boundary condition for (a%,r®) and Poincaré’s inequality we get
limsup, o ([|@®|| g1 (0,1) + 2% 1 (0,1)) < 0. Hence, we can pass to a subsequence that converges claimed.
Next, we argue that we can construct a recovery sequence that additionally satisfies the boundary
condition. In fact this only requires a minor modification of the sequence of Step 2, since the sequence
(u®,r®) of Step 3 already satisfies all boundary conditions except for the condition fol r5; = 0. To correct

this let 6 € C$°(0,1) satisfy fol O(t)dt = 1. Then the modified sequence (@°,1°). with

1
= (r‘§7r§3 — 9/ (0,r55(t)) dt)
0
is a recovery sequence and satisfies all conditions. O

Proof of Proposition 3.17. W.l.o.g. we assume that the set P in the definition of the space of two-scale
test-functions & contains ®; and ®;. Furthermore, we fix 0 < h <1 and wy € g, where g denotes

the set of full measure obtained by Lemma A.11 applied to Q). Furthermore, we simply write 2. and

2, instead of iwo and 3%;0 to denote weak and strong two-scale convergence, respectively. W.l.o.g. we
assume that L = 1.

Step 1: Proof of the lower bound
By Proposition 3.12, (3.36), we know that u is the weak H!-limit of (u®).. From Lemma A.12 we
thus deduce that for a subsequence and x € L?(O; LE(;R?)),

Vpu 2 Vyu+ sym (X ®e;) weakly two-scale in L?(Q x O; R3X3).

Sym
Hence, in view of Proposition A.9 (e) and the special form of B, cf. (3.22), we get
sym (Vyu® (Id + hB(7z1w))) 2 sym (Vou(Id + hB)) +sym (y ® e1)
weakly two-scale. Now, Lemma A.11 implies

liminfé'\g’h(w7 u®)
e—0

> /on Q(w, sym (Vyu(Id + hB(w))) + sym (X ® 1) ) dP(w)dx (4.35)

> inf Viu(ld + (B dP(w)d
_xeL2(ol;Ii8(Q;R3))/onQ(w’sym( wu(ld + 1 >))+Sym(x®el)) (w)dz,

where in the last estimate we used that
sym (Vpu(B — (B))) € {sym(x®e;) : x € LQ(O; Lg(Q;R?’))}, (4.36)

which holds thanks to (3.22). In view of (3.5), the right-hand side of (4.35) equals £7hom (u).

Step 2: Proof of the upper bound
Choose Y € L?(O; LE(Q;R?)) such that

ghomh(yg) = - Q(w,sym (Vyu(Id + h(B))) 4+ sym (Y ® e1)) dP(w)dz.

In view of (4.36) and Lemma A.12 we can find a sequence (p°). C C°(O;R3) such that ¢° and daz¢°
uniformly converge to 0, and

sym (V%) 2 sym (x®e1)+ hsym (Vyu((B) —B)) strongly two-scale.
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Now, consider the sequence u® := u + °. It converges to u strongly in L?(O;R?), and by Lemma A.11
we have

lim £ (w, u) = EP™h (u).
e—0

Step 3: Compactness and boundary conditions
Recall the definitions of uzf_? and ulg, see (3.24) and (3.10), and note that

(WS, Viusy) — (ulg, Viuly) uniformly as e — 0, (4.37)

since @1,y € . Let (uf). C H'(O;R3) satisfy (3.23) and limsup,_,, £5"(u) < co. Then u’ —ui’ﬁh =
0 for x € {0,1} x S (in the sense of trace). With Proposition 3.12 we conclude that (u®). is bounded
in H'(O;R?). Thus, for a subsequence we have u® — u weakly in H(O;R3) and strongly in L?(O;R3).
From the continuity of traces and (4.37), we conclude that u satisfies (3.54).
Now let u € H(O;R3) satisfy (3.54), and let (uf). denote the recovery sequence of Step 2. We
consider
u = (ugy - uly) + ¢

where (p%). C C2°(O;R?) is defined as in Step 2. By construction we have u® = ui’f? on {0,1} x S, and
u® — u uniformly. Furthermore, Vyu® — Vj(u+ ¢°) — 0 uniformly. Hence, by Step 2 we conclude that
(u®). is a recovery sequence. This completes the proof of Step 3 and also the desired proof. O

4.4 Isotropic case: Proof of Proposition 2.8

Proof of Proposition 2.8. As in Section 4.3, we simply neglect the dependence of y and A on w. We aim
to find ¢ € H'(S;R3) such that

Q™€) = /SQ(Sym [(§1€1 + €234 A (0,2)) @ €1] + sym (0, nga)) dz. (4.38)
The Euler-Lagrange equation w.r.t. ¢ reads
0= [ dusym (€1 + €204 1 (0.2)) @ 1] 5ym (0. Vi)
s

+ 2Xtr (€11 + €34 A (0,2)) ® ey + (0, Vap)) - tr ((0,Vzp)) dx (4.39)

for all ¢ € H'(S;R?). Direct calculation yields

sym ((€,e1 4 €534 A (0,7)) @ e1 + (0, Vzy))
1 (281 + &325 — €472) Dot — Eyxs  D3p' + Equs
25 82901 — £2$3 282(,02 824,03 + 83@2 , (4.40)
Dsp" + Eyis D20® + D3* 205"
1 0 82@1 83301
sym (0, Vzp) = 3 oot 20,2 Oap® + 030% | . (4.41)

030! 029 + 0307 2039
Inserting (4.40) and (4.41) into (4.39), we obtain the following PDE:

(i) For ¢! we have
—Agpt =0 in S,

(aQQDlvaB@l) V= £2(-T3, —552) -v on 0S.

We infer that ¢! = &€,¢., where @, is a representative solution of (2.12) with &, = 1.

33



(ii) For (2, ¢?) we have
— div[(2u + \)029® + N03¢°, (03¢ + 020%)] = —\&;  in S,

—div[u(F3p% + O20?), (21 + N\) D3> + NDa?] = A€;  in S,

(2u82g02 + A&y + Egas — €420 + (D2p? + D30%)), w(D2p® + 83@2)> .v=0 on 08,

(u(ﬁzw?’ + 050%),2050° + N(&1 + €323 — €22 + (D2p® + 83s03))) -v=0 onds.

A representative solution is

1 A
? = —*7#@5196‘2 — &,75 + €425 + 2€3m0w3),

1 A
T I IR

Simplifying we conclude
sym ((£1e1 +&534 N (0,Z)) @ €1 + (0, Vigo)) (4.42)
= sym[(§ye1 4+ &a34 A (0,2)) ® e1] + &osym (Oaparrer ® e2) + £8ym (Js3pa€1 @ €3)
1 A 0 0
_Z . 4.43
2A+p (O (& — &z + 53503)1(12) (4.43)

Now (2.11) follows by inserting (4.43) into (2.9). Finally, if S is a disc, by (2.1) it must be centered
at zero and therefore (z3,—x2) v = 0 on S. In this case, we see that v, = 0 is always a solution of
(2.12). O

4.5 Quantitative homogenization: Proof of Theorem 3.9

Without loss of generality we may assume that L = 1. To shorten the notation we write £¢(w,-) instead
of £7°4¢(w, ). Moreover, we define A (w), A? € R¥X4 via the identities

sym
AW)E-€:=Q°Yw, &) and A% -€:=Q0¢) for all £ € R
We set A®(w,s) := A(T:w) and

B (w, 5) := (0,0, P2(T:w), —P1(T:w)) @ ey, BY := (0,0, (®s), — (1)) @ ey. (4.44)
With the above notation we have for all v = (u,r) € H'(0, 1;R?),
Ef(w,v) = ]il Af(0s +B%)v - (0s + BY)vds,
£9(v) = ]gl A0, + B")v - (9, + BY)v ds.
For the proof it is convenient to introduce the functional € (w,-) : H'(0,1;R*) — R,

£ (w,v) = ]i A ()(0s + B (W) - (05 + B (w))v ds.

Here, A" (w), B (w) € RZ%: are representative volume elemenet (RVE) approximations of the homoge-

nized coefficients A® and B?. They are defined as follows:
B (w) ::][ B (w, s) ds,
0

1
A (w)E ::]€ Af(w,5)(§ + 050 (w, 5)) ds, for all £ € R,
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where ¢g(w, ) € HZ(0,1;R%) is the unique, weak solution to

—0. (Ae(w, $)(€ + 0305 (w, s))) =0 in(0,1),

and has the meaning of a Dirichlet corrector. Note that by construction we have

1
R@Ee= _min A0+ Dhpl) - (€ +00(2) ds
and
Af(W)E - &
Bil€ <A (W)E-€p < Bol€*  forall ¢ e R? (4.45)
A% - ¢

with some constants 0 < 7 < 5 that only depend on a1, as and S, cf. Lemma 3.1. Since we are in the
one-dimensional case, a direct calculation yields

-1

1
A (w) = <]€ (A%(w,s))"" ds> : (4.46)
Pz (w, -) =B°(w, )&, ®°(w, s) := /OS ((A%(w,s)) TA% (w) — Id) ds, (4.47)

where Id denotes the idenity matrix in R4*4. In view of the explicit formulas for A~ and B°, we see that
ergodicity directly implies
A’ (w) — A% and B" (w) — B for P-a.a. w € Q. (4.48)
This means that & is an approximation of £ (in a sense that can be made precise via I'-convergence).
. .. HE . .1
For the upcoming argument it is usefull to represent B¢(w,-) — B (w) with help of an auxiliary corrector

T (w,): (0,1) > R, WE(s) = /OSBE(t)BE dt. (4.49)

From now on we drop the dependence on w in our notation if there is no danger of confusion. We
tacitly assume that w is chosen such that the maps s — A(7,w) and s — B(7sw) are measurable on R,
and that (4.48) holds; note that this is true P-a.s.

To conveniently describe the boundary conditions we set Viq = (Uafr, Fag) (cf. 2.16), and note that
[Vballwre(0,1) < 2(t1] + [ko| + [kL]). (4.50)
We seek minimizers in the space vy,q + H, where
H = H}(0,1) x Hyo(0,1;R?). (4.51)

More precisely, let v¢, v and v" denote the minimizers in vi,q + H of £2, & and £, respectively. Now,
the idea of the proof is to split the estimate for |£(ve) — £9(v?)| into two parts:

£°(ve) = EXVO)| < [E5(vF) — & (v9) | + €7 (v9) — E°(VO)l. (4.52)

To estimate the first term on the right-hand side, we appeal to a two-scale expansion v for the minimizer
of €. Tt invokes the Dirichlet corrector ®° and leads to an error of the order /€, which is mainly due
to the scaling of the Dirichlet corrector. As a side product we also obtain an H'-estimate for the error
of the two-scale expansion. To estimate the second term on the right-hand side of (4.52) we quantify the
rate of convergence in (4.48) with help of the spectral gap assumption. This error scales as /¢ and is
determined by the speed of convergence of spatial averages.

Before we present the proof of Theorem 3.9 in detail, we state estimates on the rate of convergence of
spatial averages. These results determine the scaling w.r.t. € and are the only places where the spectral
gap assumption is used. The proofs of the following three results are postponed to the end of this section.
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Lemma 4.5 (Rate of convergence of spatial averages). Let F' € L'(Q) be a 1-local Lipschitz random
variable in the sense of (3.15). For £ > 0 consider the random variable

0
Yi(w) = ][ F(rw)dt — E[F].
0
Then the spectral estimate with constant p of Assumption 3.6 implies that
%] < € Cr(t+1)72,

where € denotes a random variable satisfying

7,
Blew ()] <2
exp C =
for some C only depending on p.
Corollary 4.6 (Rate of convergence of RVE-approximation). We have
A" — A%+ B" —B°| < %(Ca +CB) Ve

where € denotes a random variable satisfying

¢
2\ <
E[exp (C)} <2,
for some C' only depending on p, 51 and Ba (cf. (4.45)).

Corollary 4.7 (Scaling of the correctors). Let ®° and W€ be defined by (4.47) and (4.49), respectively.
Then ®°, ¢ € W, *°((0,1); R*) with

(@5, %) [wre01) < C,

where C' only depends on B, and B2. Moreover, we have

(]fl (= (s), <I>E(8))|2ds)é <€(Ca+Cp)Ve  P-as,

where € denotes a random variable satisfying

3o (£)] <2

where C only depends on p, B1 and Bs.
We are now ready to prove Theorem 3.9.

Proof of Theorem 3.9. In the following we write a < b, if a < Cb for a constant C' that only depends on
p, a1 and as. We split our proof into six steps.

Step 1: Identification of the minimizers v and v

We claim that
0

v’ =V® = vpq.
For the argument note that we have
Bvipg =B°vpg =0 and ¥vyq =0, (4.53)

which follows from the structural properties of B¢ (cf. (4.44)) and vpq (cf. (2.16)), and the definition of
W€, Furthermore, since vq is affine, we have for all p € H (cf. (4.51)),

1 1
][ A(9s + B)viq - (05 + BY)pds = A%Osvipg - ][ (0s +B%)pds = 0.
0 0
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We conclude that vpq minimizes £° and thus v® = vpq. By the same argument we see that v¢ = vpq.

Step 2: Definition of the two-scale expansion
Define
V€ = vipq + B0, vipq — 1,

where n(s) := s(1 — s) fo t(1 —t)dt) and ¢ € R* is chosen such that ﬁ) V" — Vpa)ss = 0. Then it is
easy to check that ¢ € vpg + H. Moreover a direct calculation that exploits (4.47) and (4.53) shows
that

A%, + BV = A" (05 + B )vpa + 1%, p° = AB*(®°05vpa — nc) — A%Dgnc’. (4.54)

We note that
10l 22(0,1) < 121 220,1)[[0sViballLo<(0,1)- (4.55)

Step 3: Estimate of the first two-scale expansion error
We claim that

105 (v = ¥9)I72(0,1) S 1€°(V) = E5(V)] S 105 vhallFow (0.1) (5, T) 1 20,1)- (4.56)

For the argument note that we have for all ¢ € H,
/A5(85 +B%)ve - (8, + BS)p =0, /Xf(as + B )Vpa - (0 + B ) =0,

since v¢ and viq are minimizers of £ and & . By expanding squares we thus deduce that
56("‘,5_‘,8):55("‘/5)_56( E)
:/AE((?S—FBE)A (0, + B)Y /Af 0, + B)v* - (0, + B)v*

:/Ae(as + B (0, + B (¥ —v) + /AE(@S LBV (9, + B —v)

=0
:/K5(85+§6)Vbd~(8S+BE)(\?E—VE)—i—/ (85 + BS)(¥F — v°),

where the last identity holds thanks to Step 2. By (4.53) and the fact that A 9,v1q is a constant vector,
we have

/ AT(0s+ B )vpa - (85 +B) (¥ —v) = / AT 0yvpa - 0,07 (VF — V) = — / AT0yvpa - T, (v — v°)
From the previous two estimates and (4.55) we deduce that
105 (v = ¥)1220,1)
S0 +B) (v = V9)I[72(0,1) S E°(VF = vF) = E°(VF) = £°(v9)
SN 22(0,1) 195 Vball Lo 0,0 [1(0s + B) (v = ¥9)llL2(0,1)
+ 1105 Vball Lo (0,1) [ ¥ 22(0,1) 105 (VF = V)| 22(0,1).-
and thus (4.56) follows.

Step 4: Estimate of the second two-scale expansion error
We claim that

1E°(0°) = & (vba)| S 102, 29) | 2(0,1) [V [yt o 0,0)- (4.57)
Indeed, thanks to (4.54), we have

E5(VE) — & (Via)
= /Xg(as + B )vpa - (8 + B)VE + /pf (0 + BV — /Xf(as + B )viba - (05 + B )vpa

- /Xs(as + B )via - (0s +B)(¥¢ — vpa) + /Xs(as + B )V - 0s ¥ (Vv — vig) + /ps (D5 + B%)V*

=0
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Note that
/XS(E)S —|—§E)Vbd '83\118(\76 — Vbd) = — /Kaasvbd . ‘I/Ea;i’eaqvbd
We conclude that .
E5(¥°) — € (vba)| S (@, %) 20,1y [ Vballfyie 0.1

Step 5: Proof of (3.17) and (3.16)
Note that . .
1€ (Via) = E2(Via)| < [A = A%[[|05vial| 7 (0.1)-

0

Since v° = v = vpq, we conclude from the previous steps, Corollaries 4.6 and 4.7 that

|E5(vE) — E2(vO)| < |E5(vE) — E5(V)| + |E°(¥F) — € (via)| + [E (Vba) — €°(Via)l
< (%Q(CA + CB)%e +2€(Ca + CB)ﬁ) ||Vbd||%/vl~eo(o,1)~

Combined with (4.50), the claimed estimate (3.17) follows.
To prove (3.16), we first note that

V5 = viallzz(0,1) < [®°0svba — n¢llL2(0,1) S [10sVball Lo 0,1) 1822 (0,1)-
On the other hand, by (4.56)
Ve =¥ [lz2(0,1) < 1105(VE = ¥)lIr2(0,1) < 105 Vball 2o (0,1) [ (2, ¥F)|[12(0,1)
and thus by the triangle inequality and Corollary 4.7,
IV~ voallze < [0eviall (@7, ) 2 £ €(Ca + Ca)VE|O:Vial

as claimed.

Step 6: The constant coefficient case -
Assume the Q™9 is independent of w. Then A® = A® = A and ®° = 0. As a consequence, the
two-scale expansion simplifies and we conclude that ¥° = vy,4. In view of (4.53) we further have

56(\76) = Se(vbd)
= /Ao(as + BE)Vbd . (85 + BE)Vbd ds
= /Ao(as +B%)vpa - (05 + B)vpads = E%(vpa).

We thus conclude from Step 3 that
£5(ve) = E°(VO)| = [€°(v) — E° (V)| S BG*Chell0sviall i< (0.1)s
and the desired estimate follows. O

It remains to prove Lemma 4.5, Corollaries 4.6 and 4.7. To that end, we also need the following
p-version of the spectral gap estimate. We refer to [11] for a proof.

Lemma 4.8 (p-spectral gap, [11]). Suppose that the probability space (Q,P,F) satisfies Assumption 3.6.
Then there ezists some C = C(p) > 0 such that for any random variable F : Q@ — R and all p € [1,00)
we have

E[|F — E[F]|?] % gcpEH/R([H g—i )st‘pﬁ. (4.58)

s—1
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Proof of Lemma 4.5. It suffices to show that that there exists a constant ¢’ only depending on p such
that for all £ > 0 and p > 1 we have

E[92(]% < ¢/ Cpp(C+1)"%.

Since F is a 1-local Lipschitz random field, we find that for any perturbation dw with support in s+(—1, 1)
and |dw| < 1, we have

|F(1¢(w 4 dw)) — F(riw)| < Cp||6w| poe (t—1,441) < Cr1({t € (s — 2,5+ 2)}).
Thus

min{4, ¢} ifse (-2,0+2)
0 else.

Y (w + dw) — G (w)] < CF€’1|(O,€) N(s—2,5s+2) < Cpt~t {

We conclude that for some universal constant ¢ > 1 and P-a.a. w € 2 we have

St 09, (w) 1
<
/}R(/S_1 P 2 as < Oy

Hence, the claim follows from the p-version of the spectral gap estimate, cf. Lemma 4.8. O

Proof of Corollary 4.6. The argument for B° is immediate. For A~ consider the random variable

][A (i) dt — E[A™Y].

A7 (w) — AT (W)] < 6% e = wll oo (1,19,

and thus A~! is 1-local and Lipschitz. With Lemma 4.5 we conclude that

1

(€+1) 2

m

,Qf<<5
SCEA:

By a direct calculation we have AT — A0 = —Aq7; /EXE, and thus the claimed bound follows. O

Proof of Corollary 4.7. We split the proof into two steps.
Step 1: Estimate of ¥° For ¢ consider the mean free random variable

¢
:][ B(nw) dt — E[B].
0
1 1
][ | W= (s)|? ds :][ s2|§¢s/E —541/E|2ds.
0 0

Hence, by Jensen’s inequality and Lemma 4.5, there exists ¢’ (only depending on the constant p of the
spectral gap inequality) such that for any p > 1,

Note that

1
B[(f 1w @R )] <2 f g s

1
2
<2 f SB[, ds + CEI )0
0

! 11
< ZC’QC%pQ(f s2(s/e+1)"tds+ = (=
0 3'e

< 2d2Chp*e,

+1)7)
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and thus the exponential moment bound for |[¥®||.2(g1) follows.

Step 2: Estimate of ®°
Consider

][ A~ (rw) dt — E[A"1].
Since A~ (w) — A7 (W) = A(w) YA (W (W))A (W)™, we have
A7) = A7) < S —wlimor
and thus the argument of Step 1 applied to o7 yields
/
1

SCap(f+1)7%.
2

E[|.«/” % <« &
E[l«, ]2 <3

Note that

][ 0,®°(t) (][ (A%)~ dt—]gl(AE)_ldt)AE

=(ey)e — o)A

s 2
/|<I>E|2ds:/32 f 0, ®° dt
0

< |K5|2/52|£%5/€ ) ds.

Therefore, we conclude that

ds

Since |XE| is bounded by a constant only depending on (1, 82, the claimed estimate follows as in Step 2.
O
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A Appendix: Stochastic two-scale convergence

In this section, we recall the concept of stochastic two-scale convergence in the quenched sense as in-
troduced and discussed in [51, 23, 25]. We present the notion in a form adapted to our needs, namely,
for homogenization problems with coefficients that only feature random oscillations in the x;-direction.
In the literature, there are various, slightly different notions of stochastic two-scale convergence. In the
following, we give a self-contained introduction closely following [25].

Throughout this section, we assume that (2, F, P, 7) satisfies Assumption 2.2. Moreover, we assume
that O C R? d > 1 is an open and bounded Lipschitz domain. As in the periodic case, stochastic
two-scale convergence is based on oscillatory test-functions. In the stochastic case the construction of the
oscillatory test-functions invokes the stationary extension:

Lemma A.1 (Stationary extension, see [25, Lemma 2.2]). Let ¢ : Q@ — R be F-measurable. Let I C R
be open and denote by L(I) the corresponding Lebesque o-algebra. Then S¢ : Q@ x I — R, Sp(w,z1) :=
@(Tp,w) defines a F & L(I)-measurable function — called the stationary extension of w. Moreover, if I is
bounded, then for all 1 < p < oo the map S : LP(Q) — LP(Q x I) is a linear injection satisfying

1
[SellLe@xny = HI7[l¢llLe o)
Another key ingredient of the quenched stochastic two-scale convergence is Birkhoff’s ergodic theorem:

Theorem A.2 (Birkhoff’s ergodic theorem [9, Theorem 10.2.I1}). Let Assumption 2.2 be satisfied and
let o € LY(Q)). Then the following holds for P-a.a. w € Q: Sp(w,-) is locally integrable and for all open,
bounded intervals I C R we have

lim/j&p(w,g)dx: \I|/Q<deP’(w). (A1)

e—0
As a rather direct consequence of Theorem A.2 we obtain:

Corollary A.3. Let wy € Q and ¢ : Q — R be measurable and essentially bounded. Assume that for the
given sample wy and function ¢, (A.1) holds for any open, bounded interval I C R. Then for any open,
bounded set O C R? and u € L*(O), we have

lim u
e—0 1o}

(m)S@(wo,%)dz%/ﬂ/ou(x)go(w) dx dP(w). (A.2)

Another ingredient that we need, in particular for analyzing the two-scale limits of gradients, is the
stochastic derivative. To that end we note that {Us,, }uyer, Us, @ L2() = L3(Q), Uy, p(w) = p(7,w)
defines a strongly continuous group of unitary operators. We denote by #1(£2) the space of functions
¢ € L?(Q) for which the limit

p(Thw) — p(w) (A.3)
exists in L%(Q). For ¢ € #1(Q) we call 9, the stochastic derivative of ¢. Note that 9, is the generator
of the group {Uy,, }+,er. It is a closed operator, and thus 5#!(Q) with the norm

1
2

lelloesey = [ 167 + Il dP(0))

is a Hilbert space. By ergodicity we have (e.g. see [41])
LE(Q) = closure{d,,p : ¢ € #1(Q)},
where the closure is taken in L?(Q), and L3(2) denotes the space of functions in L?(2) with mean zero.

Note that we have this simple characterization, since we are in the one-dimensional case (i.e., {Uyz, }z,cr
is a one-parameter semigroup).
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Definition of stochastic two-scale convergence and two-scale test-functions. For the definition
of two-scale convergence we need to specify a set of test-functions 2 that is dense in L?(Q x O) and that
is the span of a countable set. We use the countability to fix a common set Qg with P(£29) = 1 of samples
wp, for which the two-scale convergence and compactness results apply.

Remark A.4. In the special case where € is a compact metric space, different constructions are possible
and the space of test-functions can be extended.

As we shall see, it is convenient to consider random variables ¢ on €, whose stationary extension
So(wg, z1) is smooth in z4:

Lemma A.5. There exists a countable set 23° consisting of bounded, measurable functions ¢ : Q@ — R
such that 9 is dense in L*(QY). In addition, for all ¢ € 2 and P-a.a. wy € Q we have

Sp(wp,-) € C°(RY), esssup sup (|0, Sp(wo, r1)]) < 0o for alln =0,1,2,.... (A.4)
wo€N x1ER

Furthermore, 95 is also dense in 1 (Q) and for all p € D we have Dy = Oy, S¢(+,0) P-a.s..
Proof. Let n € C2°(R) denote the standard mollifier, i.e.,

n(t) i {Cexp(l/(t2 ~1) <1,

0 else,

where C'is chosen such that [, ndt = 1. For each k € N set nx(t) := kn(kt).

1. Let ¢ € L*(2). By Theorem A.2 there exists Q, C Q with P(€,) = 1 such that for all w € Q,, the
function S¢(wy, ) : R — R is locally integrable. Hence, for any ¢ € C'°(R) the convolution

Jz Seo(w, t)p(—t)dt if w e Q,
0 else,

pxp: Q= R, Lp*w(w)::{

is well-defined and defines a measurable function with the property S(¢ * ¥)(w,-) € C*°(R) for all
w € Q. Moreover, if ¢ is bounded, then ¢ * 9 satisfies (A.4).

We have 0,,(p * 1) = ¢ * 0,,% on Q,, and thus

o *llz) < 1Pl @ llellz@), 100 (¢ = )| L2(0) < 0¥l r @) el L2(02)-
This also implies that ¢ * 1 € 51(Q). Note that with ¢ = 7, we have

T LI / /Q o(Te10) — () PP () (—1) diry. (A5)

By the continuity of the shift on L?(2) and since (nx)x is a sequence of mollifiers, we deduce that
©xn — @ in L2(Q).

2. In this step we construct the set Z3°. Since L?(Q) is separable, there exist countably many bounded
and measurable functions ¢/ : Q@ — R, j € N which form a dense subset of L?(£2). By mollifying
each of these functions as described above, we obtain the countable family 23 := {7, := @7 xnj, :

j,k € N}. By construction 25 is dense in L*(Q2) and each ¢ satisfies (A.4).

3. We argue that 25 is dense in 521 (£2). To that end let ¢ € #1(Q) and § > 0. Choose k € N large
enough such that

lo =@ *millr2Q) + 1|0we — Ou(@ * k)|l L2() < 0/2.
Note that , ]
le = @rllL2 @) + 110we — Ouepll L2

<l — o xmllLz@) + (e — ) * mll L2 ()
+ |00 = Ol * M)l 2 @) + 10w (@ * k) = O ll 2 ()
<8/2+ [l = @[z Ukl L ®) + [10e Ml 1 (w))-

Since {¢7};en is dense in L?(2), there exists j € N such that the right-hand side is smaller then 4.
We conclude that Z&° is dense in #1(Q).
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For the definition of 2 we introduce the sets Zq and Yo with the following properties:
e % is a countable set of bounded, measurable functions on (2, F,P) that is dense in L?(12).

e 90 C C(O) is a countable set such that Zp N C°(0) is dense in L*(0) and Zo contains the
identity 1o = 1.

We now define the set 2 as the span of the Q-linear span of simple tensor products of functions in Zq
and Y20, i.e.,

2 = span %y = span «, where
m

o = {p(w,5) = pa@)ro(@) : va € Fa, wh € Zo},  Toi={D N\ €Qpsed }.
j=1

We note that by construction, 2 is a dense subset of L?(2 x O). We use Z as the space of two-scale test
functions in our definition of stochastic two-scale convergence. In particular, we note that for any ¢ € 2
the oscillatory functions

(ToQ)(w.2) 1= p(raaw, ),

is measurable on 2 x O.

A slightly delicate point in stochastic two-scale convergence is the construction of a set g C € with
P(Q) = 1 on which the two-scale statements hold. In particular, we require that for all ¢ € Z and
wo € Qg the oscillatory function T*¢(wp, ) is well-defined and weakly convergent. To achieve this, we
define €2y according to the following lemma:

Lemma A.6 (The set Q). There exists a measurable set Qo C Q with P(Qp) = 1 s.t. for all wg € N,
all open, bounded intervalls I C R, all @', ..., o~ € Do with N € N we have

lim S(Splgpz...gpN)(wO,%)dxl :/(plspzu-gaN dP. (A.6)
Q

e=0 Jr

Proof. Since Zq is countable, there are only countably many function of the from ¢ = p'¢? .-V with
@' € Pq. For each such ¢ the limt (A.6) holds for all w € Q\ E, where E, is a null-set. Since the
countable union of null-sets is again a null-set, the statement follows. O

Lemma A.7. Let Qg be as in Lemma A.6. Let o, ' € 9. Then for all wy € Qo we have

e—0

iim [ T2 (o) enalde = | [ (o0 w0 dodp(o).

Proof. By definition of 2 there exists N € N, ¢;, ¢} € R, va j, 9o/ ; € Da, ¢o.j,¥o.; € Yo such that

N N
Y= chsm,js@o,j and ¢’ = Z 50,505

Jj=1 Jj=1

and thus

N
/07;*(<P<P/)(wo’$)dl’: Z CjC}//O<Po,j(l’)<Po,j'($)S(¢Q,j¢§2,j/)(wo,%)dw

J,3'=1

By Lemma A.6 and Corollary A.3, each of the finitely many integrals converge, i.e.,

| vos@eo(@)S(ensh ) 2)ds > [ [ pos@eo@)vns@ieh, @) de db(w),
(@] QJO

and thus the claim follows. O
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Definition A.8 (Stochastic two-scale convergence, cf. [51, 24] and [25, Definition 3.6]). Let (u®). be
a sequence in L*(0), and let wy € Qg be fized. We say that u® converges weakly wo-two-scale to u €
L?(Q x O), and write

u® QANO u in L*(Q x O),

if the sequence u is bounded in L*(O), and for all ¢ € 2 we have

lim ua(x)(TE*cp)(wo,x)dx:/Q/Ou(%w)go(w,x)dxdﬂ"(w). (A7)

e—0 /o

Furthermore, we say that u® converges strongly wo-two-scale to u € L?(Q x O), and write write
uf iwo u in L*(Q x O),

if u® iwo u in L*(Q x O) and

lim Ouggoedx:/Q/Ou(x,w)go(w,x)dxdlp(w), (A.8)

e—0

for any sequence (¢). C L?(Q x O) with ©° iwo ¢ in L*>(Q x O). For sequences of functions with values
in R™ we define weak and strong two-scale convergence componentwise.
Proposition A.9. The following holds for all wy € Q.

(a) (Compactness). Let (uf). be a bounded sequence in L?(0). Then there exists a subsequence (still

denoted by ) and u € L*(2 x O) such that u® iwu u and

llull L2@x0) < ligl_jglf w2 0)- (A.9)

(b) (Oscillating test-functions strongly two-scale converge). Let ¢ € 9. Then the sequence (¢°). with
©°(x) := T p(wo, x) strongly two-scale converges to ¢ in L*(Q x O) and ||| 20y = ¢l 2x0)-

c) (Weak two-scale convergence implies weak convergence). u® iw u two-scale in L?(Q) x O) implies
0

uf = [ u(w, ) dP(w) weakly in L*(O).
(d) (Characterization of strong two-scale). u® Awo u strongly two-scale in L*(Q x O) holds, if and only
if u® iwo u two-scale in L*(Q x O) and [|uf]| 120y = ||ullL2(0x0)-
(e) (Strong convergence implies strong two-scale convergence). Let u® — u strongly in L*(O) and let
v € P. Setve(x) :=u(x)Tp(wo,x). Then v° Awo up strongly two-scale in L?(Q x O).
Proof.  (a) See [25, Lemma 3.7].

(b) This directly follows from Lemma A.7 and the definition of two-scale convergence.

(c) Since (uf)c is bounded in L*(O) and Zo C L*(O) is dense, it suffices to show that [, u®pdr —
Jo ([ u(w, z) dP(w))p(x) da for all ¢ € Do. The latter follows since any ¢ € P is also an element
of & (the identity function is assumed to belong to Zq) and satisfies ¢ = T *p.

(d) The direction “=" is trivial. The argument for “<” is as follows: By density there exists u® € 2

such that |[u® — ul|z2(ax0) < 0. Set u®<(z) := Tu’(wp, ). Then u®* strongly two-scale converges

to u’. Moreover, Lemma A.7 implies that [[u®¢||r2(0) — [[u’||r2(ax0). Let v converge weakly

two-scale to v. Then
/ wSvs dr :/ ué,svs _/(u5,s _us),Us
(@) (@) (@)

z/ Ve T ud (wo, ) dm—/(u‘s’5 —u®)vs.
(@]

o
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As ¢ — 0, the first term on the right-hand side converges to fQ fo vu® dx dP(w). Since (v°). is
bounded in L?(O), we conclude that for some C' > 0 we have

limsup | / uv® dx — / / uv da dP| < C'limsup ||u®® — u®|| L2 0)- (A.10)
o aJo €0

e—0

By expanding the square we have

S, — 2% s,
[u = uf|[Z2 0y = 0|20y + U] Z2 00y — 2 /O u”ut da.
In all three terms we can pass to the limit € — 0 and obtain

gl_I}(lJ ||u6"E — uEHLZ(o) = ||u‘5 — U||L2(Q><O) < 4.
We may combine this with (A.10) and pass to the limit § — 0. The claim follows.

(e) First note that v® iwo v = up weakly two-scale. To prove strong two-scale convergence, we argue
that HUEHL?(O) — ||U||L2(Q><O)- Note that

1220 = /O 2T () (o, ) d = /O P T (%) (w0, @) da + /O (P — )T (%) (w0, 7) d.

Since |u|* € L'(0), the first term on the right-hand side converges to [, [, [ue|? dx dP(w) thanks to
Corollary A.3, Lemma A.6, and Lemma A.7. On the other hand the we have (since ¢ is bounded)

|/O(|UE|2 — [ul*) T2 (¢*) (wo, x) da| < ”SDQHLOC(QXO)HUE +ull2(0)[u® = ullL2(0) = 0.

O

Lemma A.10 (Approximation w.r.t. strong two-scale convergence). For all wg € Qo and every u €
L?(Q x O) there exists a sequence (uf). C C°(O) such that uf AWO u strongly two-scale in L*(Q x O).

Proof. For all § > 0 choose u’ in the span of {papo : va € I8, ¢0 € Zo N CX(0)} with |[u® —
ul|22(ax 0y < 4. This is possible, since 23 and Zp NC°(0) are dense in L?(Q) and L?(O), respectively.

Set u%¢(z) := T2*u’ (wp, z) and note that u>¢ € C°(O). Then for all § > 0 we have u®* 3>L,J0 ud ase — 0.

In the following we shall deduce the existence of (uf). = (u?()¢), by a diagonal sequence argument.
In order to do so, we recall the metric characterization of weak two-scale convergence from [25, Lemma
3.8]: Consider Z as a normed vector space with norm | - | .2(ax0) and denote by Z* its dual. Note that
the operators

J5, 1 L2(0) = 77, (J5,v)(p) = /Ov(m)ﬁ*sﬁ(woﬁf) dx
JO L2 x 0) — 9%, (J%)(p) == /Q/Ov(w,x)go(mx) dx dP(w)

are linear, bounded and injective. We observe that a bounded sequence (v¥). C L?(O) weakly two-scale
converges to v if and only if J5 v® — Jov pointwise. Let (¢;);en be an enumeration of the countable set

{m i ¢ € 9o} and define for U,V € 2* the metric

ZQ j |U( %03 V(%‘)| )
o UGw) = Vi)l +1
Then we see that for any bounded sequence (v¢). C L?(O) and v € L*(Q x O) we have

V" S U & d(J5,v°, J%) =0
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Furthermore, for any v,v’ € L?(2 x O) we have
d(JOU, JO’U/) S 2”1} — U/||L2(Q><O)'

After these preparations we may consider

= |lu |20y — llullr2@xoy| + d(J5,u’e, Jou).

Then we have limsup ¢>¢ < |||[u®||2(ax0) — [[ullr2ax0)| + d(J%u’, J%u), and thus
e—0

lim sup lim sup ¢ = 0.
6—0 e—0

By a standard diagonalization argument there exists d(¢) with lim._,0d(g) = 0 such that %)= — 0.
Thus the sequence u® := u®)< satisfies

2
v 20y = llullL2(@x 0 us Sy U

In view of Proposition A.9 (d) we conclude that we even have strong two-scale convergence and the proof
is complete. O

Lemma A.11 (Continuity and lower semicontinuity of quadratic, convex functionals). Let Q : Q@ x R"™ —
R be measurable and assume that for all w € Q the map € — Q(w, &) is quadratic and satisfies

0<Qw, &) <CIE[*  forall € eR",

where C is some positive constant independent of w. Then there exists Qg C Qo with P(Qg) = 1 such
that for all wy € Qg the following holds:

(a) Suppose that (&£°). C L?(O;R™) weakly two-scale converges to & € L*(2 x O;R™). Then

e—0

liminf/ Qrer wo, € (2)) dz > / / Qw, &(w, 7)) dz dP(w).
o) : QJo
(b) Suppose that (£€°). C L*(O;R™) strongly two-scale converges to € € L?(Q x O;R™). Then

e—0

iy [ Qraswn @) do = | [ Qo gw.0) deape).

Proof. Define L : Q — R by the identity Q(w, §) = L(w)&-§ and note that L;; are essentially bounded.
Thanks to Theorem A.2 we can find a set of full-measure {2 C g such that for all ¢,5,k,l=1,...,n
and all ¢, ¢’ € 2 we have

/E*(Lijlkmgo')(wo,x)dx%//Lij(w)Lkl(w)cp(w,x)cp'(w,x)ddeE”(w) (A.11)
o aJo

for all wg € Qg. For the rest of the proof we assume that wy € Qg.
As a preliminary step we claim the following: Let (£°)., (és)s € L*(O;R") and assume that &° iwo ¢
and é’s iwo é weakly and strongly two-scale, respectively. Then

/ L(ro1wo)€8(z) - € (2) do — / / L(w)é - € dz dP(w). (A.12)
o © aJo

To see this, we first note that by (A.11) for all ¢ € Z the sequence T*(IL;;¢)(wo, ) strongly two-scale
converges to L;jp. Hence, since n°(z) := L(Tz1w()€°(z) is bounded in L*(O;R™), we conclude that
n° weakly two-scale converges to L&. Now the claim follows from the definition of strong two-scale
convergence.
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Note that (A.12) directly implies part (b) of the lemma. To prove part (a), we proceed as follows:
g

By Lemma A.10 we can find a sequence (é’ )e that strongly two-scale converges to €. By expanding the
square, we see that

7o wp, &) dr — To wg, & ) dr = To wy, &5 — € )d L(7a; c_ . &4
[ Qtaenede - [ Qrawn&)de = [ Qo - dr 2 [ Liraun)(E -§) & o

~E

22/214r%uMXG6—53-€ dx

In view of (A.12) we can pass to the limit on the right-hand side. Since &° —EE weakly two-scale converges
to 0, we deduce that

hmmf/ Q( Txlwo, dm>hmsup/ Q(T%wo,ée)dx:/Q/OQ(wf) dxdP(w),

e—0
where we also used part (b) of the lemma in the last step . O
Lemma A.12 (Two-scale limits of gradients). For all wy € Qg the following holds:
(a) Let (uf). be a sequence that weakly converges in H'(O) to a limit u € H*(O). Then there exists
X € L2(O; LE(Q)) and a subsequence of (uf)e (still denoted by €) such that

SYEN {61u+x ifi=1,

weakly two-scale in L*(2 x O).
9,u ifjele,. .. d Y ( )

(b) For any x € L*(O; L%(Q)) there exists a sequence (¢°). C C°(O) such that

d
|| + Z |0;¢°| — 0 uniformly, and
j=2

O1p° 3>w0 X strongly two-scale in L*(2 x O).
Proof. For the proof it is convenient to define
Do = {cp—/Qgpd]P’ 0 €D
Note that 257 is dense in Lg(Q) and contained in % (since 1g € Zo by assumption). Hence, the set

P = span{cp = pavo : va € Z50, Yo € C(0) }
is dense in L3(Q) ® L?(0).

(a) By compact embedding we have u® — w strongly in L?(0) and thus also strongly two-scale.
By Proposition A.9 (a) and Proposition A.9 (c), we may pass to a subsequence and find & €

L*(0; LE(Q;RY)) such that 9;u® iwo Oju+§&; for j = 1,...,d. This already proves the claim
for j = 1. In the following we prove the claim in the case j = 2,...,d. Let ¢ € 2 and consider
¢ (z) = T o(w,x). Then ¢° 2 © strongly two-scale (by Prop051t10n A9 (e)) and thus

/8u dm—>// Oju+&;)p dr dP(w //fg@dmdP (A.13)

On the other hand, by construction we have ¢° € C°(0) with 9;¢0°(x) = T2 (9;¢)(wo,z) and
0;¢° 2, 0;¢. Hence,

/ 0jufp® dx:f/ u®(2)0;¢° do — f/ / ud;popa dr dP(w) =0,
o o eJo

where in the last identity we used the fact that fQ OjpdP = 0. We conclude that the right-hand

side of (A.13) is zero. Since 9 is dense in L3(Q) ® L*(O) and since &; belongs to the latter space,
we conclude that £; = 0.
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(b) Since 25 and Zo N C°(0) are dense in #1(Q) and L?*(O) respectively, for all § > 0 we can find
a function of the form

N
Pwz)=> cieajweo;x), NEeN, ¢eR, pa;€ Py o, € PZonCE(0),
j=1

such that [|0,¢° — X||r2(ax0) < 6. Consider

£,0 L * &

=% (x) =T 9" (wo, ).
Then ¢° € C°(0) and
o) = | T e0,2) + T 03 ) 5= 1
’ T2 (9;9%) (wo, 7) ifj=2,....d

We conclude that

d

=] + Z |0;0°°| — 0 uniformly and

Jj=2

D150 2 D,° strongly two-scale as & — 0.

By passing to a diagonal sequence as in the proof of Lemma A.10, we obtain a sequence (¢°). C
C°(0) satistfying

d
"1 + Z |0;¢°| — 0 uniformly and
=2

01¢° 2, X strongly two-scale as € — 0.
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